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KYBERNETIKA — VOLUME 60 (2024), NUMBER 5, PAGES 624-651

NEW CONSTRUCTIONS OF UNI-NULLNORMS
ON CERTAIN CLASSES OF BOUNDED LATTICES
BY CLOSURE (INTERIOR) OPERATORS

Tao Wu

The primary aim of this article is to put forward new classes of uni-nullnorms on certain
classes of bounded lattices via closure (interior) operators. Due to the new classes of uninorms
combining both a t-norm 7" and a t-conorm S by various kinds of closure operators or interior
operators, the relationships and properties among the same class of uninorms on L, we obtain
new classes of uni-nullnorms on L via closure (interior) operators. The constructions of uni-
nullnorms on some certain classes of bounded lattices can provide another different perspective
of t-norms and the dual of t-norms, uninorms and some other associative aggregation operations
on bounded lattices. That is, the constructions seem to be the ordinal like sum constructions,
but not limited to the ordinal like sum constructions.

Keywords: uni-nullnorm, nullnorm, closure operator, construction, bounded lattice, ordi-
nal like sum construction

Classification: 03B52, 06B20, 03E72

1. INTRODUCTION

According to the perspective of the School of Bourbaki, there are three mother structures
(posets, topological spaces and algebraic structures) in mathematics from which all other
mathematical structures can be generated, and which are not reducible one to the other.
The theory of representations of Boolean algebras [51] has shown that three mother
structures when combining together can create some interesting and meaningful results.
Partial researches can be seen in [2, B0, B2] 47, 52), 55| 56| 57, 58| [66, 67]. In this article
we mainly use uninorms combining a t-norm T (a t-conorm S) and closure operators
(interior operators) to construct uni-nullnorms on certain special classes of bounded
lattices.

As an extension of the triangular norms and triangular conorms [38], Yager and Ry-
balov [61] introduced uninorms, then Fodor et al. [28] [29] systematically investigated
them that are particular aggregation operations with the neutral element e belonging to
the real unit interval [0, 1]. The operations such as Uy, and Upax are constructed from
triangular norms and triangular conorms by ordinal sums from the point perspective
of algebraic structure, they are significant in fuzzy logics, operations researchs, decision
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making and game theories [20, 22] 26], 31, 33} 39 53]. Some related researches for uni-
norms on the real unit interval can be seen in [6] (18] [19] [45], [46] [48]. In the last few years,
various kinds of aggregation operations on a bounded lattice have been investigated by
researchers. The constructions of triangular norms (triangular conorms) on posets or
bounded lattices have been proposed and studied in [16] 17, [62]. Karacal and Mesiar
[36] provided one method and its dual to construct uninorms on L and proved the exis-
tence of uninorms on L. In [4] they presented one method and its dual for constructing
uninorms on L combining both a triangular norm and a triangular conorm. Some inter-
esting and meaningful construction methods of uninorms on L were proposed by Cayl
et al., further details, please refer to [7, 8, @ 10, [15] [16] [36, 43, [44].

By the positions of absorbing elements laying anywhere on the real unit interval [0,
1], Mas et al. proposed t-operators [41] (nullnorms [6] [T11 12] T3] 50, [64]). Uni-nullnorms
[49] were the combinations of uninorms and nullnorms, take some special values for uni-
nullnorms, we can get both nullnorms and uninorms. Uni-nullnorms and null-uninorms
were dual under a strong negation. In [54] Wang et al. put forward two construction
methods for uni-nullnorms on L and illustrated the existence of uni-nullnorms on L.
Zhang, Ouyang and De Baets [63] presented the constructions of the uni-nullnorm on
L via a disjunctive uninorm and a t-norm, they generalized the second construction
method for uni-nullnorms in [54]. Ertugrul, Kesicioglu and Karagal [23] extended two
construction methods of uni-nullnorms [54] in different ways.

Inspired by the work [63] and the constructions of uninorms on L [65], furthermore,
in the concluding paragraph of [63], Zhang, Ouyang and De Baets wrote “For future
research, it might be interesting to consider how to construct a uni-nullnorm (resp. null-
uninorm) on a bounded lattice via a non-disjunctive uninorm and a t-norm (resp. a
non-conjunctive uninorm and a t-conorm)”. Constructing new uninorms on a bounded
lattice L combining both a t-norm 7" and a t-conorm S may be too difficult, even trou-
bled. With the rapid developments of uninorms on bounded lattices, we obtain the
following results: A class of uninorm U = (F,G, F°P,G°), F denotes the disjunctive
uninorm by the closure operator ¢!, G denotes the corresponding conjunctive uninorm
by cl, F°P denotes the dual uninorm of F. All disjunctive (conjunctive) uninorms con-
structed by closure (interior) operators can be written in this form. Once constructing
one uninorm of the four uninorms on bounded lattices via closure (interior) operators,
the other three can be obtained accordingly. F' and G can be one-to-one correspondences.
And in some extreme cases, the four uninorms may be degenerated into only one uni-
norm and its dual. Observe that the methods for disjunctive uni-nullnorm on L in [23]
extends the methods in [54] with certain additional condition, but the researchers did
not construct a conjunctive uni-nullnorm on L. And structures are the weapons of the
mathematician. A question arises: Are there any other different ways that generate new
(conjunctive) uni-nullnorms on L different from the existing uni-nullnorms on L? That
is to say, if those uni-nullnorms exist, what are their specific structures? It is well known
that the constructions of t-norms on posets by pseduo-inverses of monotone functions
are the special cases of the constructions of t-norms on posets via Galois connections
in essence, and closure (interior) operators can be obtained by Galois connections. We
obtain some new classes of uni-nullnorms on L. Using various closure (interior) oper-
ators to construct uninorms, we propose other generalized methods that can produce
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infinitely many (conjunctive) uni-nullnorms on L. The constructions of uni-nullnorms
on bounded lattices can provide another different perspective of t-norms (t-conorms),
uninorms and some other associated aggregation operations on bounded lattices. That
is, the constructions seem to be the ordinal like sum constructions, but not limited to
the ordinal like sum constructions.

The structure of this paper is as follows. Section 2 lists some basic background. Some
construction methods for uninorms on L are introduced. In Section 3, investigate more
generalized constructions of (conjunctive) uni-nullnorms on L with a closure operator
or an interior operator, the concrete constructions of uni-nullnorms on bounded lattices
has been obtained. The end are some conclusions and further work.

2. PRELIMINARIES

Assume that the readers know some basic results about basic theory of t-norms (t-
conorms) [38]. Next just give some fundamental results on uninorms, nullnorms and
uni-nullnorms on a bounded lattice.

