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A GENERALIZATION OF THE MEAN-SQUARE
DERIVATIVE FOR FUZZY STOCHASTIC PROCESSES
AND SOME PROPERTIES

HADI AMIRNIA AND ALIREZA KHASTAN

The purpose of this paper is to generalize and develop a mean-square calculus for fuzzy
stochastic processes and study their differentiability and integrability properties. Some results
for second-order fuzzy stochastic processes are presented.
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1. INTRODUCTION

Stochastic differential equations (SDEs) are used in numerous applications to model
classical problems in control theory, physics, biology, economics and engineering [20]. In
such studies, random disturbances are the only source of uncertainty. To handle these sit-
uations, methods of stochastic analysis are used. However, in some real world problems,
we encounter a second source of uncertainty: vagueness (sometimes called imprecision,
fuzziness, ambiguity or softness). This is mostly observed when a state of a considered
system is described by linguistic variables. It is known that the fuzzy set theory plays
an appropriate role to deal with such type of uncertainty [20]. Many fuzzy stochastic
phenomena in nature which directly interest us are expressed mathematically in terms of
limiting sums, derivatives, integrals, and differential and integral equations. The theory
of fuzzy random variables, fuzzy martingales, various limit theorems, fuzzy differentials
and integrals of non-random fuzzy mapping was developed in recent years [7] (more de-
tails exist in [T5] [16] 18] 19 22| 241 25 [26]). For fuzzy-number-valued functions, Dubois—
Prade derivative was introduced in [6]. Thereafter, other definitions of fuzzy derivative
such as Hukuhara derivative (or Puri-Ralescu derivative) in [24], Goetschel-Voxman
derivative in [I6], Seikkala derivative in [28] and Friedman-Ming-Kandel derivative in
[12] were used. Among the mentioned fuzzy derivatives, Hukuhara and Seikkala deriva-
tives are mostly known [21]. The Hukuhara derivative (H-derivative, for short) is defined
based on the Hukuhara difference (H-difference) and Seikkala derivative is defined based
on derivatives of the lower and upper levels of fuzzy functions. However, the research
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results have revealed that these derivatives suffer from a number of major limitations
among which the most serious is that the diameter of the fuzzy functions under study
needs to be necessarily non-decreasing [21]. This shortcoming was solved by the concept
of strongly generalized Hukuhara (SGH) derivative in [2]. Also the authors in [I3] [14]
studied fuzzy and interval differential equations using a new geometric approach.

The mean-square calculus (or for short m.s. calculus) of fuzzy stochastic processes is
important for several practical reasons as in the case of real-valued stochastic processes.
First of all, its importance lies in the fact that simple, powerful and well-developed
methods exist. Secondly, the development of m.s. calculus and its applications in
science and engineering follows, broadly the same steps used in considering calculus of
non-random fuzzy functions and non-fuzzy random functions. It is thus easier to grasp
for engineers and scientists who have a solid background in the fuzzy analysis [7].

This paper is organized as follows. Section 2 is devoted to notations, essential defini-
tions, and foundational theory of the LP space, 1 < p < oo, for fuzzy random variables,
and the concept of m.s. continuity for fuzzy stochastic processes. The concept of gen-
eralized m.s. derivative and its properties are introduced in Section 3. In Section 4, we
define the m.s. integral for second-order fuzzy stochastic processes and establish some
properties. In Section 5, we illustrate our results by some examples. Conclusions are
given in Section 6.

2. PRELIMINARIES
In this section, we give some definitions and useful results, see for example [3], [I7], and
introduce the necessary notation which will be used throughout the paper.

2.1. Space of fuzzy numbers

Let P.(R) denote the family of all nonempty compact convex subsets of R, i. e., bounded
closed intervals on the real line. Define the addition and scalar multiplication in P.(R)
as usual. We denote the Pompeiu-Hausdorff semi-metric by

h(A, B) = sup inf|a — b
(A, B) S‘éﬁé&;'a l,

for A,B € P.(R), where | . | denotes usual Euclidean norm in R. It is clear that
h(A,B) =0 <«= A C B and h(A,C) < h(A,B) + h(B,C), for A,B,C € P.(R). The
Pompeiu—Hausdorff metric d is defined by

d(A, B) = max{h(A, B),h(B,A)}, A,B e P.(R), (1)
and the norm of an A € P.(R) is defined by
[All = d(A,{0}) = supal.
ac€A

A fuzzy set u in R is characterized by its membership function v : R — [0, 1] and u(x)
for each x € R is interpreted as the degree of membership of element x in the fuzzy
set u. As the value u(z) expresses a “degree of membership of = in w” or a “degree of
satisfying by = a property”, one can work with imprecise information.

Denote E! = {u: R — [0,1] | u satisfies (a)-(d)}, where
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(a) w is normal, i.e., there exists an g such that u(zg) = 1,
(

b) w is fuzzy convex, i.e., u(rz + (1 — r)y) > min{u(z),u(y)}, r € [0,1],

)
)
(¢) w is upper semi-continuous,
(d) {z € R|u(z) > 0} is compact, where A denotes the closure of A.

The elements of E' are called fuzzy numbers. Let a < b < ¢ be real numbers. The fuzzy
set u is a triangular fuzzy number if

0, if x < a,
r—a 3 <
u(z) = b=a’ ¥fa_x<b,
=2, ifb<z<ec,
0, ifc <.

Symbolically, we write u = (a, b, ¢).

Denote [u]” = {x € R : u(z) > r} for 0 < 7 < 1 and [u]° = {z € R|u(z) > 0},
the r-level set of u. Then, it is well-known that for each 0 < r < 1, [u]" is a bounded
closed interval and denote [u]" = [u” ,u’ ]. If g : R x R — R is a classic function, then
according to Zadeh’s extension principle, one can extend ¢ to §: E! x E! — E' by

glu,v)(z) = :St(lp )min{U(I),v(y)} (2)

It is well known that if g is continuous, then [§(u, v)]" = g([u]", [v]"), for all u,v € El,r €
[0,1] [23]. Especially, for addition and scalar multiplication in fuzzy number space E!,
we have

[u+o]" = [u]" +[o]",  [Au]” = A", (3)

where u,v € EL,A\ € R and r € [0,1]. Let A € P.(R) and I4 be the characteristic
function of A, then I4 € E'.
The Pompeiu-Hausdorff distance D on E! is defined by

D(u,v) = Oiligl d([u]”, [v]"), u,ve B (4)

The norm of fuzzy number u € E! is defined by
Hu” :D(u70)7 (5)

where 0 is the fuzzy number in E' which membership function equals 1 at 0 and zero
elsewhere.

Theorem 2.1. (Puri and Ralescu [25]) (E!, D) is a complete metric space.
Also, the following results and concepts are known.

Theorem 2.2. (Anastassiou and Gal [I], Rojas-Medar et al. [27]).

(a) 0 € E' is neutral element, i.e., u+ 0= 04 u = u, for all u € E'.
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(b) With respect to 0, none of E* \ R has inverse in E' (with respect to +).
(
(

)
c) For any a,b € R with ab > 0 and any u € E*, we have (a + b)u = au + bu.
d) For any A € R and any u,v € E', we have A(u + v) = Au + \v.
)

(e) For any A\, € R and any u € E*, we have A(uu) = (A\u)u.

Corollary 2.3. (Anastassiou and Gal [I]). For any a,b € R with ab > 0, and any
u € E', we have
D(au, bu) =[a —b[ul|. (6)

2.2. The L? space

The concepts and definitions of this section are adapted from [7]. Let (92,4, P) be a
complete probability space, where € is the sample space, which is the set of all possible
outcomes, A is the Borel o-algebra of subsets of 2, which is a set of events, P is a
Lebesgue measure on (2, .4), which assigns, to each event in the event space, a proba-
bility, which is a number between 0 and 1. A fuzzy random variable (f.r.v., for short)
is a Borel measurable function F : (Q, A) — (E', D). If F is an fr.v., then [F]" is a
random compact convex set for every 0 < r <1 [§]. Let 1 < p < oo. Then, F is called a
p-order f.r.v. provided
E(|F|I") < oo,

where E denotes the expectation operator that is defined for r.v.’s X by
B(X) = / X (w) dP(w).
Q

The family of all p-order f.r.v.’s is denoted by Lp(El)(Lp, for short). Any two frv.’s F
and G are called equivalent if P(F # G) =0 [7] , i.e., if the same output is produced
when the same values are input to each f.r.v. (either as input parameters, as values
made available during the f.r.v., or all).

