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Abstract: The aim of this article is to briefly introduce the procedure for
optimizing water turbine blades, which can lead to an innovative blade design
and, consequently, an improvement in the desired properties of the water tur-
bine, such as efficiency or the preferred pressure distribution on the blade. The
computational method is based on formulating an objective function under cer-
tain constraint conditions, which are governed by the Navier-Stokes equations.
This formulation enables the use of the Lagrange multiplier method, which in-
corporates the constraints into the augmented objective function. We derive
the so-called adjoint problem, allowing us to simplify the gradient formulation
for the chosen gradient-based optimization method.

Keywords: shape optimization, continuous adjoint

MSC: 49Q10, 40M41

1. Introduction

The problem of shape optimization, i.e., optimization where we try to find the
optimal shape of a domain or part of it (e.g., water turbine blades), is a constrained
optimization problem. It is necessary to prescribe an objective function (usually
in integral form), constraint conditions (in our case, the equations describing the
fluid flow), and a set of design parameters describing the optimized shape. Further-
more, for the optimization computational process itself, it is essential to determine
the gradient of the objective function (required for any gradient-based optimization
method), which includes the so-called shape derivative. For gradient computation,
the continuous adjoint method is used, i.e., the adjoint problem is derived at first and
then it is discretized. The derivation of the method and of all principles and ideas
will be illustrated by a simplified two-dimensional model with laminar flow. The
selected solver for solving the state and adjoint problems is described in detail in [3].
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Consider the following optimization problem:

min F'(u, p, Q) (1)

u,p,Q

subject to incompressible steady-state Navier—Stokes equations (so-called primal or
state equations)

0Ty Oou;  Op )
R = Y — =0 =1,2 0 c R? 2
(3 awj UJal'j + 3:15, ) 1 ) X € C ) ( )
Rp:%:(), x € Q C R? (3)
61’]-

where u; is a component of the velocity vector, p := % is static pressure divided by the
constant density of the liquid, and constant kinematic viscosity v is considered in the

stress tensor 7;; = v (8“1' + %). The Lipschitz domain boundary 02 := I consists

8Zj
of several disjoint parts: inflow I';,, outflow 'y, periodic parts I'y, 'y and optimized
(changing) part of the boundary I,y with the following boundary conditions:

u = Uy, X € Finy (4)
u = 0, X &€ Fopt> (5)
ulr, = ulr,, x eIy, Iy (6)
p|F1:p|F27 X€F17F2
ou Ju
a_n|F1 :a_n|F27 X€P17P2
(axj + axz>nj:0, i=1,2 x € Doy, (7)
P = Dout, X E I‘outa

where n; is the jth component of the outward unit normal vector to the corresponding
part of the boundary. u;, and p,, are given functions and the Einstein convention,
where repeated indices imply summation, is used.

The next approach is based on the method of Céa, see [4]. For optimization prob-
lems with equality constraints, it is appropriate to formulate the Lagrange function

L=F+ /)\ZR;‘ aQ + /)\pRp aQ, (8)
Q Q

where for each flow (or state) variable u;, i = 1,2, and p we define the so-called
adjoint variables \;, 7 = 1,2, and \,. Function F’ will be described in Section 2.
Next, it is necessary to choose design variables q € R™. Complex shapes, such
as a turbine blade, are suitably described by B-splines. This description is a linear
combination of B-spline basis functions with coefficients known as control points,
see [3]. Given the selected solver, we choose the set of the control points (more
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precisely, coordinates of the control points) as our design parameters. Without loss of
generality, we assume in the following text that the vector q has only one component,
ie., q = q. To determine the shape gradient using the parametric approach, it is
necessary to compute the total (or material) derivative of the Lagrange function (8)

with respect to the chosen design variables
dL dF d
—_— = MR dQ 4+ — [ A, RP Q.
o g g | e /R (9)