A lattice is a nonempty set (L, <) such that any two elements p and ¢ have an
infimum, denoted by p A ¢, similarly a supremum denoted by p V q. For p,q € L, denote
q > pif p < qholds. p < ¢ means that p < g and p # ¢. If neither p < ¢ nor ¢ < p,
then p is incomparable with ¢, and write p || ¢. Denote the set of elements which are
incomparable with p but comparable with g by Iy, Ie = {z € L|z || p,z }f ¢}. Similarly,
Ip={zeLlz|qzhp}, pg={rcLlz|pzx|q} And I. = {x € L|z || e}.

A bounded lattice (L, <, A,V) is the lattice has a greatest element 1 and a smallest
element 0. Let L be a lattice and p,q € L with p < ¢q. The subinterval [p,q] is a
sublattice of L defined by [p,q] = {zx € L | p < x < ¢}. Other subintervals such as [p, g|
and |p, ¢[ can be defined similarly. Other information please see [3].

Definition 2.1. (Asia1 [I], Karacal and Khadjiev [35], Karacal and Mesiar [36]) An
operation T : L2 — L (resp. S : L?> — L) is called a t-norm (resp. a t-conorm) on L if it
is commutative, associative, and non-decreasing in each variable, and it has the neutral
element 1 € L (resp. 0 € L), that is, T(1,p) = p (resp. S(0,p) = p) for arbitrary p € L.

Definition 2.2. (Bodjanova and Kalina [4], Karagal and Mesiar [36], Mas at al. [42])
An operation U : L? — L is called a uninorm on L if it is commutative, associative, and
non-decreasing in each variable, and an element e € L called the neutral element exists
such that Ul(e, p) = p for arbitrary p € L.

Definition 2.3. (Karacal at al. [37], Mas et al. [42]) An operation V : L? — L is called
a nullnorm on L if it is commutative, associative, and non-decreasing in each variable,
there is an element a € L such that V(p,0) = p for arbitrary p < a, V(p,1) = p for
arbitrary p > a.

Definition 2.4. (Wang at el. [54], Zhang et al. [63]) A binary operation F : L? — L is
called a uni-nullnorm on L if it is commutative, associative, and non-decreasing in each
variable, and there exist the elements e,a € L such that 0 <e < a < 1,F(e,p) = p for
arbitrary p € [0, a] and F(p,1) = p for arbitrary p € [a, 1].
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Observe that e is a neutral element of F' in [0,a]. It can be easily obtained that
F(p,a) = a for arbitrary p € [e, 1] by Definition 2.4, so a is an absorbing element of F' in
[e,1]. That is, e is a partial neutral element and a is a partial absorbing element of F,
call e the neutral element and a the absorbing element of uni-nullnorm F' in this paper.
For a uni-nullnorm, if p € I.a, then p < a. If p € I, then e < p.

Proposition 2.5. (Wang et al. [54], Zhang et al. [63]) Let e,a € L\ {0,1} and F be a
uni-nullnorm with the neutral element e and the absorbing element a on L. Then
(i) U = F |jg,q2: [0, a]* = [0, 4] is a uninorm.
(ii) V = F [(e152: [e,1]2 — [e, 1] is a nullnorm.
(iii) U = F |jp,ep2: [0,€]* — [0, €] is a t-norm.
(iv) U = F |[e,qp2: [e;a]* = [e,a] is a t-conorm.
(v) U =F |jg1)2: [a,1]*> = [a,1] is a t-norm.

Definition 2.6. (Dvordk and Holcapek [21], Everett [27], Han and Zhao [32], Ouyang
and Zhang [43], Rosenthal [47]) Let L be a lattice. A mapping ¢l : L — L is called
a closure operator on L if, for arbitrary p,q € L, (cll) p < cl(p); (cl2) c(p V q) =

cl(p) v cl(q); (cl3) cl(cl(p)) = cl(p).

Example 2.7. (Dvotdk and Holcapek [21], Han and Zhao [32], Ouyang and Zhang [43],
Rosenthal [47]) Let L be a bounded lattice and a,b € L be given, where a < b. Then
the mapping ¢l : L — L defined by the following are all closure operators: for arbitrary
p € L, (i) cl(p) = p; (ii) cl(p) = 1; (iii) cl(p) = pVa; (iv) cl(p) = a = p; (v) cl(p) = (p =
a) = a; (vi) (f,g) is a Galois connection, ¢l = go f. In (iv)(v), (A, —) forms a Galois
connection, for the case of t-norm T, (T, —) forms a Galois connection and ¢l needs

: 3 P p<b, p p<b, :
to satisfy (cl2); 1Y (p) = It(p) =
o satisty (ci2); (vii) cly (p) pVb otherwise; (viid) < (p) {1 otherwise; (i)

<a,
cy(p) = P =% e say that two closure operators cl; and cly commute
’ pVb otherwise.
on L provided that cly ocly = cly ocly. And ¢l ocl) = ¢l ocly. Specially, cly = cla,

closure operators cly and clo commute on L.

Definition 2.8. (Dvordk and Holcapek [2I], Han and Zhao [32], Ouyang and Zhang
[43], Rosenthal [47]) Let L be a lattice. A mapping int : L — L is called an interior
operator on L if, for arbitrary p,q € L, (intl) int(p) < p; (int2) int(p A q) = int(p) A
int(q); (int3) int(int(p)) = int(p).

Example 2.9. (Dvordk and Holéapek [2I], Han and Zhao [32], Ouyang and Zhang
[43], Rosenthal [47]) Let L be a bounded lattice and a,b € L be given, where a < b.
Then the mapping int : L — L defined by the following are all interior operators:
for arbitrary p € L, (i) int(p) = 0; (ii) int(p) = p; (iii) int(p) = p A a; (iv) (f,9)
is a Galois connection, int = f o g satisfies (int2); (v) int} (p) = P p=b .
pAb otherwise;

>b >b
(vi) intd(p) = {p p=2 (vii) int} ,(p) = {p p=5 We say that two

0  otherwise; pAa otherwise.
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interior operators int; and inty; commute on L provided that inty o inty = inty o inty.
And int} oint) = int) oint}. Specially, int; = ints, interior operators int, and ints
commute on L.

Note that the closure operator (interior operator) in [3 47] where (cl2) p < ¢ =
c(p) < c(q) (p < g = int(p) < int(q)) is different from the above Definition 2.6
(Definition 2.8), without explanation we use the closure operator (interior operator) in
[27]. Some authors, following [52], [66], call the closure operators nucleus. For additional
background and information, please refer to [3§].