We define [7] 1

p(F,G) = [E(D(F, G))”P, F.GeLP. (7)

It is easy to check that (LP,p) is a metric space [7]. The norm || F||, of an element
F € LP is defined by

IFlly = o(F,0) = (E(IF|"))P. (8)
From [7], for any F,G,Z,Y € LP and X € R, we have
(a) p(F+Z,G+ 2) = p(F,G),
(b) PAFAG) =[Ap(F. G),
(c) p(F+Y,G+ Z) < p(F,G)+ p(Y, Z).

p
p

Theorem 2.4. (Feng [7]) Let {F,,},>1 be a sequence in LP. The following conditions
are equivalent:
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(a) FeL? and F, — F, i.c., p(Fn,F) — 0,

(b) {Fn}n>1 is a Cauchy sequence in LP,

(c) (||FnHz,n > 1) is uniformly integrable and D(F,,F) — 0, i.e., F' converges in
probability to some f.r.v. F' in metric D.

Corollary 2.5. (Feng [7]) (L?,p) is a complete metric space.

In the rest of the paper, we fix p = 2, although many of the results below hold true
for each 1 < p < oo. Let {F,},>1 be a sequence in L?. We say that F,, converges in

. L . 5.
mean-square or m.s. converges to F' as n — oo if F,, =% F, and write F,, —>% F [1].

Definition 2.6. Let T be an interval (finite or an infinite) in R. A mapping F' : T — L?
is called a second-order fuzzy stochastic process (f.s.p., for short), i.e., L? = {F :
F is fr.v. with E(||F||?) < oo} [7].

If Fis an fr.v., then [F]" = [F",F7] (F,, for short), r € [0,1] is a random closed
and F", F are real-valued random variables [7, [I1].

Similar to Definition the second-order interval-valued stochastic process can be
defined.

A second-order fuzzy stochastic process is a parameterized collection of f.r.v.’s { Fy }ter
defined on a complete probability space (2,4, P) the values of which are in E'. Note
that, we have a f.r.v.

w — Fi(w), we .

On the other hand, fixing w € 2, we can consider the function
t— F; (UJ), tel,

which is called a realization or path of F;. Thus, we may also regard the process as a
function of two variables
(t,w) — F(t,w),

from T x Q to B, i.e., F(-,w) is a fuzzy-valued function for a fixed w € Q (this function
will be called a trajectory) and F'(t,-) is a fuzzy random variable for any fixed ¢t € T.

Definition 2.7. Let u,v € E'. If there exists w € E! such that v = v+ w, then we call
w the Hukuhara difference (H-difference, for short) of u and v, and denote it by u © v.

If F & G exists, its r-level sets are
[FOG]" =[F" —G",F} - G%], r € [0,1].

From the Definition of L? and using Theorem and Corollary we have the following
results.

(a) 0 € L? is neutral element with respect to addition, i.e., F +0 =04 F = F, for all
Fe L%
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(b) None F € L? \ R has inverse in L? (with respect to addition).

)
(c) For any A\, € R and any F € L?, we have \(uF) = (A\u)F.
(d) For any A € R and any F,G € L% we have \(F + G) = AF + \G.
)

(e) For any a,b € R with ab > 0 and any F € L? we have (a + b)F = aF +
bF and p(aF,bF) =|a — b||| F||2.

Corollary 2.8. For any F,G and Z € L?, if F© G and F © Z exist, then
p(FeG FeZ)=pG,Z). (9)

Definition 2.9. If F' is continuous at ¢ € T with respect to the metric p, then we say
that F' is continuous in mean-square or F' is m.s. continuous at ¢. If F' is m.s. continuous
at every t € T, then we say that F' is m.s. continuous on T'.

Lemma 2.10. (Bede et al. []) The H-difference is a continuous function in both of
its arguments.

Lemma 2.11. Let F(t) : T — L? be a second-order fuzzy stochastic process. Then,
if
(a) limy_y, [F(t)]" = F. = [F7, F{], uniformly with respect to r € [0,1] for ¢y € T,
(b) FT and F7] fulfill the conditions in LU-representations (Theorem 1.1 in [16]), then
limy_¢, F(t) = F, with F, = [F", FT].

Proof. By condition (b), the intervals F,. define a second-order fuzzy random variable,

denoted by F. Then, by condition (a), wejhave 1
z 9 =
. BERT 2 2 _ 1 r r 92 _
Jim p(F(8), F) = lim [E(D*(F(t), F))] 2 = lim [E(oit%zld([”t” 1FN) ]2 =0,
i. e., limt_m) F(t) =F. O

An fr.v. Fis called integrably bounded if E(]|F||) < oo and the expected value E(F)
is defined as the unique fuzzy number E(F) = u € E' which satisfies the property:
[u|" = [E(F)]" = E([F]") = [E(FT), E(FY)] for r € [0,1]. For further details the reader
is referred to [7, 8, 11} 28] [26].

The expectation of f.r.v.’s has several interesting properties which are similar to the
ones of real-valued r.v.’s, for example,

(a) E(F+G) = E(F)+ E(G), (10)
(b) E(AF) = AE(F) for any X\ € R, (11)
(¢) BE(u) = u, for any u € E*, (12)

where F' and G are fr.v.’s with E(||F||) < o0, E(]|G]]) < oo [§]. It is well known that
the inequality
D(E(F), E(G)) < E(D(F,G)),

holds for any f.r.v.’s F and G [25].
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3. MEAN-SQUARE DIFFERENTIATION

In [2], the concept of strongly generalized differentiability is introduced for fuzzy-number-
valued functions, as follows.

Definition 3.1. Let g : T — E'. We say that g is strongly generalized Hukuhara
(SGH) differentiable at t € T with derivative ¢’(t) € E!, if for all sufficiently small
h > 0, the H-differences and the limits exist in at least one of the following cases:

(i) lim D(g(t+h)99(t) /(1) = lim D(g(t)9g(t—h) J(t) =0
hs0+ h ’ h—s0+ h ’ ’
(i) tim DD EIEHN) Ly = i p gt EIB iy
h—s0+ —h ’ h—>0+ —h ’ ’
(ii) tim DL EID Loy -y p gt EIB gy
h—0+ h ’ h—0+ —h ’ )
(i) tim DEDZIED) iy i p I EIEZ gy g

We say that ¢ is (i)-differentiable at ¢t € T, if the case (i) in Definition is satisfied.
We have analogous notations for the cases (i), (#i7) and (iv).

The (i)-derivative of g(t) € E' in Definition coincides with the H-derivative of
fuzzy-number-valued function, introduced in [24].

The concept of m.s. differentiability for second-order fuzzy stochastic processes in [7]
is introduced as follows.

Definition 3.2. Let F' : T — L2 We say that F is m.s. differentiable at t € T
with derivative F’(t) € L2, if for all sufficiently small h > 0, the H-differences and the
following limits exist
t+h F(t F(t F(t—h
F(t+WOFW) po oy FOOF(—h)

h—0+ h—0+

FI(1) =0 (13)

Now, similar to SGH derivative of fuzzy functions, we introduce a new generalized
concept of differentiability which extends the m.s. differentiability for f.s.p.’s.

Definition 3.3. Let F': T — L% We say that F is generalized m.s. differentiable at
t € T with derivative F'(t) € L2, if for all sufficiently small h > 0, the H-differences and
the limits exist in at least one of the following cases:

(i) lim p(w,pm) = lim p(F(t) ef(t_ h),F’(t)) =0,
h—0+ h—0%

(i4) hm p(F t+ h>7F/(t)) = hllngrP(F(t — li)hG F<t)aF/(t)) =0,

(i74) hm p(F +h eF )7F/(t)) = hg&ﬁ(%}?malﬂ(tn =0,

(i) hlggM(F eF (t+ h)7F,(t)) 3 hﬂfghp(F(t) @fj(t — h),F’(t)> —0
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At the end points of T, we consider the one-side derivatives. We say that F' is (7)-m.s.
differentiable at ¢ € T, if the case (i) in Definition is satisfied. We have analogous
notations for the cases (i), (ii7) and (iv).

The following notations for simplicity are used. We say that F satisfies the condition
(Hy) atteT,if F(t+h)o F(t) and F(t) © F(t — h) exists for sufficiently small A > 0.
Similarly, we say that F' satisfies the condition (Hy) at t € T, if F(t) © F(t + h) and
F(t—h) © F(t) exists for sufficiently small h > 0.

Remark 3.4. The (i)-m.s. differentiability of F': T — L? coincides with the differen-
tiability in Definition [3.2

Theorem 3.5. Let F : T — L2, If F is generalized m.s. differentiable at ¢ € T, then
the derivative is unique.