Let us briefly summarize the relations between total (material) and partial deriva-
tives both in the domain €2 and on the boundary I, for details see [1]. For an arbitrary
quantity I = I(u,p) defined in Q it holds (after using the Leibniz theorem)

I1dQ = [ = dQ I .dT, 10
dq 361 * / dg " (10)

T

01 Ou; 4 91 Op

where the partial derivative can be expressed by the chain rule = 5w 90 T opdq in

the first integral. The last boundary integral can be split into a sum over individual
segments, but the term ‘%’ is zero everywhere except the optimized moving boundary,
leaving only the integral over I'op. For an arbitrary quantity J = J(u, p) defined on

the boundary I, it holds
d dJ d (dI)
— | JdI'= | —dI J 11
dg / i / dg ’ (1)
r r r

dJ oJ 0J dz, d (dI') dz;

d_q == 6—(] -+ a—xznzd—q dq = —Iid—qni dF, (12)
where £ denotes the mean curvature of I' (can be derived using differential geometry,
see [2]). We assume that the changes of design variables that produce changes of I,
in the tangent direction do not change the shape of the domain €2, therefore we con-
sider only the normal component of the surface deformation. After the substitution

of (12) into (11) we get
d oJ ou; 0J dp oJ dux;
JdI' = dr ;dl—
dq / (aui dq ) op Gq) +/ 61:]”] dg i /
r r

and again the last two boundary integrals are nonzero only on 'y, and again we
used the chain rule in the first integral.

Now we continue with (9) and after using (10) with / = AR and since the adjoint
variables are independent of the flow variables, we arrive at

dL dF OB ORP " dz;
Q

n; and

Al (13)

dg dg ' dq

opt

The next step is to determine the total derivative of the objective function.
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2. Objective function

The overall objective function, which is mentioned in (1), can be considered as
an appropriate weighted combination of multiple components. In this text, we will
introduce four components of the objective function Fi, F5, F3, Fj, so that:

F = w1F1 + ngg + U)3F3 + U}4F4. (15)

1. The function F; quantifies the effect of the head. By optimizing this function,
we achieve a minimal difference between the target head H;,, and the actual
head H. The function Fj is prescribed on the inflow and outflow part of the
boundary, I';, and ['yy. It is defined as follows:

1 (H—Hy\’
= — 16
! 2( Htar )7 ( )

where the head H is defined as follows:

1 1
H = ot,in dI' — ot,ou dF7 17
P9 Sin / Hot P9 Sout / Protyout (17)
1—‘in 1—‘out
L Q
for  prot = Pstat + 5,0@ , Pstat = PP, U= 5= const., @ = [ uy, -ndl’, (18)
Fin

where pg.¢ 1S static pressure and p kinematic pressure, further p denotes the
density of the liquid, g gravitational acceleration, @) is the flow rate and S is
the length of the respective boundary segment.

After some easy manipulations we can see that the only flow variable on which
this term depends is the pressure p. Thus, after a straightforward differentia-
tion of the composite function and using (13), we get

dF1 . H o 1 afl,in(p) ap . / afl,out(p) 8]?
dg (Htar 1> Hiar / op  Oq ar dp  Oq ary. ()

in Cout

where

1 ) , afl,in(out) (p> 1 (20)

1
f,inou p:—(p—l——p’ljz - .
Lin(out) (P) P9 Sin(ont) 2 op £9Sin(out)

2. The function F5 is related to the efficiency of the water turbine. The ideal state
is 100% efficiency, and therefore, we will minimize the deviation from this ideal
state. Thus, we define the function F3 as follows:

Mw

Fp=1——",
? QpgH

(21)
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where w = const. denotes the angular velocity, and its value is prescribed by
the real situation. The torque M, which acts on the turbine blade, i.e. I'gp, is
defined as follows:

M—N/M-edF, where M =rxF, F =npga (22)

1_‘opt
and e is the direction of the axis of rotation, N is the number of blades, F de-
notes the force acting on the blade, r is the position vector perpendicular to the
axis of rotation, and n is the normal vector pointing outward from the suction

side. The above formulas are valid for 3D calculations. For our simplified 2D
model, we choose e = (1,0,0), r = (0,0,1), w =1 and N = 5.