Inspired by [63] and the constructions of uninorms in [65]. This paper is presented
by new classes of uni-nullnorms on bounded lattices via a (conjunctive) uninorm and
a t-norm as the main line. It is difficult to satisfy monotonicity and associativity of a
uninorm U. For the framework of a uninorm U, we can not provide the unified forms,
uninorms on L generalize Uy, and Upay in most situations. A uninorm U varies as we
deal with incomparable elements with e. For the possible order relations among p, ¢ and
r, where p €]0,¢e[,q € I.,r €]e, 1], we obtain that p < ¢, or p || ¢, or ¢ < r, or q || r.

By the results in [65]: A class of uninorm U = (F,G, F°? G°), F denotes the
disjunctive uninorm by the closure operator cl, G denotes the corresponding conjunctive
uninorm by c¢l, F°P denotes the dual uninorm of F. The same class of uninorms in this
paper can be written in this form. When constructing one uninorm of the four uninorms,
the other three can be obtained accordingly. F' and G can be one-to-one correspondences.
The above observable properties can be used to construct different classes of uninorms.

The uninorm on L and its dual in the following can be obtained by closure (interior)
operators. For additional background, please refer to [4, 43]. We can obtain the other
uninorms on L in the following two propositions.

Proposition 2.10. (Cayh [14]) Let L be a bounded lattice, T' be a t-norm on [0, ¢], S
be a t-conorm on [e, 1], ¢l : L — L be a closure operator and int : L — L be an interior
operator, where e € L\ {0,1}. The operation Ucl , defined by

T(p,q) (p,q) €[0,¢]?,
pPAgq (p,q) € [0,e[x(L\ [0,e[) U(L\ [0,€]) x [0, €],
Uga(pa) = q (p,q) € {e} x (L\[0€]),
p (p,q) € (L\[0,¢€]) x {e},
[0,

c(p) Ve(g) (p,q) € (L\[0,€])?,

is a uninorm on L with the neutral element e iff p > ¢ for arbitrary p € I.,q € [0, e].
The operation U}, | defined by

wnt,

S(p,q) (p,q) € [e,1]%,

pVyq (p,q) €le, 1] x (L\]e, 1]) U (L\]e, 1]) x]e, 1],
Ui 1(p:0) = {4 (. q) € {e} x (L\ [e, 1)),

p (p,q) € (L\ [e,1]) x {e},

int(p) Nint(q)  (p,q) € (L\ [e,1])?,

is a uninorm on L with the neutral element e iff p < ¢ for arbitrary p € I, q €]e, 1].
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Proposition 2.11. (Cayh [14]) Let L be a bounded lattice, T' be a t-norm on [0,¢], S
be a t-conorm on [e, 1], where e € L\ {0,1}. The operation U? defined by

T(p,q) (p,q) €[0,¢]?,

PAq (p,q) € [0,e[x(L\[0,e[) U(L\[0,e]) x [0,e],
U(p,q) = q (p,q) € {e} x (L\ [0, €]),

p (p,q) € (L\[0,e]) x {e},

S(pveqve) (p.q) € (L\[0e])?

is a uninorm on L with neutral element e iff p > ¢ for arbitrary p € I.,q € [0, ¢].
The operation U] defined by

S(p,q) (p,q) € [e,1]%,

pVyq (p,q) €le, 1] x (L\Je, 1]) U (L\]e, 1]) x]e, 1],
Uilp,q) =44 (p.q) € {e} x (L\ [e, 1)),

p (p,q) € (L\ [e;1]) x {e},

T(pAe,qghe) (pq) € (L\]e, 1])%,

is a uninorm on L with neutral element e iff p < ¢ for arbitrary p € I., ¢ €]e, 1].

By replacing partial t-norms or t-conorms of nullnorms via closure (interior) opera-
tors, we can construct nullnorms on L. Theorem 2.12 can be obtained by [25].

Theorem 2.12. (Ertugrul [25]) Let L be a bounded lattice, ¢l : [0,a] — [0,a] be a
closure operator, int : [a,1] — [a,1] be an interior operator, S be a t-conorm on [0, a]
and T be a t-norm on [a, 1], where a € L\ {0,1}.

(1) The operation V1 : L? — L is a nullnorm on L with the absorbing element a,

where
T(p, q) (pq) € [a, 177,
Ve (pq) = cdpna)Vel(gha) (p,q) €]0,a]*U[0,a] x I, U, x [0,a] U (I,)?,
e pVa (p,q) € [0,a] x {0} U {0} x [0,],
a otherwise.

(2) The operation Vip 1 : L? — L is a nullnorm on L with the absorbing element a,

where
S(p.q) (p,q) € [0,a?,
' _ Jint(pVva) Nint(gVa) (p,q) € [a,1[2U[a, 1] x I, U I, x [a,1] U (I1,)?,
S P (.9) € [, 1 x {1} U{1} x [a, 1],

a otherwise.
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3. CONSTRUCTIONS OF UNI-NULLNORMS ON BOUNDED LATTICES

Next construct new classes of uni-nullnorms on L by the following theorems. In the
following, the index sets between closure operators and interior operators may not be
one-to-one correspondences. The following is presented by the closure operators as the
main line. Denote cl;(x) V cly(y) in the following figures by (4A), denote cla(z) V cla(y)
in the following figures by (AA).

3.1. Some constructions of uni-nullnorms on L via closure (interior) oper-
ators

Closure (interior) operators are significant for the constructions of uninorms on L, closure
(interior) operators can also play a vital place in the constructions of uni-nullnorms on L.
Next we obtain some constructions of uni-nullnorms on L via closure (interior) operators.

Iae Iae
Ie,a a [e,a a
Iea Ie“
A A ] a (D) P (D) a (D)
1 1
a T a a a Ts a
a a
(A) ] a [ (D) Al Y] a | ()
e e
T AN T AN a q
0 e a 1 la Teq I 0" e a1 L. g I,
Fig. 1. Fg;fo in Theorem 3.1(1). Fig. 2. FCTlfa in Theorem 3.1(2).

Theorem 3.1. Let L be a bounded lattice, ¢l : ([e,a]UI.) — ([e,a] U I.) be a closure
operator, T} be a t-norm on [0, e] and T be a t-norm on [a, 1], where e,a € L\ {0,1}.

(1) The operation FFTHS 0 defined by

Ti(p,q) (p:q) € [0, ¢,
Cl(p) \ CZ(Q) (p7 Q) €]€7G]QU]€’G] X Ie“ U Iea X}ev a] U (Ie“)Qa
T»(p, q) (p.q) € [a,1]?,

5,0 _JpAg (p,q) € [0, e[x(L\[0,e) U(L\[0,e]) x [0, €],

Far™ ) =4,y (b.0) € [e.) x {e} U {e} x [e,a),

p (p7 q) € Ie"' X {6}7
q (p,q) € {e} x I,
a otherwise,
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is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,e[,q € Tea U I, 4.