Proof. We suppose that F is (i)-m.s. differentiable in the sense of Definition 3.3} The
proofs of other cases are similar. Assume that F’(t) and G’(t) € L? are two derivatives
of FatteT. So,

. F(t+h)eaF(t) Ft)yeFit—h) _,

tim p(EROFO gy gy o EASTED) ) g,
and Flt+h) & F(t) Fit)e F(t—h)

i RO 10—ty PTGy o

Then, for every e > 0, there exists § > 0 such that for |h| < J, we have
p(F(t+h) & F(t), hF'(£)) <[],
and .
p(F(t+h)e F(t),hG'(t)) <|h|§.
Therefore,
p(hF'(t), hG'(t)) < p(hE'(t), F(t + h) © F(t)) + p(hG'(t), F(t + h) © F(t)) <|hle.
Thus
p(F'(1),G'(1)) <,
and proof is complete.

Now, we consider the case that F'is m.s. differentiable at ¢ € T" in different cases. For
example, let F' be (i)-m.s. differentiable with F’(t) derivative and (i7)-m.s. differentiable
with G'(t) derivative at ¢ € T. Then

Fit)yeF({t—h
,F’(t)) = lim MM

h—0+t h—0t

FI(#) = 0,

and
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then
Hm WP(F@) O F(t+h), —hG'(t))
o1 /
= lm_—p(F(t) © F(t + h), —hG'(t))
= hling+ %p(F(t) S F(t+h)+ hF'(t), hF'(t) — hG'(t))
= lim, %p(F(t) RE(8), F(t+ h) + hE'(8) — hG'(£)
=0.
Therefore

1
lim —p(0, hF'(t) — hG'(t
Jim o p(0, RE(¢) ®))

= lim %p(F(t +h),F(t+ h) + hF'(t) — hG'(t))

h—0t
1 1
< lim —p(F(t+h),F(t)+ hF'(t))+ lim —p(F(t) +hF'(t), F(t+ h) + hF'(t) — hG'(t))
h—0+ h h—0+ h
=0.
Thus

1 . R
lim —p(0, hF'(t) — hG'(t)) = p(0, F'(t) — G'(t)) = 0.
h—0+ h

Therefore, F’'(t) — G'(t) = 0. So the derivative is a singleton and F'(t) = G'(t). The
proofs of other cases are similarly obtained as the previous cases. O

Theorem 3.6. Let F : T — L? be a second-order fuzzy stochastic process. If F has
a generalized m.s. derivative at ¢t € T in at least two cases in Definition then F'(t)
is crisp.

Proof. Suppose that F is (i7i)-m.s. differentiable on ¢. Then, the H-differences F'(t +
h)© F(t) and F(t — h) © F(t) exist for sufficiently small h > 0. So, we have F (¢t + h) =
F(t) 4+ u(t,h) and F(t — h) = F(t) + v(t, h) for sufficiently small A > 0. Thus

F(t) = F(t +h) +v(t + h,h).

Then F(t+ h) = F(t) +u(t,h) = F(t + h) +v(t + h, h) + u(t, h), which follows that
v(t + h, h) +u(t, h) = 0. Therefore, v(t + h, h) and u(t, h) are crisp for sufficiently small
h > 0. Then, it is easy to see that F'(t) = limy,_,o+ @ If F is (iv)-m.s. differentiable,
the reasoning is similar. O

Theorem 3.7. Let F : T — L? be generalized m.s. differentiable at t € T. Then it is
m.s. continuous at t.
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Proof. For example, let us suppose that F is (iii)-m.s. differentiable at ¢t € T. It
follows that for any € > 0, there exists § > 0, such that for 0 <| h |< d, we have

p(EEBEF ) o,
and
) (F(t_}i)h@F(t),F’(tO <e.

Then p(F(t+h), F(t) +hF'(t)) < €|h|, and p(F(t), F(t —h)+ hF'(t)) < €|h|. Therefore,
we have

p(F(t+h), F(1)) < p(F(t+h), F(t)+hF' () +p(F(t)+hF'(t), F(t)) < elh|+|hlp(F(t),0).

Passing to the limit as A — 07, we obtain

hli%l+ p(F(t+h),F(t)) =0.

Similarly, if limj,_,o- p(F(t — k), F(t)) = 0, then F' is continuous at t. The proofs of the
other cases can be obtained similarly. O

Theorem 3.8. Let F' : T — L? be generalized m.s. differentiable at ¢t € T. Then
F(t) = constant for all t € T if and only if F'(t) =0 for all t € T.

Proof. Let Fy € L? and suppose that F' : T — L2, F(t) = Fy for all t € T is a
constant function and (iv)-m.s. differentiable, then

p(0,7/(1)) = Tim (" "T0 (1)) = tim_p

h—0t

Thus F’(t) = 0. The proofs of the other cases can be obtained similarly.

Reciprocally, let us consider that F : T —s L% is (iv)-m.s. differentiable and
F'(t) =0, i.e.,

Jim, — (1) = Tim p — ,0) =0,
and
pn pFOOFCD) o FOOFG=h) o

Then for every e > 0, there exists § > 0 such that for 0 <|h| < 8, we have p(F'(t), F(t —
h)) <|hle.

Let t,s € T. Since p(F(s), F(t)) < p(F(s), F(t—h))+p(F(t—h), F(t)) and p(F(s), F(t—
h) < p(F(s), F(t)) + p(F(t), F(t — h)), then for 0 <|h| < § we have |p(F(s), F(t)) —
p(F(s), F(t—h))| <|hle. Let h — 0, the real valued function t — p(F'(s), F'(t)), whose
derivative is equal to zero, for every ¢ € T, must be constant. For ¢ = s, it is identically
0, so F(t) = F(s) for all t € T, which is the desired result. The proofs of other cases are
similarly obtained as the previous case. ]
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Theorem 3.9. Let F,G : T — L? be generalized m.s. differentiable at ¢t € T in the
same case for (i)-(iv) and A € R, then

(a) F+ G is m.s. differentiable at ¢t and (F + G)'(t) = F'(t) + G'(t).
(b) AF is m.s. differentiable at ¢ and (AF)'(t) = AF'(t).

Proof. Case (a). Suppose that F, G are (i#i)-m.s. differentiable. It follows that for
all € > 0, there exists § > 0 such that for —§ < —h < 0, we have

limy, o+ p(EEERSEW Br (1)) = 0, then p(FU=MEEWE B (1)) < . So p(F(t — h) ©
F(t),|h|F.(t)) < 920 then p(F(t—h), F(t)+|h|F(t)) < “2L. Similarly, we have p(G(t—
h), G()+|h|G (1)) < <2 Then

p(P(t—h)+ Gt — h), P(t) + G)+IBIF. (5)+RIG" (1))

< p(F(t — ), FO+BIFL (@) + p(G(t = h), GO)+[HIG (1))
il elhl

-2 2

Similarly, for 0 < h < 8, we have
p(F(t +h)+ G+ h), F(t)+ G(t)+\h|Fjr(t)+|h|GLr(t)> < €|hl.

Now, passing to the limit as h — 07, we obtain (F' 4+ G)'(t) = F’(t) + G’'(t) in the sense
(#4¢)-m.s. differentiability. The proof of the other cases can be obtained similarly.

Case (b). Suppose that F' is (i7)-m.s. differentiable, then

lim p(F(t) @_Zjl(t +h) 7 F/(t)) (F(t — ii)he F(t)

h—0+ = e

h—0t

,F’(t)) =0.

Therefore, we have

lim p(AF(t) OANF(t+h) , /\F’(t)) N hlifgﬂ p(F(t) @_F(t +h) 7 F’(t)) o,

h—0+ —h h
and
. AF(t—h) © AF(t) , B . Fit—h)eF(t) _, B
hlgg+ p( —h AF (t)> = hlgéh p(——h’F (t)) =0
Then AF(t) is (ii)-m.s. differentiable and (AF')'(t) = AF'(t). The proof of the other
cases can be obtained similarly. a

Corollary 3.10. Let F,G : T — L? be generalized m.s. differentiable at ¢t € T in
the same case (i)-(iv) and A1, A2 € R, then A\ F + \3G is m.s. differentiable at ¢ and
(MF +XG) (1) = MF'(t) + MG (1).

Theorem 3.11. Let F,G : T — L? be generalized m.s. differentiable on T and
(,8) CT.
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(a) If F is (i)-m.s. differentiable and G is (ii)-m.s. differentiable on an interval («, 3)
and the H-difference F(t) © G(t) exists for t € (o, ), then F © G is (i)-m.s.
differentiable and

(FOG)(t)=F'@{)+ (-1)G'(t), forallte (a,p).