If we substitute the formulas (22) and (17) into (21), then again the resulting
expression depends only on the pressure p, but this time there are integrals over
Fin, Doue and Iope. Thus, after differentiation of the quotient and using (13) we
obtain

dF2 Nw af2 opt (p> ap / af? opt d]?z
= — ———— - dr 2N — Ko ont | —n; dI’
dg QpgH F/ dp  Oq +F ox; 1 = Koptf2,0pt dq n
Nw 0f1in(p) Op / 0f1,0ut(p) Op
 — T o o dl — ZInoatA PR AT
+ ngHQF/ f2,0pt(p) d / ap aq d ) aq aq d 3
(23)
where
df20
Ja.opt(p) = (r x M) - ep = nyp, fQ’a—z(p) = (rxn)-e=ny.  (24)

. The function F3 represents the pressure distribution on the blade. The opti-
mization aims to match this distribution as closely as possible to the target
pressure, pi.r. Hence, F3 is defined as

1 / (p - ptar)2
Fy=— ——dr. 25
T2 Plar (25)

1_‘opt

In this function, the dependence on pressure is clear, so the total derivative
with respect to ¢ is determined using the same procedure as before and we get

% — / afs,o—m(@@ dF—l—/ (afg’o—pt(p)nj - Koptf?;,opt(p)) %nl dF? (26>

dg Jdp  0Oq Oz,
Fopt 1—‘opt
where 1( ) Ofsop(p) _ ( )
P — Dtar 3,0pt D D — Ptar
o — , ? — . 27
faom(P) = 5 Plar Ip Piar 27)
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4. The final part of the objective function, F}, minimizes the difference between
the outflow boundary velocity and a given target outflow velocity ug,.. This
prevents undesirable turbulence behind the runner, thereby improving overall

efficiency. Thus, F} is defined as:
Hu utar”
(28)
/ Hutar”

1—‘out

This function is the only one dependent on the flow variables u;. Using the
same procedure as before we get

dF4 af4 out(u) 8“1
D ZIBouAN T T D 29
dq / ou; Oqg (29)

1—‘cout
where 1 2 O f 1o (1)
U — Ugar 4,0utU U; — U tar

owt\1) = = ’ 7 = 7 30
f4, t( ) 2 ||utar|| auz ||utar|| ( )

3. Adjoint problem derivation

For the derivation of the adjoint problem, the expressions (19), (23), (26), (29), (2)
and (3) are substituted into (14), the interchangeability of derivatives is used, i.e.
% g;i = 8%1_‘3—‘; for any function J, and the Green-Gauss theorem is applied. After
appropriate term rearranging and relabeling to simplify the formulas, and noting that

T =V (gi‘] + %) is representing the adjoint stress tensor and again the Einstein

convention is used, we arrive at

% — ( H _ 1) Wi /afl,1n< )ap dr — / afl,out<p)@d1—\

dq o Htar Htarl ap aq 8}9 aq
a: in out
w2NW af2 opt( ) / af2 opt dxz
- = —=— dF —==ns — Ko o ;dl
oot | | oy 0 Mentron | 3
\W_/ Fopt 1—‘opt
U)QNCU afl 1n( ) / aflout( )
opt(p) dIl’ — dF — —_ = dF
* Qal” / Foomp / ov o ") Tog ag
Cg
8f3 opt (p) ap / afB opt (p) dxz
L300t P) ZF g 300 - kot fao .dr
+ w3r/ ap aq + w3F axj nj K ptf3, Pt(p) dq - n

8f4 Out(u) auz 87—% 0u1 / a’u]’ 8ul
— dr dQ y dQ
ot / ou;  Oq + Oz Oq + T 0x; Oq
Q