(2) c : ([e;a) Ulea) — ([e,a] U Iea) satisfies cl(p) V cl(q) € ([e,alUlea) for arbitrary
p,q € ([e,a[Ul.a). The operation FCTZQS‘I is a uni-nullnorm on L, where

T1(p.q) (p,q) € [0,¢]?,
c(p)Vellg) (p,q) €le,al®Ule,a] x Ia U leax]e,a] U (I.a)?,
Ts(p, q) (p,q) € [a,1]%,
T.5.a _JpAg (p,q) € [0, ¢e[x[e, a[U[e, a[x[0, €],

Faz™(p.a) = pVq (p,q) €le,a] x {e} U{e}x]e,al,
p (P, q) € Lew x {e} U[0, €[xea,
q (p,q) € {e} X Ia Ul X [0,€],
a otherwise.

Proof. (1) Necessity: For the case: p < ¢ for arbitrary p € [0,¢e[,q € Ia U I 4,

T,5,0, -7T,S,0 T,S,0 T,S,0 T,S,0
take r =1, by F, 7" (Fo 77 (p0), 1) = Fy (P A g 1) =p A g Fy v (p Fryiym(g,1)) =

Fz;:f’o(p, a) = p, then p < ¢ for arbitrary p € [0,¢[,q € Iea U I, 4.
Sufficiency: By the definition of Fg’f’07 it is easy to get that Fg;jls’o is commuta-

tive, Fi’f’o(p, e) = p for arbitrary p € [0,q], Fg’f’o(p a) = a for arbitrary p € e, 1],

F ch f ’O(p, 1) = p for arbitrary p € [a, 1], take steps to prove monotonicity and associativ-

1ty.
(i) Monotonicity. For p,q,r € L with p < ¢, take steps to check Fg;:f’o(p,r) <

Fi’f’o(q, r). For p,q € L are simultaneous elements of [0, €], or le, al, or [a, 1], or Ia, or

I¢.q, Or I4e, the proof is obvious. Next we prove the remaining.

1. pe[0,e[, g€ L\[0,e[.
T80

1.1 7€ 0,el. F§7’f’0(p, r)="Ti(p,r) <r=qAr=F,7" (q,7).
1.2 r € L\[0,e]. By p < g for arbitrary p € [0,¢e[,q € Iea Ul q, Fch:f’O(q,r) € [e, 1],

T,S, T,S,
then Foy O(p,r) =pAr=p< Fyy O(QaT)-

2. p=e, q€le,alUla, 1] U Ie.

2.1re|0,el. Fg’f’o(p, ry=r=qAr= Fg’f’o(q,r).
T,3,0 _ 7 T,5,0
2271 €le,al. Foryw(p,r) =71 <cl(q) Vellr) < F 7 (g,r).

2.3 r €a, 1]. FCTl”ls’O(p, r)=a< Fg;:f’o(q,r).
24 1€ lea. FCTl:f’O(p,r) =r<cq)Vedl(r) < Fg;:ls’o(q,r).
25r€leqUlge. Fg;:ls’o(p, r)=a= Fg;:f’o(q,r).

FT.5.0

2.6 r =e. By Fg;f’o(q, r) €le, a], then Fg;:f’o(p, r)=e<F,7(q,7).

3. p €le,al, q €la, 1] U I4e.
3.1rel0el FCTl”ls’O(p, r)=pAT=r=qAT= Fi’f’o(q,r).
3.2 7 €le,alUle. Fy 7% (p,r) = cl(p) Vel(r) < a=Fy7 q,r).

3.3 r€la,l]. Fg;:ls’o(p,r) =a< F§7’f’0(q,r).
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341 € Lo Ulye. F17°%p,r) = a=FL3%q, ).

35r=e. Fg;:f’o(p, ri=p<a= Fgli’f’o(q,r).
4. p € L., q€le,alUla, 1]UT, o Ulge.
4.1r € 0,el. FCTL’IS’O(p, r)=pAT=r=qAr= Fch”f’O(q,r).
42 r €le,a] U Iea. By FCTL’IS’O(q,T) € [c(q) V cl(r),al, Fch:f’O(p, r)=cdl(p) Vl(r) <
c(q) Vel(r) < Fg;:f’o(q, T).

437 €la,1]. F250p,r) = a < FL30(q, r).

cl,1 cl,1
447 €L gUle. Fy70pr) =a=F5 7 q,n).
T,S,0 T,S,0 T,S,0
45r=e. By F 7" (q,7) €le, a], then Foy (p,r)=p< For (g, ).

5. p€lg, q€la,1]U L.
5.1re0el Fypopr)=pAr=r=qAr=Fr7"4qn).
5.2r e L\|[0,el Fi’f’o(p, r)=a< Fch:f’O(q,T)~

6. p € Ise, q €]a,1].
6.1 €[0,el. Fg”f’o(p, rY=pAr=r=qAr= FT’S’O(q,r).

cl,1
6.2r € L\[0,e[ Fz;:f’o(p, r)=a< FCTl:f’O(q,r).

(ii) Associativity. If {p,q,7} C {e,a}, or {p,q,7} C [0,e[U]e,a[U]a, 1], it is easy to
prove that Fch:lS’O(FCTl:f’O (p,q),r) = FCTl:f’O(p, FCTL’IS’O(q7 r)). We need to check the rest.

L {p7q}TgS[876[&“{S7'n%gL\[O’e[. T,S,0 T,S,0 T,S,0
L = F’cljl7 (Fcl:l, (p7 q)’,r) = Tl(p7 Q) = Fcl:17 (p’ q) = Fcl:l, (p’Fcl,717 (q,T’)) = R

2. {p} € [0,e[, {g,7} S L\ [0,e].

T,5,0 T,S,0 T,5,0
L:Fcl,l (par) :p:FclJ (p7Fcl’1 (qar)) :R

3. {p,q} Cle,a[, {r} C L., or {p} Cle,al, {¢,7} C Ia, or {p,q,7} C I,a.
L= Fi’ls’o(cl(p) Vel(g),r) =cl(p) Vcl(q) Vcl(r) = Fi’ls’o(p, cl(q) Vv cl(r)) = R.

4. {p,q} Cle,a[, {r} C IL.q U I, or {p} Cle,al, {q¢} C Iea, {r} C I o U I, or
{pa Q} - IeaaTg’"} - Ie,a U Lge. .
L=F 7(cp) Velg),r) =a=Fy7(p,a) = R,

cl,1
5. {p} Cle,al, {q,7} C Le .o U Lge.