(b) If F is (ii)-m.s. differentiable and G is (i)-m.s. differentiable on an interval («, 3)
and the H-difference F(t) © G(t) exists for t € («, ), then F © G is (ii)-m.s.
differentiable and

(Fe@)(t)=F'({t)+ (-1)G'(t), forallte (a,p).

Proof. We present the details for the case (a), the case (b) is analogous.

Case (a). Since F is (¢)-m.s. differentiable, it follows that there exist wi(t,h) and
ua(t, h) € L? such that

F(t+h) = F(t) +ui(t, h), hling+ p(F' (1), ul(;;’ h)) =0,
and L
F(t) = F(t —h) +us(t, h), hli>nOl+ p(F'(t),W(z7 )) =0.

Analogously, since G is (ii)-m.s. differentiable, there exist vy (¢, h) and va(t, h) € L? such
that

G) = Glt+h) + ot k), Tim p(c(), 2Ry
h—0+ —h
and ,
G(t —h) = G(t) + va(t, h), lim p(G/(t), M) = 0.
h—0t —h
Then

F(t+h)+G@t) =F(t) + G+ h)+ui(t,h) + vi(t, h).

Since the H-differences F'(t) © G(t) and F(t + h) © G(t + h) exist for sufficiently small
h >0, we get

Ft+h)eGt+h) =F(t)o G(t) +ui(t,h) +vi(t, h).

Then
(F(t+h)oGt+h)o (Fi)eG®) =ui(t,h) +vi(t,h).
Therefore,
hlf’éﬁ p( (F(t+h)OG(t +}IZ)) o (F(t)oG(t)) )+ (—1)G’(t)>
: (F(t+h)oG{t+h)o (Fit)oG{t) ui(t,h) wvi(t,h)
Shlgghp( h ’lh +1h )
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L) bl i 4 —ne)

ho T Th
< tim ("0 priyy s (U8 ()

h—0t

Then the proof for case (a) is complete. The case when F' is (#¢)-m.s. differentiable and
G is (i)-m.s. differentiable is similar to the previous one. O

Corollary 3.12. Let F : [a,b] — L? be generalized m.s. differentiable on [a, b].

(a) If F is (i)-m.s. differentiable on [a,b], then F(b) © F(t) is (ii)-m.s. differentiable
for ¢ € [a,b] and
(F(b) e F(t)) = (=)F'(t).

(b) If F is (ii)-m.s. differentiable on [a,b], then F(a) © F(¢) is (i)-m.s. differentiable
for t € [a,b]
(F(a) S F(1)) = (=1 F'(t).

The following results extend Theorems and for different types of differentia-
bility.

Theorem 3.13. Let F,G : T — L?be generalized m.s. differentiable at ¢ € T.

(a) If Fis (i)-m.s. differentiable, G is (ii)-m.s. differentiable at t and F' + G satisfies
(Hy) at t, then F' + G is (i)-m.s. differentiable at t and

(F+G)(t)=F'(t)o (-1)G'(t).

(b) If Fis (i)-m.s. differentiable, G is (ii)-m.s. differentiable at t and F' + G satisfies
(H2) at t, then F' 4+ G is (ii)-m.s. differentiable at t and

(F+G)(t)=G'(t) o (1)F'(¢).
Proof. Case (a). Since F'is (i)-m.s. differentiable at ¢, the H-differences F'(t+h)SF(t)

and F(t)©F(t—h) exist for sufficiently small h > 0, i. e., there exist uy (¢, k), u2(t, h) € L?
such that

F(t+h) = F(t) +ui(t, ), F(t) = F(t — h) + us(t, ).

Analogously, since G is (ii)-m.s. differentiable at ¢, there exist vy (¢, h) and v (¢, h) € L?
such that for sufficiently small A > 0, we have

G(t) = G(t + h) + v (t, h), G(t — h) = G(t) + va(t, h).

Since F+ G satisfies (H;) at t, then the H-differences (F(t+h)+G(t+h))©(F(t)+G(t))
and (F(t) + G(t)) © (F(t — h) + G(t — h)) exist for sufficiently small h > 0, i.e., there
exist wy (t, h) and wa(t, h) € L? such that

F(t+h)+G(t+h) = FO)+G(t) +wi(t,h), FE)+G(t) = F(t—h)+G(t—h)+ws(t, h).
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Then
(F(t+h)oF(1)o(G)eG(t+h)) = wi(t, h), (FE)OF (t—h))O(G{t—h)OG(t)) = wa(t, h).

Multiplying with % and passing to limit as h — 0%, we get that F+G is (i)-differentiable
at t and

(F+G)(t)=TF'(t) o (-1)G'(t).
The case (b) is similar. O
Theorem 3.14. Let F,G : T — L? be generalized m.s. differentiable functions.

(a) If F,G are (i)-m.s. differentiable functions on T and F' © G exists on T and F© G
satisfies (H;) at every t € T, then F © G is (i)-m.s. differentiable and

(FeG)(t)=F'(t)o G't), for all t € T.

(b) If F, G are (i)-m.s. differentiable functions on 7' and FF© G exists on T and F & G
satisfies (Hz) at every ¢t € T, then F' © G is (ii)-m.s differentiable and

(FoG)(t)=—(G'{t)e F'(t), for all t € T.

(¢) If F, G are (ii)-m.s. differentiable functions on T"and FF'© G exists on T and FS G
satisfies (H;) at every t € T, then F' & G is (i)-m.s. differentiable and

(Fe@)(t)=—(G'(t)e F'(t), for all t € T.

(d) If F, G are (ii)-m.s. differentiable functions on 7" and F& G exists on T and F & G
satisfies (Hy) at every ¢ € T, then F'© G is (ii)-m.s. differentiable and

(Fo@)(t)=F'(t)o G ), for all t € T.

Proof. We present the details for the case (a), the other cases are analogous.

Case(a). Since F, G are (i)-m.s. differentiable at ¢ € T, the H-differences F(t+h) S F(t),
F(t)e F(t—h), G(t+ h) & G(t) and G(t) & G(t — h) exist for sufficiently small h > 0,
i.e., there exist uy(t,h), ua(t, h), v1(t, h) and ve(t,h) in L? such that

F(t+h)=F(t)+ui(t,h), F(t) = F(t — h) + ua(t, h),

and

G(t+h) = G(t) +vi(t, h), G(t) = G(t — h) 4+ va(t, h).
Since F © G exists and satisfies (H;) at ¢, then the H-differences (F(t+h)©G(t+h)) S
(F(t)eG(t)) and (F(t)oG(t))e (F(t—h)©G(t— h)) exist for sufficiently small h > 0,
i.e., there exist wy(¢,h) and wo(t, k) € L? such that

F(t+h)oF(t) = Gt+h)0G{t)+wi(t h), F{t)OF(t—h) = G(t) Gt —h)+ws(t, h).

Multiplying with ; and passing to limit as h — 07, we get F'(t) = G'(t) + (F(t) ©
(=1)G(t))’, and conclusion in case (a) is obtained. O
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Theorem 3.15. Let f : R — R and G : R — L? be two differentiable functions
(where G is (i)-m.s. differentiable or (ii)-m.s. differentiable).

(a) If f(t)f'(t) > 0 and G is (i)-m.s. differentiable, then fG is (i)-m.s. differentiable
and

(fG)' (1) = F'(OGE) + F ()G (1)

(b) If f(t)f'(t) <0 and G is (ii)-m.s. differentiable, then fG is (ii)-m.s. differentiable
and

(fG)' (1) = F'(OGE) + F()G (1)

(¢) If f(t)f'(t) > 0 and G is (ii)-m.s. differentiable and fG satisfies (Hy) at ¢, then
fG is differentiable and

(fG)(t) = F((OGE) © (= f(1)G'(1).

(d) If f(t)f'(t) > 0 and G is (ii)-m.s. differentiable and fG satisfies (H3) at ¢, then
fG is differentiable and we have

(fG)(t) = FOG () © (= (1) G(1).

(e) If f(t)f'(t) < 0 and G is (i)-m.s. differentiable and fG satisfies (H7) at ¢, then
fG is differentiable and

(fG)(t) = FOG () © (= (1)G(1).

() If f(©)f'(t) < 0 and G is (i)-m.s. differentiable and fG satisfies (Hz) at ¢, then
fG is differentiable and

(fG)(t) = F(OGE) © (= ()G ().