1_‘out
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O\; Ou; O\, Ou; o\; Op ou;
- =4O — PZ2Ad0 — [ 22 =dQ Ap.—dIl
/ Y Ox; Oq ox; Oq Oz, Oq + / T q
Q Q Q T
ou; ou; 0Ty op
niN— dI’ Apni— dI" — P\ dl Ain;—dIl’
" /ujnj dq +/ P 0g / g " +/ "
T T T
MR+ MR Wi ar 31
1_‘opt

First of all, we will focus on the volume integrals in (31). It is useful to avoid
calculations the derivatives of the flow variables with respect to the design parame-
ters, i.e., %—?; and g—fl’. This can be achieved by setting all the terms that involve these
derivatives to zero. This leads to the adjoint set of equations

ot ou; oN; O\
de= LNy — S = =1,2 QCR? 2
RZ 8xj J 8@ s 637]‘ 8[EZ ’ ! T X< - ’ <3 )
A a)‘j 2
RPZ%ZO, x € () C R”. (33)
J

Thus, only the boundary integrals remain and it is necessary to set the correct
boundary conditions in order to reduce the number of integrals as much as possible.

3.1. Boundary conditions for the adjoint problem

Recall that I' = I't, UT'y U Ty U 'y U oy, ie. the boundary integral over the
entire boundary is a sum of integrals over the individual parts of the boundary:

1. Tyy: For the inlet boundary we set (4) and, therefore, it is easy to see that
%—”j; = 0 and % = 0 holds. Thus, only the following nonzero integrals over

inlet boundary remain in (31) (again after appropriate term rearranging and
factoring out)

afl in<p> ap
R A n;| —dI. 4
/ |:(Cl + Cs) o + \in; 9 d (34)
Fin
So we set
/\ini = —(01 + Og)af%;(p), )\th = O, X € Fin, (35)

to set the integral (34) to zero.

2. Tou: We set the conditions (7) for the flow variables, thus for differentiation
w.r.t. design parameters at the outflow boundary it holds
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i&ui 3 8”]
dx; Oq dx; Oq

dle only the following nonzero integrals in (31) (again after appropriate term
rearranging and factoring out)

n; =0,¢=1,2 and ag = 0. Thus, it is necessary to han-

Of1.ou ou;
/ (Wha_ui() + 78, + unh + A n> Fe (36)
I—‘out
So if we set
TZ-TLJ‘ + anj/\i + )\pTLZ‘ = —M4M 7= 17 2, X € Pouty (37)

8ui '

all the integrals over the output boundary vanish from (31).

. I'y, T'y: For the periodic boundaries, none of the boundary integrals is equal to
zero, so we obtain

/< nj% +u]nj/\%+)\pni%—a7—” )\—l—)\nlg>df—l—
q

Jdq dq  Oq
1N
ou; ou; ou; Oy dp
/(7’ Krm © - ugng a—q—i—)\pnia—q — 8qj n;j\i —l—)\nzaq) dr. (38)
I

For periodic boundary it holds that 'y = T'(I';) is a translational copy of I'y
under a map 71" with the opposite normal vector with respect to I'; at the cor-
responding points of both boundaries. Each pair of integrals for I'; and the
same one for I'y vanishes if we set

T5(x) = 75 (T'(x)), x €Iy, (39)
Ai(x) = N(T(x)), i=1,2, x eIy,
Ap(x) = Ap(T'(x)), xeTly.

. T'opt: Optimized boundary is the only one which is assumed to be moving.
For velocity, we set homogeneous boundary condition (5), so total derivation
w.r.t. ¢ is equal to zero. Thus, using (12) we obtain the following expression
for the partial derivative w.r.t. ¢

ou; ou; dx

= — Ne——
dq oxy, F dgq
Since no terms vanish on this boundary, thus in (31) we can take care only for
the following integral

n, i=1,2. (40)

an opt (p) afB opt (p) ap
- : : ;| 22 dr. 41
/ ( Cs oy + ws p + \in; 9 d (41)
1—‘opt
For vanishing of (41), we set
)\mi = 02—8f2,opt (p) —w —afi’),opt <p) )\ﬂfz = 0, X & Fopt- (42)