T,S,0 T,S,0
L= Fcl,l (a,r) =a= Fcl,l (pv a’) =R.

6. {p,q} Cla,1], {r} C Iea Ul 4 UI4e.

L=F,P(Ta(p,q).r) = a=F,7(p,a) = R.

7. {p} Cla,1], {g,7} C Lee Ul o U e, by F57°(q,7) €le,a] U Lo

T,S,0 T,5,0 T,S,0
L= Fcl,l (a,r) =a= Fcl,l (p’Fcl,l (Q7r)) =R.

8. {p} C L, {q,7} C L. o U I, or {p} Cle,a], {¢} Cla,1], {r} C La Ul 4 U I, or
{pa Q7r} g Ie,a U Iae-

T,S,0 T,5,0
L=F, (a,r)=a=F,7"(p,a) = R.

(2) It can be proved analogously to (1). O
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Theorem 3.1 can be equivalently to characterize it as the following proposition.

Proposition 3.2. Consider the construction of the uni-nullnorm from Theorem 3.1
denoted as F' = chl“:ls,o. F is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0, e[ and
q € Iea Ul ,. Using this condition, L can be expressed as the union of the following
three sets: Ly = [0,¢€], Ly = [e,a] U Ia and Lg = [a,1] U I, o U I4e, where L1 N Ly = {e}
and Lo N Lg = {a}. Consider t-norms T on [0, ¢e] and T3 on [a, 1], cl : ([e,a] U Iea) —
([e,a] U I.a) be a closure operator. Moreover, consider the t-conorm S =V on [e,a]. To
get the construction of F', in the first step, extend S from [e, a] to Ly and T from [a, 1]
to L3 in an appropriate way. Proceed as follows:

1. The extension of S (formally restricted to cl(Ls)) to Ly can be given as
B S(Cl(p)v CZ(Q)) D, q € L2 \ {6},
Sp,a) = qp q=e,
q p=e.
By redefining ¢l': Ly — Lo as cl(p) = cl(p V e). It is easy to verify that ¢l’is again
a closure operator. Comparing with the approach in [21I]. e is the minimum (not the
bottom) element of Lo, so it seems to be a slight generalization.

2. The generalization of T5 to Ls can be done directly as

~ {Tg(p, 9 pge€lal],

To(p,q) =
2(p, ) otherwise.

Note that the extension T is an example of an operation, for which 1 is not the neutral
element, and T is no longer a t-norm on Ls (Ls is a poset, but not a lattice).
Now, three operations 17, S ,and T have been obtained. In the second step, construct
a uninorm U on M = L; U Ly from Ty and S in the conjunctive form, which can be
given as follows:
Tl(pa q) D, q € le

Ulp.q) = {S(p.a)  p.q € Lo,
pPAq otherwise.

Since p < ¢ for arbitrary p € L; and g € Lo, one can simply verify the monotonicity
of U, and U should be a uninorm on M (i.e., M endowed with U is a partial ordered
monoid).

3. Therefore, two operations U and T, have been obtained. In the third step,
construct the uni-nullnorm F on L from the operations U and 15 as follows (denote

Ly =Li\{e})

Ulp.a)  pgeM,

T2(P7Q) b, q € L3>

PAgq (p,q) € Ly x (L\Ly)U(L\Ly) x Ly,
a otherwise.

F(p,q) =
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For Theorem 3.1(2), as a is the absorbing element of F T2S “ add the condition:

d : ([e;a] Ule) — ([e,a] U L) satisfies cl(p) V cl(q) € (le,a[Ul) for arbitrary
D,q € ([e a[UIea) (The reason is similar to Remark 3.8), at this moment ¢! play a key
role. Fcl 5 50 i given by the same structure as Fy 15 , only have the following changes,
Fg:i’a(p, q) = p for (p,q) € [0, e[XIea, Fg;:zs’a(p7 q) = a for (p,q) € [0,e[x([a,1] U, U
I,), and omit the condition p < ¢ for arbitrary p € [0,e] and g € Tea U I, 4.

Similar to Theorem 3.1, we can obtain the following proposition.

Proposition 3.3. Let L be a bounded lattice, int : ([0,e] U I,a) — ([0,€] U Iea) be
an interior operator, S be a t-conorm on [e,a], and T» be a t-norm on [a, 1], where
e,a € L\ {0,1}.

(1) The operation Fglfio : L? — L defined by

int(p) Nint(q)  (p,q) € [0,e[2U[0, e[xTea U Tea X [0, e[U(Lea)?,

[
S(p,q) (p,q) € [e.a?,
Tx(p, q) (»,q) € [a,1]?,
7,50 _)pAha (p,q) €[0,e[x(L\ ([0, e[Ulee))
Firkx (Po9) (L ([0, €e[Uz0) x [0,
(P, q) € Lea X [e,al,
q (p,q) € [e,a[x1ea,
a otherwise,

is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,¢e[,¢ € ¢ 4.

(2) S:[e,a]®> — e, a] satisfies S(p, q) € [e, a[ for arbitrary p, q € [e,a]. The operation

T X .
Fm’tséa : L?2 — L is a uni-nullnorm on L, where

int(p) Aint(q)  (p,q) € [0,e[PU[0, e[x Tea U La x [0, e[U(Iea)?,
S(p,q) () € [e,al?,
T (p, q) (pq) € [a, 17,
Fri(pg)={pAq (p:9) € [0,e[x[e, a[U[e, a[x[0, €]

D (p,q) € Iea X [e,al,
q (p,q) € [e,a[x1ca,
a otherwise.

Proof. It can be proved analogously to Theorem 3.1(1). O

3.2. Uni-nullnorms on L with a uninorm and a t-norm by closure (interior)
operators

Next we introduce some new constructions of (conjunctive) uni-nullnorms on L.
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Ioe Tpe
Iea a Ie,a a
Lo I
AP oa | (D) p a | (D)
1 1
a | Ta | a a T | a
a a
S| a | 4 ANl S
€ e a q
Tl A T1 A
0 e a 1 Tea Ieq Ige 0 e a 1 Tea Ieq Ige
Fig. 3. F13° in Theorem 3.4(1). Fig. 4. F.’" in Theorem 3.4(2).

Theorem 3.4. Let L be a bounded lattice, T} be a t-norm on [0, €], T5 be a t-norm on
[a,1], S be a t-conorm on [e,a], ¢l : L — L be a closure operator and cl(p) V ¢l(q) € Ica
for arbitrary p,q € Iea, where e,a € L\ {0,1}.