Proof. We present the details for the cases (b), (c¢) and (d), the other cases are
analogous.

Case (b). Since f is continuous, for sufficiently small h > 0, f(¢), f(t —h) and f(t+ h)
have the same sign. Since G is (i7)-differentiable at ¢, the H-difference G(t) © G(t + h)
exists for sufficiently small h > 0, i.e., there exists u (¢, h) € L? such that

G(t) =G(t+h) +ui(t,h).

Also,

ft) = ft+h)+uvi(th),
where v1(t,h) = f(t) — f(¢t + h) has the same sign as f(¢) and f(t + h) for sufficiently
small h > 0. By Theorem (c) and (d), we get

f@OGH) = ft+h)G(t+h)+ f(t,h)ur(t+ h) + vi(t, R)G(t + h) + v1(t, h)ui(t, h).
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So, the H-difference f(¢t)G(t) © f(t + h)G(t + h) exists and we have
FOGE) O ft+h)G(t+h) = f(t+ h)ui(t,h) +v1(t,h)G(t + h) + v1(t, h)ui (¢, h).
Multiplying with _ih and passing to limit as h — 07, we get

lim F)G(t) o f(t+ h)G(t+ h)

h—0t —h

T Uy (ta h) U1 (ta h) U1 (t7 h)
= lim f(i+h) = =+G(t+h) ==+

(25} (t, h)
It can be easily observed that the product of an element of L? by a crisp number is

continuous, by Definition we get
i fOGE#) o f(t+h)G(t+ h)

h—0+ —h

= O W) + L OGE) + 1'(1) lim_ w(t,h)

Since G is continuous, by Lemma the last term is 0 and

f)G(t) o f(t+h)G(t+ h)

v — = f(B)G' (1) + ['(HG(2).
Similarly, we get
T ft—h)G(t :Z) SSICWD _ rinar) + PG,

and finally the required conclusion is obtained.

Case (c¢). Similar to the previous case, we have
G(t) = G(t + h) + ua(t, h),

and

fE+h) = f(t) +va(t, h),

where us(t,h) = G(t) © G(t + h) and va(t, h) = f(t + h) — f(t) have the same sign for
sufficiently small h > 0. Therefore, we have

F@OGE) +v2(t, h)G(t) = f(t+h)G(t+ h) + f(t + h)ua(t + h).

Since f(t + h)G(t+ h) © f(t)G(t) exists, it follows that the H-difference va(t, h)G(t) ©
ft+ h)ua(t,h) exists and

fE+h)GEt+h)e f()G(t) = valt, h)G(t) © f(t + h)ua(t, h).

Multiplying with % and passing to limit as A — 07, by Lemma we get

. fE+h)Gt+h)o f()G(E) .. wa(t,h) ua(t, h)
hllH)l+ h B hliglJr Glt+h) o ft+h) h

= f'G{) e (G ().
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Analogously, we get
i JOGWO 1= WG~ )

h—0t h

= ['G{) & —f(OE ().

Therefore, the conclusion in the case (¢) is obtained.
Case (d). Similar to case (c¢), we have
J)G(t) +va(t, h)G(t) = f(t+ h)G(t + h) + f(t + h)ua(t + h).
By (Hz), the H-difference f(t)G(t) © f(t + h)G(t + h) exists and so the H-difference
fE+ h)ua(t, h) ©va(t, h)G(t) exists and we have

. f®GH) o fE+h)G({E+h) uzg(t+h) _wva(t+h)
iz, h = T e T el

= f'(HG(t) © —f ()G (1)

Similarly,
t—h t—h t t
h—0*t h
and this equation leads to the required conclusion. O

Lemma 3.16. Let f : R — R be differentiable and G be constant from L2.

(a) If f(t)f'(t) > 0, then fGy satisfies (H;) at ¢t € R.

(b) If f(t)f'(t) <O, then fGq satisfies (H3) at t € R.
Proof. Case(a). Since f is continuous, for sufficiently small h > 0, f(t), f(t + h) and
f(t — h) have the same sign as f(t + h) — f(t), then f(t+ h)Go = ((f(t + h) — f(t)) +
f(#))Go = (f(t+h) = f(£))Go + f(t)Go.

Therefore, the H-difference f(t + h)Go © f(t)Go exists. The proof of case (b) is
similarly obtained. O

Corollary 3.17. Let f: R — R be differentiable and G be constant in L?2.
(a) If f(t)f'(t) > 0, then fGq is (i)-m.s. differentiable and we have

(fGo)'(t) = f'(t)Go.
(b) If f(t)f'(t) <0, then fGy is (ii)-m.s. differentiable and we have
(fGo)'(t) = '(t)Go.
Proof. It is an immediate consequence of Theorems [3.8] [3:15] and Corollary 3.16] O
Similar to strongly generalized Hukuhara derivative of interval-valued functions in

[5, 29], the generalized m.s. differentiability for a second-order interval-valued stochastic
process can be defined, as follows.
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Definition 3.18. Let X (¢) be a second-order interval-valued stochastic process. We
say that X is generalized m.s. differentiable at ¢ € T with derivative X'(t), if for all
sufficiently small A > 0, the H-differences and the limits exist in at least one of the
following cases:

<i>h£ng+E(D2<w>Xw>>=hzn;+E(DZ< )
6ty (PSR ) = im0 2T X)),
i) Tim E(D2 X t—i—h @X( )’X (t))) :hﬂ’f&E(DQ(X(t_li)heX(t)7X/(t)))a
0 i (PR x0) = g w(p(FRETER ).

At the end points of T', we consider the one-side derlvatlves We say that F is (i)-m.s.
differentiable at t € T, if the case (¢) in Definition is satisfied. We have analogous
notations for the cases (i), (i) and (iv). We have the following results for second-order
f.s.p.s

Theorem 3.19. Let F : T — L? be a second-order f.s.p. and denote F,.(t) = [F(t)]" =
[FT,FY], for all r € [0,1].

(a) If F(t) is (i)-m.s. differentiable at ¢ uniformly for all » € [0,1], then F/(t) =

[F'(t)]", for all r € [0, 1].

F(t

(b) If F(t) is (ii)-m.s. differentiable at ¢ uniformly for all r € [0,1], then F.(t) =
[F'(t)]", for all r € [0, 1].

Proof. We present the details for the case (b), the case (a) is analogous.

Case (b). If F(¢) is (¢4)-m.s. differentiable at ¢t € T, then given € > 0, there exists § > 0

such that

p(FOEECED, ) = [ pp(FOEECED, prapc)

_h —h
= [ (s oDy ) apc)
Q M0<r<1
:/( up_a(O @_[I,j(t+h)]T7[F’(t)}r))zdp(w)
Q No<r<1
:/< sup d(Fr(t)Q_F]‘;"(t+h)’[F/(t)]r))QdP(w)
Q \o<r<1

< €.

Similarly, we obtain

/Q( sup d(FT(t_h)@F’“(t),[F’(t)]r))QdP(w) <e

0<r<1 —h
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for all h < 4. Therefore, F,.(t) is (ii)-m.s. differentiable at ¢ uniformly for all r € [0, 1]
and F/(t) = [F'(t)]" for all r € [0,1]. O

Theorem 3.20. Let F : T — L? be second-order f.s.p.

(a) If F(t) is (i)-m.s. differentiable, then F” (t) and FY(t) are m.s. differentiable as
random-value functions for each r € [0,1] and F/(t) = [(F")'(t), (F})'(t)], for all
r € [0,1].

(b) If F(t) is (ii)-m.s. differentiable, then F (t) and F7(t) are m.s differentiable as
random-value functions for each r € [0,1] and F/(t) = [(F})'(t), (F")'(t)], for all
r € [0,1].

Proof. Case (a). See Example 4.8 in [7].
Case (b). For h > 0 and r € [0,1], we have

[F(t—h)e F(t)]" = [FI(t—h)— F'(t),FL(t —h) — F[(t)].

Multiplying with %h we have

[F(t—nh) e Ft)]" _ [F_’;(t —h)—=Fi(t) F'(t—h)— Fi(t)}
—h —h ’ —h '

Similarly, we obtain

F(t)e F(t+ ) [FL(t)~ FL(t+h) Fr(t)— FZ(t+h)
_h o [ —h ’ —h }

Passing to limit as h — 0", we have

[F' ()] = [(FL)'(8), (FT)'(#)].
Now, by using Theorem the proof is complete. O

The following result shows that a second-order f.s.p. F(t,z) for a fixed event w € Q
has the property that the realization F(¢,x)(w) is differentiable in the deterministic
sense, i.e., it is differentiable.

