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EIGHTH WINTER SCHOOL (I9fa0) 

ON METRIC PROJECTIONS AND DISTANCE FUNCTIONS IN BANACH SPACES 

L . Z a j i c e k 

7/e s h a l l c o n s i d e r a r e a l Banach s p a c e X and a nonempty 

c l o s e d s u b s e t F C X. Fo r x £ X d e n o t e by d F ( x ) t h e d i s t a n c e 

f rom t h e p o i n t x t o t h e s e t F . The m e t r i c p r o j e c t i o n Pp (x ) 

on t h e s e t F i s d e f i n e d a s t h e ( p o s s i b l y ) m u l t i v a l u e d o p e r a t o r 

P F ( x ) = / y 6 F ; | x - y | | = <- F U)J • The s e t of a l l x f o r which P p ( x ) 

c o n t a i n s a t l e a s t two p o i n t s w i l l be d e n o t e d by AF . The f u n c t i o n 

i s te rmed 5 - convex i f i t i s t h e d i f f e r e n c e of two convex f u n c t i e 

o n s . The h y p e r s u r f a c e i n . X i s te rmed L i p s c h i t z ( r e s p . (T-convex) 

i f i t i s d e s c r i b e d by a L i p s c h i t z ( r e s p . L i p s c h i t z <T-convex) f u n c -

t i o n ( s e e [ 7 j o r [ 5 ] and [ 6 ] ) . The s e t s AF was s t u d i e d e . g . i n 

[ 2 ] t [ 4 ] >[ 3] , [ 5 ] . I f X. i s a s e p a r a b l e s t r i c t l y convex Banach 

s p a c e t h e n AF can be covered by count ably many L L p s c h i t z h y p e r -

s u r f aces [ f\ . I f X i s a s e p a r a b l e H i l b e r t space t h e n t h e r e e x i 

s t s [ l ] a convex fp (namely f F ( x ) - 1/2 ( || x f 2 - d|(x) ) ) 

such that PF(x)C c)fF(x). Using a result on the differentiation 

of convex functions from[6j we immediately obtain the following 

Theorem 1. Let X be a separable Hilbert space. Then AF can 

be covered by countably many o-convex hypersurfaces. , 

Question 1. Let A be a rT-convex hypersurface in Hn. Does 

there exist F such that A C AF ? 

Note that it is not difficult to prove that a boundary of a 

convex body in Rn is a subset of an AF • 

Slightly modifying the Asplunds observation concerning the 

function fF we can obtain the following theorem. 

Theorem 2. Let X be a Hilbert space or a finite dimensio-
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nal Banach space such t h a t l/x// 6 C (X - { 0 j ) . Then d«(x) i s a 

l o c a l l y S -convex funct ion in X-F. 

This theorem has the following consequences. 

Theorem 3 . Let X be f i n i t e dimensional and | / x / / e C 2 (X-{0]) . 

Then dp(x) i s twice d i f f e r e n t i a b l e a . e . in X-F. 

Theorem 4. Let X be f i n i t e dimensional and / / x / / e C2(X-{0J ) . 

Then Â  can be covered by countably many of d -convex hypersur-

faces. 

Question 2. For which X each A™ can be covered hy countably 

many ofo -convex hypersurfaces? 
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