(1) The operation F75*° . L2 — L defined by

cl,3
Ti(p, q) (p,q) € [0,¢]?,
S(p,q) (1, q) € [e,a]?,
Ta(p, q) (P, q) € [a,1]7,

7,5,0 _ Jdp)vela) (p.q) € Lea X o,

R Y (p,q) € [0,e[x (L \ [0,€) U (L\ [0,€) x [0,€l.
P (p,q) €le,a] X Ia U Lea x {e},
q (p,q) € Leax]e,a] U{e} X Lea,
a otherwise,

is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,e[,q € Iea Ul 4, p < g for arbitrary
p € Lea,q €le, al.

(2) S : [e,a]®> — [e,d] satisfies S(p, q) € [e,a for arbitrary p, q € [e,a[. The operation
Fy7®: L — L defined by

Ti(p,q) (p,q) € [0,¢]?,

S(p,q) (p,q) € [e,a?,

Ts(p, q) (p,q) € [a,1]?,

T.5,a _Jdp)vele) (p.q) € Lea X ILea,
Fad" 0 =9, 14 (9. ) € [0, e[x[e, alUle, alx[0, ],

p (p,q) € ([0,e[Ule,a]) X Lea UTea x {e},
q (p,q) € Lea x ([0, €[U]e,a]) U{e} X Lea,
a otherwise,

is a uni-nullnorm on L iff p < ¢ for arbitrary p € I.«,q €le, al.
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Proof. (1) Necessity: For arbitrary p € [0,¢[,q € I.aUI, 4, by Fg;:ég’o(p, Fg;:zf’o(q, a)) =

7,8, T,5,0 +T,S, 7,8, T,5,0 .
Fys%(pa) = p, Fry®(Fu5 (p,0),a) = F 5P (p Ag,a) = p A g, because F '3 is as-

sociative, then p < ¢ for arbitrary p € [0,e[,q € Ica U I, 4. If |e,a[= 0, then p < q for
arbitrary p € I.a,q €]e,a]. Consider e, a[# ), assume that p || ¢ for p € I.«,q €]e, al, by
FCTl:?)S’O(e,p) =p, Fg;:f’o(q,p) = g, this is a contradiction with Fgli’:f’o(e,p) < Fgli’:f’o(q,p)

because of monotonicity of FCTZ”??’O, then p < ¢ for arbitrary p € I.a,q €]e, al.

Sufficiency: By the definition of Fg;? it is easy to get that FCT“;,9 ¥ is commuta-

tive, Fg::f’o(p, e) = p for arbitrary p € [0,q], Fgﬁ’o(p, a) = a for arbitrary p € e, 1],

T,S,0
Fcl,3

(i) Monotonicity. For p,q,r € L with p < ¢, we need to prove FCTI:?)S’O(p, r) <

Fi’:f’o(q, r). For p,q € L are simultaneous elements of [0, €], or [e, al, or [a, 1], or Ia, or

Ic.q, Or Ige, the proof is obvious. Next we prove the remaining cases.
1.pe0,e[, g€ L\[0,e€l.

(p, 1) = p for arbitrary p € [a, 1], we need to prove monotonicity and associativity.

1.17r €0, FCTl:gS’O(p, ry=Ti(p,r) <r=qAr= Fg;:gg’o(q,r).
1.2 r € L\ [0,e]. By FCTZ’:‘,?’O(q,r) € [e,a] U I.a, then FCTl’Zf’O(p,r) =pAr=p<
.50 ' '
cl,3 ((LT)'
2. p€le,al, g €la,1]U 4.

2.1re€|0,el. Fg”g’o(p, rY=pAr=r=qAr= F;’f’o(q,r).

22reL\|[0,el Fg::f’o(p, r)<a< FClei,)S’O(q,r).
3. p€ la.
3.1 ¢ €le,a)V]a, 1].
3.1.1re|0,el. Fi’ff’o(p,r) =pAr=r=qAr= FCleg’O(q,r).
3.1.2 r €]e,a]. By the value of Fi’f’o(q,r) is S(q,r) or a, then Fi’gs’o(p, r) =
r< FL90%g,r).

cl,3
3.1.3 r € I.a. By the value of Fg’f’o(q,r) is ¢ or a, m < n for arbitrary m €

I.a,n €]e, a], then FCleg’O(p, r)=cl(p) Vel(r) < F§7’§’0(q7r).
3147 €la, 1] Ul o Ule. Fyy'(pr) =a < Fy3P(g,r).
3.1.5r € {e}. By Fg:f’o(q,r) €le, a], m < n for arbitrary m € I.a,n €le,a], then
25, ,S,
F30(pr) =p < Fp3(q,n).
32q€gU L.
3.2.1re|0,el. Fg:g’o(p,r) =pAr=r=qAr= FCleg’O(q,r).
25, ,S,
322reL\[0e[ F3p,r) <a=Fy 5 %qr).
4. pele,, q€ IeUla,l].
4.1 r €[0,el. F§7’§’O(p, T)=pAT=r=gqAT= Fg:g’o(q,r).
)5S, .S,
42 r e L\ [0,e][. FS;,S O(p, r)=a< Fig O(q,r).
5. p € Iye, q €la, 1].
5.1 7 €0,el. Fg;’SS’O(p, rY=pAr=r=qAr= Fgli’:f’o(q,r).

5.2r € L\[0.e[. F15°(p.r) =a < Fyy°(q.r).
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(ii) Associativity. If one of the elements p,q and r equals e or a, or {p,q,r} C
PR 1S, S, S, 1S,
[0, e[U]e, a]U]a, 1], it is clear that ng O(FCTL3 Op,q),r) = FCTZ‘3 %(p, F§5 %q,7)). We
need to check the rest.
1. {p,q,7} Cle,alUla,1] U I 4 U I4e, it is obvious that FT%0 in the domains is a