Theorem 3.21. Let F(¢,3) be a second-order f.s.p. which depends on a second-order
f.r.v. 8 and the following conditions hold for each w € €.

(a) Let the realization F(¢,3)(w) be an (i)-differentiable deterministic fuzzy-valued
function on [t — h,t + h] for sufficiently small A > 0 with respect to the variable ¢.

(b) For all r € [0,1], the r-level sets of F(t,)(w) are a twice (i)-differentiable set-
2

d
valued functions and ||@[F(t, B)(w)]"|| < M < oo on [t — h,t+ hl, for sufficiently
small h > 0 with respect to the variable t.
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Then, the process F(t,3) is (i)-m.s. differentiable and F’(¢t, ) is defined for each w € Q,
by
P -t PEERD@ S FEAW _ | 8w 6 F(t = hA)w)
h—0+ h h—0t h

Proof. Letw € Q be fixed, and consider Taylor’s expansion around ¢ of the determin-
istic crisp twice differentiable functions F” (t, 8)(w) and Fi(t, 3)(w),

T T d T h2 d2 T 1
Fi(t+h,8)(w) = FLt B)w) + hyy FLE AWt Aw) + 5 15 FLEL B)(w),
and
r r d . h? d? -
FI(t 4 hB)(w) = FL(6B)(w) + hap FL (L B)@)(E ) ) + 5 P (ts ).

for some t/,, ¢’ between t and t + h. Therefore, we have

w? w

PCUERDEIED). vy, )

- /Q D2 (F(t + h, ﬁ)(wf)t S F(t,8)(w) L F(t, 5)(w))dp(w)
= [ (s o (HERREETLDE 1P ) ) ape)

_ FI(t+ h, B)(w) — FT(t, B)(w) — h(FT)'(t, B)(w))
/ ( sup d(\
Q \o<r<1

= - [,

et b B)w) — FY (t,hﬂ)(w) — h(F})' (L, B)(w) \))2dp(w)

2
=P [ (Y L Y@L (1 B)@))

>2
4 Jo \o<r<i
2

Shz (sup d(|(F7)" (¢, B) (@), [(F1)" (¢, B)(@)])

Q r
+d(|(FL)" (o, B) (W) [(F) (t5, B)(w)])*d P(w)
< %2 (M + €)?dP(w) — 0,as h — 0.
Q

dP(w)

Note that for deterministic crisp twice differentiable function FY (¢, 8)(w), we have
d((F7)"(tl,, B)(w), (F7)"(th, B)(w)) <€, when t < t],, t!; < t+h and h — 0. There-
fore,

F(t+h, F(t, ,
i o SEREEEEEL P0) =0
Similarly, we have
F F(t—nh
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Theorem 3.22. Let F(t,3) be a second-order f.s.p. which depends on a second-order
f.r.v. 8 and the following conditions hold for each w € Q.

(a) Let the realization F(t, 8)(w) an (i¢)-differentiable deterministic fuzzy-valued func-
tion on [t — h,t + h], for sufficiently small h > 0 with respect to the variable t.

(b) For all r € [0,1], the r-level sets of F(¢,8)(w) are a twice (ii)-differentiable set-
2

d
valued functions and ||@[F(t, B)(w)]"|| < M < oo on [t — h,t+ h], for sufficiently
small h > 0 with respect to the variable t.

Then, the process F(t, 8) is (ii)-m.s. differentiable and F’(¢, ) is defined for each w € 2,
by

/ _ o FAGBW e FiE+hp)(w) . Ft—hpf)w) e F ) (w)
F.A)w) = hli%l+ —h B hli%l+ —h '

Proof. The proof is similar to the proof of Theorem |3.21]. ]

4. MEAN-SQUARE INTEGRATION

The concepts of mean-square Riemann integral and Riemann—Stieltjes integrals of the
f.s.p. and their integrability and differentiability properties have been studied in [7, [9].

Definition 4.1. (Feng [7]) Let F(¢) be a second-order f.s.p., defined on [a, b]. For each
finite partition A,, of [a,b] : A, ta <ty <t <..<t, =D, and for arbitrary points ¢,
ti—1 < tg <ti,i1=1,2,...,n, let

n
Aty =t; —ti_1, Sp=Y ALF(t;) and |A,| = _ma }At,».
i=1 o

Then, the mean-square Riemann integral or m.s. integral of F on [a, b] is defined by

b
/F(t)dt: lim S,

|A,|—0

provided this limit exists in (L2, p) and it is independent of the partition as well as the
selected points t. In this case, we say that F(¢) is m.s. integrable on [a, b]. Note that in
non-random case, this definition degenerates into the definition of integral of Puri and
Ralescu [24].

The m.s. integral of F' on an infinite interval is defined by
[e%S) b
/ F(t)dt:/ F(t)dt as a — —o0, b — o0,
provided this limit exists. The integrals
+oo b
/ F(t)dt, and / F(t) dt
a — 00

can be defined similarly.
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Remark 4.2. (Feng [7]) If F(t), t € [a,b], is non-random, the m.s. convergence coin-
cides with the convergence in D, the m.s. integral is just as one defined by Goetschel
and Voxman [16] in the case of E1. We call it Riemann integral in D (D.R. integral, for
short).

In the following, we recall some results on m.s. integrability.

Remark 4.3. (Feng [1])

(a) If F(t), t € [a,b], is a non-random function, then the m.s. integral is just as one
defined by Goetschel and Voxman [I6] in the case of E?.

(b) Let F(t), t € [a,b], be a second-order f.s.p., then for every r € [0,1], [F(¢)]" is a
second-order set-valued s.p.

(c) If F'(t) is m.s. integrable, then [F'(¢)]" is m.s. integrable for all r € [0,1] and
b , b
[ / F(t) dt} - / [F ()] dt. (14)

(d) If A and B are second-order set-valued r.v.’s, then I4, Iz € L?.

(e) Let F : [a,b] — L?*(E') be m.s. integrable. For r € [0,1], denote [F(t)]" =
[FT(t), F7(t)]. Then F7(t) and F7(t) are m.s. integrable and

/ PG = [ / " Er ), / at0 at], for all r € 0,1]. (15)

Theorem 4.4. (Feng [7]) Let F'(t) and G(t) be m.s. integrable on [a, b].
(a) For each «, 8 € R, aF(t) + SG(t) is m.s. integrable and

/a ' (F(0) + BC(D) dt = a / " Fydet / G a. (16)
(b) F(t) is m.s. integrable on any subinterval of [a, 8], and
/abF(t)dt:/:F(t)dt—i—/ch(t)dt, a<c<b. (17)
(¢) E(F(t)) is D.R. integrable on [a,b] and
E( / Pty at) = / By d. (18)
(d) Tf p(F(t), G(t)) is Riemann integrable on [a, b, then

p(/abF(t)dt, /abG(t) dt) < /abp(F(t),G(t))dt. (19)
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Theorem 4.5. (Feng [7]) Let F : [a,b] — L?. If F(t) is m.s. continuous on [a, b], then
F(t) is m.s. integrable on [a, b].
Theorem 4.6. Let F : [a,b] — L? be m.s. continuous.

(a) The m.s. integral Y (t) = f; F(s)ds,t € [a,b], is (i)-m.s. differentiable and

Y'(t) = F(t).

(b) The m.s. integral Y (¢) = fb

., F(s)ds, t €[a,b], is (ii)-m.s. differentiable and

Y'(t) = —F(t).

(¢) Let Y(¥) =v© fot —F(s)ds, t € [0,b], where v € L? is such that the H-difference
exists for ¢ € [0,b]. Then Y (¢) is (ii)-m.s. differentiable and

Y'(t) = F(t).

Proof. We present the details for the case (b), the other cases are analogous.

Case(b). Since F'(t) is m.s. integrable, then for A > 0 we have

V() OY(t+h) = / " ) s,

Then

Yt)oY(t+h) —1 [
— h/t F(s)ds.

Note that the m.s. continuity of F(t) implies that g(s) = p(F(s), F(t)) is continuous.
Thus, for the given € > 0 and for sufficiently small A > 0, we obtain

t+h
p(FHEYCED i) < / p(F(s), F(£)) ds < c.

Therefore, we have

. Yt)eY(t+h) B
hlgtr)l+ p( —h ’7F(t)> =0
Similarly,
. Y(t—h)oY(t) B
i (BT )

which proves the case (b). O
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Theorem 4.7. Let G : T — L? be m.s. continuous, B(t,s) : T x T — R be
differentiable and % be continuous with respect to ¢. In addition, let B(t,s) is
continuous with respect to s.