Op 3 op
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4. Gradient

After setting the boundary conditions as described above and substituting (40)
into (31), we obtain the expression for the gradient in the form

dL 0f270 dxz afB,o (p)
d—q = 02/(87fnj—noptf2,opt> d—andFerg/ (a—;;nj—

Fop‘c opt
dxl- a 3u1 dl‘l
/ﬁ)optfgppt(p)) d—qm dl' — / (Tijnj + anj)\i + )\pnl) a_:ljknkd_qnl dI’
1—‘opt
oTyj " dz;
Fopt I‘opt

where the term a(%jnj)\i can be rewritten as follows (after substituting (40) into the

stress tensor and considering that the boundary conditions (42) were set for A; on I'gpt
boundary and tedious computation)

The numerical computation proceeds as follows: we set the initial shape of the
blade, i.e., the boundary I',,, and solve the primal problem (2) and (3) with the
boundary conditions (4), (5), (6), (7). This provides the state variables u;, us and p.
The adjoint quantities A\, Ay and ), are obtained by solving the adjoint problem (32)
and (33) with the boundary conditions (35), (37), (39) and (42). Then, the gradient is
computed by using the equation (43) and (44) and the shape of the blade is adjusted
by using any gradient-based method (here, for simplicity, the steepest descent method
is used).

5. Numerical experiment

We test our optimization approach on the simplified problem of flow in a do-
main which is a part of a 2D blade cascade. This cascade is obtained by unfolding
a cylindrical cross-section of the turbine and it is illustrated in Figure 1 (left). The
computational domain is then a passage between two blade profiles, see Figure 1
(right). The domain consists of three B-spline patches of degree 3. I'ypy corresponds
to the upper (suction side) and lower (pressure side) boundaries of the middle patch
which form the blade profile. Left and right patches are bounded by periodic bound-
aries I'; and T'y and inlet boundary (the left-most) T';, and outlet boundary (the
right-most) Toy. We use wy, = [7.76,—0.28] on the inlet and kinematic viscosity
v = 0.01 in this example.

The objective function is defined by its components and corresponding weights
in (15). In this example, we use the following weights

w1 = 1, Wy = 18, W3 = 1, wy = 02,
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Figure 1: Ilustration of the flow in the blade raw (left). Computational domain
(right).

which prefers the efficiency component. The target values of pressure (pt,;) on pres-
sure and suction sides of the blade profile and velocity (uy.,) at the output are equal
to the integral mean values of particular quantities over the corresponding boundary
for the initial geometry. For simplicity we use steepest descent method with constant
step v = 5-107*. Therefore the control points of B-spline curves describing both
parts of I, are updated during the iteration process by the formula

q"" =q— V4L, (45)

where the length of the vector q is 42.The optimization is stopped after 40 iterations.

1
O.BM .r
+
0.6 FL
F2
04 * E3

.....
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A A —h—h—h - e

0TSRRI R R R R teration
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Figure 2: Evolution of the objective function and its components.

The values of objective function and its components are shown in Figure 2. We can
see that the objective function as well as its individual components are decreasing,
except for Fi. That is obvious, because Hy,, is defined as the head of the problem
with the initial geometry and therefore F; = 0 for the initial geometry.

The comparison of the initial blade profile and the optimized one is shown in
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optimized blade

initial blade

Figure 3: Initial and optimized blade.
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40
0/
e
-40

Figure 4: Pressure distribution over the blade profile.

Figure 3. The initial and optimized pressure distribution over the profile is shown
in Figure 4 together with the values of the pressure targets.

6. Conclusion

In conclusion, this method shows great promise for further development (espe-
cially into 3D and turbulent flow models), as even in the presented simple 2D model
with laminar flow and a basic optimization method, it was able to reduce the objec-
tive function and adjust the blade in a meaningful way.
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