cl,3
_ FT,S,O(FT,S,O _ FT,S,O FT,S,O

nullnorm that is associative, then L s s (pq),r) s (0, Fy v (g,r) =

R.
2. {p.q} Tgs[g’e[’ {r} S L\[0€[. s
L=Fy3 (Ti(p,q),r) =Ti(p,q) = Fiy)5 (p.a) = R.
3. {p} QT[OS,e[, {¢,7r} C L \;Oée[. -
,5,0 ,5,0 15,0
L = Fcl,3 (p,T) =p= Fcl73 (p7 Fcl,3 (Qar)) = R
4' {paqar} g Ie“~
T,5,0 T,5,0
L=F, 3" (cl(p) Vcl(q),r) = cl(p) Vcl(q) Vcl(r) = F 75" (p, cl(q) V cl(r)) = R.
5 {p,q} T%e,a[, {r} C Ia. s
L=F57%(S(p,q),r) = S(p,q) = Fy3"(p.q) = R.
6. {p} Q];,Sao[, {g,7} C IL.a. .
L = Fcl:S’ (p7 T) =DP= Fcl;3, (p7 Cl(q) 4 CI(T)) = R
7. {p} a,1JU I, q U, {g,7} C L.
L= F;’g’o(a, r)=a= Fi’:f’o(p, cl(q) v el(r)) = R.
8. {p} Cle,al, {¢} Cla,1|U I, o Ulse, {r} C ILa, or {p} C ILea, {q,7} C I g U l4e, or
{p} C Ia, {q} C I q U I4e, {r} Cla,1].
L= Fch:f’O(a,r) =a= FCTL’?)S’O(p, a) = R.
9. {p} gTIe“; {Q7r} g]av 1} T
L=Fy3%a,r) =a=Fy3"(p, Tolg, ) = R.
(2) It can be proved analogously to (1). O

Theorem 3.4 can be equivalently to characterize it as the following proposition.

Proposition 3.5. Consider the construction of the uni-nullnorm from Theorem 3.4
denoted as F' = FS?O Let ¢l : L — L be a closure operator and cl(p) V cl(q) € Ia
for arbitrary p,q € I.a, F is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,¢]
and ¢ € I.a Ul ,, m < n for arbitrary m € I..,n €le,a]. Using these conditions,
L can be expressed as the union of the following four sets: L; = [0,¢], Ly = [e, a],
Ly =[a,1)]Ul,q U4 and Ly = Iea, where clearly Ly N Ly = {e} and Ly N Ly = {a}.
Consider t-norms 77 on [0, e] and T» on [a, 1], the t-conorm S on [e, a]. Extend T3 from
[a,1] to L3 in an appropriate way. We can proceed as follows:

1. The extension of the t-norm 75 to L3 can be done directly as

To(p,q) = {Tﬂp’q) p.a € [a,1],

a otherwise.

Note that the extension T is an example of an operation, for which 1 is not the
neutral element, and 75 is no longer a t-norm on Lz (L3 is a poset, but not a
lattice).
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Now, three operations T, S, and T» have been obtained. In the first step, construct
a uninorm U on M = L1 U Ly U Ly from T} and S in the conjunctive form, which
can be given as follows:

Tl(paQ) paqeLla

S(p7Q) paqGLQa

c(p) Vcl(qg P, q € Ly,
U(p.q) = PV

D (p,q) €le,a] X Iea U Tea x {e},

q (p,q) € IeX]e,a)l U{e} X Iea,

pAq otherwise.
The above uninorm U is precisely the structure of U;‘?;’g Oin [65], and U should be
a slight change, U is a uninorm on M (i.e., M endowed with U is a partial ordered

monoid).

2. Therefore, two operations U and Ts have been obtained. In the second step, we
can construct the uni-nullnorm F on L from the operations U and Ts as follows
(denote LT = L1 \ {e})

Ulp.q) p.g€M,

T>(p,q) p.q € Ls,

PAg (prq) € Ly x (LN LY)U(L\ L) x Ly,

a otherwise.

F(p.q) =

For Theorem 3.4(2), as a is the absorbing element of F g ’f’a, add the condition:

S : [e,a]* — le,a] satisfies S(p,q) € [e,a[ for arbitrary p,q € [e,a[ (See Remark

3.8). FCTl’f’a is given by the same structure as FCTl:f 0, only have the following

,S,a ,S,a
changes, F;7"(p,q) = p for (p,q) € [0,¢[xIee, Fyyy(p,q) = a for (p,q) €

[0, e[x([a, 1] U Ieq U I4e).
The following proposition follows from Theorem 3.4 and Corollary 4.7 [65].

Proposition 3.6. Let L be a bounded lattice, 77 be a t-norm on [0, ], T be a t-norm

on [a,1], S be a t-conorm on [e,a], and int : L — L be an interior operator, where
e,a € L\ {0,1}.

(1) The operation F;;’féo : L? — L defined by

Ti(p,q) (p,q) €10,¢]?,

S(p,q) () € [e,a]?,

T>(p, q) (p,q) € [a,1]?,

7,5,0 _ Jint(p) Nint(q)  (p,q) € Lee X Iea,
Finks (020 =4 g (,) € 0, €[ (L\ [0,€[) U (L \ [0, €]) x [0, €],

D (p,q) €le,a] X Ia U lea x {e},

q (p7 Q) € lea x]e,a] U {6} X lea,

a otherwise,



New constructions of uni-nullnorms on certain classes of bounded lattices by closure (interior)... 639

is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,e[,q¢ € Iea Ul 4, m < n for
arbitrary m € I.«,n €le, al, int(p) A int(q) € I. for arbitrary p,q € Iea.

(2) If int(p) Aint(q) € I« for arbitrary p,q € I.a, S : [e,a]® — [e, a] satisfies S(p,q) €
[e, a[ for arbitrary p, q € [e, a], then the operation Fg;’ff : L? — L defined by

Ti(p, q) (p,q) € [0,¢]?,

S(p,q) (p,q) € [e,al?,

T (p, q) (p,q) € [a,1]%,

7,50 _Jint(p) Nint(q) (P q) € Lea X Lea,
Fanbd =19, 1 (9, ) € [0, e[x[e, alUle, alx[0, ],

p (p,q) € ([0,e[Ule,a]) X Lea UTea x {e},
q (p,q) € Ice x ([0,e[U]e,a]) U {e} X I,
a otherwise,

is a uni-nullnorm on L iff m < n for arbitrary m € I.a,n €le, al.
The following proposition derives from Theorem 3.4 and Theorem 3.10 [65].

Proposition 3.7. Let L be a bounded lattice, T} be a t-norm on [0, e], T» be a t-norm
on [a, 1], S be a t-conorm on [e, a] such that S(p, q) € [e, a] for arbitrary p, ¢ € [e,a], and
¢l : L — L be a closure operator, where e,a € L\ {0,1}.

(1) The operation FT 50. 12 5 L defined by

Ti(p,q)  (p,q) €[0,€]?,
Sp,q)  (p,q) € le,a)?,
To(p,q) (p,q) € [a,1]?,
Fusa)=a4pAq  (p.q) € [0,e[x(L\[0,e]) U(L\[0,e]) x [0,¢],
q (p,q) € [e,a[x1ea,
p (p,q) € Iea X [e,a]
a otherwise,

is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,e[,q € Ica U I, 4, m || n for
arbitrary m € I.a,n € [e, al.

