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FIFTH WINTER SCHOOL (1977)

Completeness and continuity of lattice-seminorms
B, ¥ilhelm (Wroctaw)

Let (G,+,<) be a commutative 1attice-ordered group (

1-gronp) Por a,a8,€ ¢ we write

a -Za if e -\/Za:l
and

fEan if a = V(a/\;_;a ) .

Fext, for a,8,€ G we introduce the notatio a ~ {a } whic
means that

la~a,| < Zlai 1-84 holds for alln = 1, ,...
We define G to be weakly S-compl te if for every sequence {an}

in G there exists an element a in G satisfying a ~ { n}'

Example 1. If ¢ = B> (all functions £ : S — R with X
pointwise + and <) then £ ~~ {r } holds if and only if

(%) Z I£,,4 8 =2, (8)] <00 implies f(o)= Ln £,¢) (ae3).
It followa that B° 18 weakly 6-complete.

Let L be a subgroup-sublattice (zl-subgronp) of G, and let

v be a lattice-seminorm (- l;seminorm) on L, that is a aemi;
norm v : L —> [0,%] satisfying also

v(a) £ v(b) whenever Ial < vl
The l-seminom v is called 6—subadditive if

lal = ».}-:4 layl (in @) implies w(a) < E{v(an).
and is called C-complete if it is complete (more precisely,
if the corresponding semimetric topology is complete) and

la| = S/: layl (4n G) and v(a,) = O for all n imply Xa)= O.

Theorem 1, If V is C-complete, then v is G-subadditive,
If v is G-subadditive, L = G and G is weakly G-complete, then
Vv is C-complete.
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:hooron 2, suppou ¢ 1- wuny S-comploto. !hcn v is d-snb-
additin Az a.nd only 12 1t cnn bc -xtendod to a c-conpleta
1-uninorn (on an l-nbsroup o:t G)

In tha tououng we uum that- G :I.s nakl: d-oomplote -.nd
S-aubadditin. nnd n eonaider tha oanonionl C~complete o’-suh-
ldditin cxtauiou ¥* and (¥ ot so deﬂnod as follows: S
: v*(a) - m {Zvan) lnél'-’ & Ial‘ Iltnl} for. lea,
v(.) - v"(n) for e T (tho v -clonuro of L in G) :

!heoron 5. An ohunt a of’ G is i.n T 1r cnd onl; 1: thu-o

'oxiat e T suiie -ing ""{‘n‘ ‘and Zv(an‘\,-an)(eﬂ

hamph 2. Let (a. ,n) be amsnx-o .pace. G- Rs L tho
" family of ‘all nimpl. f-mnmbu tnnctions, V(L) =, lrl
for.fel and a fixed p¢[o.~] “Then a1 (u) and: va) - llflp

" for all te I. runhernoro. we my assume tha:t Fis urely a

1,

\
-
)
3.

(L

ﬁ.sld-' then, tor any pe[o,ﬂ), L 1: nt once the epace 1 ("),
.where T 1a the uatriotion of -* to the 6-:1o1a of a1l o ~mea-.

g mnblo uts. and v(-) -All I .. !heorem 3 aays that a mnction

Iens ‘ds in I.p(n) 11' and only .1.2 thsre exist Inelu utiafy:lng
tha oondition (an ot Exampla 1 and II:,M- nﬂp<"°'

Iow -asaume, for nmpucity. hnt v taku onl,v finite nlnes. ‘
nnd let us conaider the follouing pouible properties of vea
5 7 (here a,an,bGL"') PR '.

a1, (o o) mpuea v(.n) 'y VG (‘x“aton prozerty).

(D)-ow &an (1n G) 1np11u v(cn) .b c (Ban‘s'!‘ px':.;e:ty),'
-':(S) Vf'.‘i L 30 impl:[es "“n’ vlv o (satarabﬂin .v.-.-':-;z-.rty.)..

(BL) sup v(2a1)<co nnplies "(‘n)"’ ¢ (Be,ao iery aréps),
: "'(A) v(a-ob) - 'v(a)o vm (additivity PEs rerty) '

ne oL
£ L
i ,‘thsnren ﬁ-v (?)_‘.@)_’(.(S’_f.,(ﬁ" _;.(A . o

2y
. e
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For instance (excluding some trivial caséa) -l e (B)\ (D),
l-Woof. 0,9 @ N @, U-lg € (s) \ B1), B li, €(BL) \ )

for p€ (0, VU (1,), lI-{, € a).

Theorem $. Every ozia of the above five properties of Vv is
inherited by the extension ¥,

Theorem 6. If v satisfies (F), then for any a in L
— . + o
S(a) = inf {}g‘rv(an) i a el & “"gh\,"f“n}'
If v satisfies (D),then for any aeT

. oS
J(a) = sup {}i_.’x‘:ﬁv(an) i aj€ 1* & lal )’A&an}.

Theorem 7. If v satisfies (S), a,,beT, layl < b for all

n and Gya = o-1lim a,,
h-4oco - - Kk .
I v satisfies (BL), aye T, sup ¥( Vlasl)<oco and Gsa =
. - - . k L4 .
o-1lim a,, then a¢L and V(a-a,) —> 0.

h-don n’

then gef and G(a-an) — 0,

Some details on the subject (concerning the case of function

spaces) can be found in the author’s papers
"Integration of functions with values in a normed group®,
Bull, acad, Polon. Sei. 20 (1972), 911 - 915,
'Fixhini;type theorems for integrable spaces”, Bull. Acad.
Polon. Sci. 22 (1974), 257 - 261,
"Real integrabie spaces”, Colloquium Mathematicum 32 (5975)-
233 - 248.
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