(a) If B(t,s) BB(t $) > 0, then ft 5)G(s)ds is (i)-m.s. differentiable and
( t "B(t.9)G(s) ds)': /t %G(s) ds + B(t )G(D). (20)

(b) If B(t, s)% < 0 and the H-difference ftz B(t,s)G(s) ds@th B(t+h,s)G(s)ds

exists for sufficiently small A > 0, then ftto B(t,s)G(s)ds is (ii)-m.s. differentiable
and

(/tB(t,s)G(s) ds)' —/t aBg;’S)G(s) dso (=BtLHGW).  (21)

to to

Proof. Case (a). See Lemma 3.1 in [10] and Remark [3.4]

Case (b). Since B(t, s) is continuous with respect to ¢, then for sufficiently small h > 0,
B(t,s) and B(t+ h,s) — B(t, s) have the same sign. By Theorem (c) and (d), we get

¢ t+h
/ B(t,s)G(s)d5+/ B(t+ h,s)G(s)ds

¢ t+h
:/ (B(t,s)7B(t+h,5))G(s)d5+\/ B(t+h,5)G(s)ds+/ B(t+ h,s)G(s)ds

to to
t t+h
:/ (B(t,s) fB(tJrh,s))G(s)dst/ B(t+ h,s)G(s)ds.
to to
Since the H-difference ft s)G(s)dse fH_h B(t+ h, s)G(s) ds exists, using Theorem

t

44 we have
t+h t+h
B(t,s)G(s)ds © / B(t, s)G(s) ds) + / B(t, s)G(s) ds

( to to t

_ /t(B(t, s) = B(t + h, 5))G(s) ds.

to

Therefore, we have

t t+h
B(t,s)G(s)ds © B(t,s)G(s)ds
t(; N t+h
_ /t(B(t,s)—B(t+h,s))a(s)ds@/t B(t, 5)G(s) ds.
Now, we get
s)ds hp h,s)G(s)ds [t s
(ft Oy BULA G | ot dss (-B(nGw)
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(ft — Bt +h,)G(s)ds © [T B(t,s)G(s) ds
—h ’
L OB(t, s)
/to — G(s)ds@(—B(t,t)G(t)))
< p(%/t (B(t,s)—B(t—i—h,s))G(s)ds,/t %G(s) ds)
t+h
+p(% /t B(t +h, 5)G(s) ds, B(t,1)G(?))
. /t p((B(t+ h,s})L =Bl ) aBg;, S)G(s)>ds
o
7/,5 p(B(t+ h,5)G(s), B(t,)G(t))ds
< f (B(t + h, sf)L—B(t,s)) 8B t,s) ‘HG Vo ds
t+h
g [ Bl R = Bl GG ds
/ B(t, s)p(G(s), G(1))ds
+E/ ‘B(t s) — B(t,t) ‘||G )|[2ds — 0, ash — 0T,
by the m.s. continuity of G(t) and some simple integral calculations. Hence, we obtain
ft ds@ft+h B(t+h,s)G(s)ds [t 9B(t,s)
o( - /t 2 G(s) dso (=B )G()) — 0,

when A — 07. Similarly,
(fttoh B(t—h,s)G(s)ds © j;tg B(t,s)G(s)ds /t dB(t,5)
P —h S, Ot

when h — 0t. |

G(s) ds@(—B(t,t)G(t))) 0,

Now, we have the following Newton-Leibniz formula.

Theorem 4.8. (Feng [7]) If F(t) is (i)-m.s. differentiable and F”(t) is m.s integrable
on [a,b], then for t € [a, b], we have

F(t) = F(a) + / F'(s) ds. (22)

Theorem 4.9. If F(t) is (i4)-m.s. differentiable and F’(¢) is m.s integrable on [a, b],
then for ¢ € [a, ], we have

F(t):F(a)e(—l)/ F'(s) ds. (23)
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Proof. We define G(t) = F(a)S F(t). From Corollary[3.12} G is (i)-m.s. differentiable
and G’ = (—1)F’(t). Then, using Theorem [{.8 we have

F(a)& F(t) = G(t) = G(a) +/ G'(s)ds = (F(a) © F(a)) +/ (—1)F'(s)ds.

Therefore,

5. APPLICATIONS AND ILLUSTRATIONS

In this section, we present some examples to illustrate the application of the generalized
m.s. differentiability. In the following, we suppose that (€, .4, P) is a complete proba-
bility space, where Q = [0,b] with b € (0,00), A is the Borel o-algebra of subsets of €2,
P is normed Lebesgue measure on (§2,.4) and w € Q is a crisp random variable.

Example 5.1. Let consider a second-order fuzzy stochastic process y(¢,w) where its
membership function is as follows ((¢,w) is fixed)

1= (e@tr —4)2, if z € [3e¥, Bet],
y(t,w)(x) = { 0, otherwise.

Hence, the r-level sets of the f.s.p. y(t,w) can be considered as
[y(t, )] = [e*(4 — VI=7), et (4 + VT =7)].

If we define Y (¢,w) = wy(t,w), then, using cases (c¢) and (e) in Remark for every
(t,w) € [0,00) x Q, we have

[/Ot Y (s.w)ds] "= (4~ VI ) e (44 VI 7))

Thus, the membership function of f(f Y (s,w)ds is as follows

. _ .
. 1— (6 wt(I) — 4)2, if x S [SeWt7 5eWt]7
/0 Y(s,w)ds (x) = { 0, otherwise.

The graphical representation of the f(f Y (s,w) ds can be seen in Figure Note that, we
have

/ Y (s,w)ds = y(t,w).
0
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Fig. 1. Graphical representation of the fot Y (s,w)ds for w = %,
Example

Example 5.2. Consider the following second-order fuzzy stochastic process
y(t,w) = etyl (t,w),
where
t

n(tw) = (w,w+Lw+2)+ / e ((w+ e =€, (w+1)e®, (w+1)e * +e))ds.

0
By Theorems and y1(t,w) is (i)-m.s. differentiable and

yi(t,w) = et (((w +De b —ef (wH1e b (wHe ™ + et)>.

If we denote f(t) = €', then we have f(t)f’(t) > 0. Now, using case (a) in Theorem
for every (t,w) € [0,00) x Q, we get

y'(t,w) = et((w,w +1w+2)+ /0 e (w+De® —e’ (wH+1)e *, (w+1)e ™ + es))ds)
+ (w+1)e " =€ (w+1)e ™ (w+1)e " +e)

= %(Set +e D (w+ 1)+ (t+2)ef(~1,0,1).

Example 5.3. Let the following second-order fuzzy stochastic process

y(t7 w) = eityz (t’ w)
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where

t t t
yo(t,w) = (w —|—/ wse™*ds, 2w —|—/ wse” °ds, 3w —|—/ wse™°ds). (24)
0 0 0

It is easy to see that yo(t,w) is (ii)-m.s. differentiable and

yh(t,w) = wte™ ",

If we denote f(t) = e~*, then we have f(t)f’(t) < 0. Using case (b) in Theorem
for every (t,w) € [0,00) X Q, we get

Y (t,w) = we 2 (—de! + 2t + 1, =3¢’ + 2t +1, -2 + 2t + 1).

Example 5.4. Let consider the second-order fuzzy stochastic process y(t,w) given as
follows

¢
y(t,w) :/ B(t,3)(0,ew(571)2,2e“’(571)2)ds
0
where B(t,s) =t(1 —s) for 0 < s <t and ¢ € [0, 1]. Since B(t,s)% =t(1-s)?>0,
then, by case (a) in Theorem 4.7} y(t,w) is (i)-m.s. differentiable and for every (¢,w) €
[0,00) x €, we have

t
Y (t,w) / (1 - 5)(0, 2072 2e0=9%) ds (1 — £)(0, e (77 2217
0

1
5o (2wt —2ut? 1)e?(=0" 4 ¢¥)(0,1,2).
w

6. CONCLUSION AND FUTURE RESEARCH

In this study, we generalized a mean-square differentiability of the fuzzy stochastic pro-
cesses and presented some new results on calculus of second-order fuzzy stochastic pro-
cesses. We propose for further research to study fuzzy stochastic differential equations
under the generalized m.s. differentiability.

ACKNOWLEDGMENTS

The authors are grateful to the editor and the anonymous referees for their thorough revision
of the manuscript and their valuable suggestions.

(Received October 28, 2024)

REFERENCES

[1] G. Anastassiou and G.S. Gal: On a fuzzy trigonometric approximation theorem of
Weierstrass-type. J. Fuzzy Math. (2001), 701-708.

[2] B. Bede and S. G. Gal: Almost periodic fuzzy-number-valued functions. Fuzzy Sets Syst.
147 (2004), 3, 385-403. DOI:10.1016/j.fss.2003.08.004


https://doi.org/10.1016/j.fss.2003.08.004

A generalization of the mean-square derivative for fuzzy stochastic processes ... 107

3]

[4]

[5]

[10]

[11]

[12]

[13]

[14]

[15]
[16]
[17]

[18]

B. Bede and S. G. Gal: Generalizations of the differentiability of fuzzy-number-valued
functions with applications to fuzzy differential equations. Fuzzy Sets Syst. 151 (2005),
3, 581-599. DOI:10.1016/j.fss.2004.08.001

B. Bede, I.J. Rudas, and A.L. Bencsik: First order linear fuzzy differential equa-
tions under generalized differentiability.  Inform. Sci. 177 (2007), 7, 1648-1662.
DOI:10.1016/j.ins.2006.08.021

Y. Chalco-Cano, G.G. Maqui-Huaman, G. Silva, and M. Jimenez-Gamero: Algebra of
generalized hukuhara differentiable interval-valued functions: Review and new properties.
Fuzzy Sets Syst. 375 (2019), 53-69. DOI:10.1016/j.fss.2019.04.006

D. Dubois and H. Prade: Towards fuzzy differential calculus. Part 3: Differentiation.
Fuzzy Sets Syst. 8 (1982), 3, 225-233. DOI:10.1016,/S0165-0114(82)80001-8

Y. Feng: Mean-square integral and differential of fuzzy stochastic processes. Fuzzy Sets
Syst. 102 (1999), 2, 271-280. DOI:10.1016/S0165-0114(97)00119-X

Y. Feng: Convergence theorems for fuzzy random variables and fuzzy martingales. Fuzzy
Sets Syst. 103 (1999), 3, 435-441. DOI:10.1016/S0165-0114(97)00180-2

Y. Feng: Mean-square Riemann—Stieltjes integrals of fuzzy stochastic processes and their
applications. Fuzzy Sets Syst. 110 (2000), 1, 27-41. DOI:10.1016/S0165-0114(98)00035-9

Y. Feng: Fuzzy stochastic differential systems. Fuzzy Sets Syst. 115 (2000), 3, 351-363.
DOI:10.1016/S0165-0114(98)00389-3

Y. Feng, L. Hu, and H. Shu: The variance and covariance of fuzzy random variables
and their applications. Fuzzy Sets Systems 120 (2001), 3, 487-497. DOI:10.1016/S0165-
0114(99)00060-3

M. Friedman, M. Ma, and A. Kandel: Fuzzy derivatives and fuzzy Cauchy problems
using LP metric. In: Fuzzy Logic Foundations and Industrial Applications (D. Ruan,
ed.), Springer, Boston 1996, pp. 57-72.

N. Gasilov: On exact solutions of a class of interval boundary value problems. Kybernetika
58 (2022), 376-399. DOI1:10.14736 /kyb-2022-3-0376

N. Gasilov, S. Emrah Amrahov, and A. Golayoglu Fatullayev: Solution of linear dif-
ferential equations with fuzzy boundary values. Fuzzy Sets Syst. 257 (2014), 169-183.
DOI:10.1016/j.£ss.2013.08.008

D. Gopal, J.M. Moreno, and R.R. Lépez: Asymptotic fuzzy contractive mappings in
fuzzy metric spaces. Kybernetika 60 (2024), 394-411. DOI:10.14736/kyb-2024-3-0394

R. Goetschel and W. Voxman: Elementary fuzzy calculus. Fuzzy Sets Syst. 18 (1986), 1,
31-43. DOI:10.1016/0165-0114(86)90026-6

O. Kaleva: On the convergence of fuzzy sets. Fuzzy Sets Syst. 17 (1985), 1, 53-65.
DOI:10.1016/0165-0114(85)90006-5

O. Kaleva: Fuzzy differential equations. Fuzzy Sets Syst. 24 (1987), 3, 301-317.
DOI:10.1016/0165-0114(87)90029-7

V. Kratschmer: Limit theorems for fuzzy-random variables. Fuzzy Sets Syst. 126 (2002),
2, 253-263. |DOI1:10.1016/S0165-0114(00)00100-7

M. T. Malinowski: Some properties of strong solutions to stochastic fuzzy differential
equations. Inform. Sci. 252 (2013), 62-80. DOI:10.1016/j.ins.2013.02.053

M. Mazandarani and L. Xiu: A review on fuzzy differential equations. IEEE Access 9
(2021), 62195-62211. DOI:10.1109/ACCESS.2021.3074245


https://doi.org/10.1016/j.fss.2004.08.001
https://doi.org/10.1016/j.ins.2006.08.021
https://doi.org/10.1016/j.fss.2019.04.006
https://doi.org/10.1016/S0165-0114(82)80001-8
https://doi.org/10.1016/S0165-0114(97)00119-X
https://doi.org/10.1016/S0165-0114(97)00180-2
https://doi.org/10.1016/S0165-0114(98)00035-9
https://doi.org/10.1016/S0165-0114(98)00389-3
https://doi.org/10.1016/S0165-0114(99)00060-3
https://doi.org/10.1016/S0165-0114(99)00060-3
https://doi.org/10.14736/kyb-2022-3-0376
https://doi.org/10.1016/j.fss.2013.08.008
https://doi.org/10.14736/kyb-2024-3-0394
https://doi.org/10.1016/0165-0114(86)90026-6
https://doi.org/10.1016/0165-0114(85)90006-5
https://doi.org/10.1016/0165-0114(87)90029-7
https://doi.org/10.1016/S0165-0114(00)00100-7
https://doi.org/10.1016/j.ins.2013.02.053
https://doi.org/10.1109/ACCESS.2021.3074245

108

[22]
23]
[24]
[25)
[26]

[27]

[28]

[29]

H. AMIRNIA AND A. KHASTAN

M. Ming: On embedding problems of fuzzy number space: Part 5. Fuzzy Sets Syst. 55
(1993), 3, 313-318. DOI:10.1016,/0165-0114(93)90258-J

H.T. Nguyen: A note on the extension principle for fuzzy sets. J. Math. Anal. Appl. 64
(1978), 2, 369-380. DOI:10.1016,/0022-247X(78)90045-8

M. L. Puri and D. A. Ralescu: Differentials of fuzzy functions. J. Math. Anal. Appl. 91
(1983), 2, 552-558. DOI1:10.1016,/0022-247X(83)90169-5

M. L. Puri and D. A. Ralescu: Fuzzy random variables. J. Math. Anal. Appl. 114 (1986),
2, 409-422. DOTL:10.1016/0022-247X (86)90093-4

M. L. Puri and D. A. Ralescu: Convergence theorem for fuzzy martingales. J. Math.
Anal. Appl. 160 (1991), 1, 107-122.

M. Rojas-Medar, M. Jimenez-Gamero, Y. Chalco-Cano, and A. Viera-Brandao: Fuzzy
quasilinear spaces and applications.  Fuzzy Sets Syst. 152 (2005), 2, 173-190.
DOI:10.1016/S0165-0114(05)00138-7

S. Seikkala: On the fuzzy initial value problem. Fuzzy Sets Syst. 24 (1987), 3, 319-330.
DOI:10.1016/0165-0114(87)90030-3

L. Stefanini and B. Bede: Generalized hukuhara differentiability of interval-valued func-
tions and interval differential equations. Nonlinear Analysis: Theory Methods Appl. 71
(2009), 3, 1311-1328. DOI:10.1016/j.na.2008.12.005

Hadi Amirnia, Department of Mathematics, Institute for Advanced Studies in Basic
Sciences, Zangjan. Iran.
e-mail: hadi.amirnia@iasbs.ac.ir

Alireza Khastan, (Corresponding author.) Department of Mathematics, Institute for
Advanced Studies in Basic Sciences, Zanjan. Iran.
e-mail: khastan@iasbs.ac.ir


https://doi.org/10.1016/0165-0114(93)90258-J
https://doi.org/10.1016/0022-247X(78)90045-8
https://doi.org/10.1016/0022-247X(83)90169-5
https://doi.org/10.1016/0022-247X(86)90093-4
https://doi.org/10.1016/S0165-0114(05)00138-7
https://doi.org/10.1016/0165-0114(87)90030-3
https://doi.org/10.1016/j.na.2008.12.005