(2) The operation FT 54 . [2 - L defined by

Ti(p,q) (p,q) €0,€]?,

Sp,q)  (p.q) € [e,al?

To(p,q)  (p,q) € [a,1]?,
Fie'pa)=SpAra  (p.q) € [0,e[x[e,alUle,alx[0, ],

q (p7 Q) S [e’a[XIe“ UIe“ X [O 6[

p (p,q) € Iea X [eva[ [Ove[XI€“7

a otherwise,

is a uni-nullnorm on L iff m || n for arbitrary m € I.a,n € [e, al.
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Remark 3.8. For Theorem 3.4(2), S(p,q) € [e,a[ for arbitrary p,q € [e,a[ can not
be omitted. Consider the following case: Assume that p,q € [e,a, take S = Sp,
€ [0, €[, by the associativity of Fg;:f’a, and Fg;:f’"'(r, Fg;:f’a(p, q) = FCTl:f’a(r, a) = a,
Fgfu(Fchf“(r, p),q) = Fg’f’a(r, q) = r, this is a contradiction.
Proposition 3.9. Let L be a bounded lattice, T3 be a t-norm on [a, 1], S be a t-conorm
on [e, a] such that S(p, q) € [e, a] for arbitrary p,q € [e, a[, and int : L — L be an interior
operator, where e,a € L\ {0,1}. Then the operation F;féa : L? — L is a uni-nullnorm
on L, where

int(p) Aint(q)  (p,q) € [0,e[?U[0, e[xIea U Lea x [0, e[U(Iea)?,
S(p,q) (p,q) € [e,a]?,
o Tx(p, q) (p,q) € [a,1]?,
Fois'(pa) = pAg (p,q) € [0,e[x[e, a[U[e, a[x[0, e[,
q (p,q) € [e,a[x1ea,
D (p,q) € Iea X [e,q],
a otherwise.
Proof. It can be proved analogously to Theorem 3.4(1). O
I Tpe
I, D (AN) L4 D (AN)
| p
L. L.
AP oa | (D) p| al| (D)
1 1
a Ts a q a a 15 a q
a a
S| oa |4 ANl S| al ¢
e e
T A | A a q
0 e a 1 Ta leq Ige 0 e a 1 Tea e Ige
Fig. 5. FCTlfo in Theorem 3.10(1). Fig. 6. Fchg'l in Theorem 3.10(2).

Next we construct (conjunctive) uni-nullnorms via two different closure operators.

Theorem 3.10. Let L be a bounded lattice, T; be a t-norm on [0,e], T5 be a t-norm
on [a,1], S be a t-conorm on [e,a], ¢cly : L — L and c¢ls : L — L be two closure
operators, p || g for arbitrary p € Iea,q € I. o UI4e, and cli(p) Veli(q) € Iea for arbitrary
{p,q} C I.a, where e,a € L\ {0,1}.
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(1) The operation FT 50 . L2 - L defined by

Tl(pa q) (pa [07 6]27

S(p.q) (P.q) € e, a]?,

TQ(pa q) (pa [0’7 1]27
I

X
Clg(p) v ClQ(q) (p; (Iae U Ie,a) X (Iaf U Ie,a)a

q) €
q) €
q) €
cli(p)Veli(g) (P q) € Lea
q) €
F 7%pq) =S pAq (p,q) € [0,e[x(L\ [0,e[) U (L\[0,¢e) x [0, €],
q) €

p (ps (([e;alUla, 1]) x (Lea U leq U I4e)

\([a;1] X Tea U{e} X Tea)) Ulea X ({e} Ul Ulye),
q (P,q) € ((ea Uleq Ulye) X ([e,a[U[a, 1])

\(Tea X [a,1] U Tea x {e})) U ({e} UleqUlse) X Iea,
a otherwise,

is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0, e[, ¢ € Iea UL 4, m < n for ar-
bitrary m € I.a,n €]e,al, p || g for arbitrary p €le, a],q € Ise, m || n for arbitrary
m € [a,1[,n € I Ul 4, cla(p) Vcla(q) € Ie o Ulge for arbitrary {p,q} C I o U Ige.

(2) S:[e,a]®> — [e,a] satisfies S(p, q) € [e,a] for arbitrary p,q € [e,a[. The operation
Fjl’g : [? — L defined by
T1(p, q) (p,q) € [0,¢]?,
S(p,q) (p,q) € [e,a]?,
T»(p. q) (p,q) € [a, 1%,
ci(p) V()  (p,q) € Lee x I
CZQ(p) \ CZQ(Q) (p7 Q) € (IaE U Ie a) (Iae ) Ie,a)y
Fid(n,a) = {pAg (p.0) € [0, e[x[e, a[Ue, a[x[0, ¢,
p (p7 q) € (([ [ [ [U[CL 1]) X (Iea Ul .U Iae)
\([a,1] X Tea U{e} X Tea)) U Iea x ({e} Ul q Ulye),
g (9,0) € ((Lee UT0 U Te) ([0, e[Ue, a[U[a, 1)
\(Tea X [a, 1] UTea x {e})) U ({e} UleqUIge) X Iea,
a otherwise,

is a uni-nullnorm on L iff m < n for arbitrary m € I..,n €le,al, p || ¢ for arbitrary
p €le,al,q € Ize, m || n for arbitrary m € [a,1[,n € Ipe Ul 4, cla(p) V cla(q) €
I, o UI,e for arbitrary {p,q} C I o U L.

Proof. (2) We prove FCTl’gf’a is a uni-nullnorm on L. Necessity: For the cases: m < n
for arbitrary m € I..,n €]e, a], the proof is similar to the proof of necessity in Theorem
3.4(1), next we prove the remaining cases. Assume that m < n for some m €le,a[,n €

I, by Fgéga(e m) = Fgga(e n) = e, this is a contradiction, then p || ¢ for arbitrary

p €le,al,q € I,e. Assume that m > n for some m €la, 1[,n € I,cUl, 4, by CTISSa(l,m) =

m, Fg;ga(l,n) = 1, this contradicts with the monotonicity of FchSS(L then m || n
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for arbitrary m € [a,1[,n € Iz U I . Assume that clao(p) V cla(q) €la,1] for some
[, C LoaUle, take 1 € [0,¢], by LS (FTE(p, q),r) = F5E(cly(p) V cla(q), ) =

a, Fch:g’a(p, FCTL’SS’(L(q,r)) = FCTl:g’a(p, r) = r, this contradicts with the associativity of

Fg;:g’a, then cla(p) V cla(q) € I, U Iye for arbitrary {p,q} C I o U I4e.
Sufficiency: By the definition of F CTISS * it is easy to get that Fg;ég '® is commuta-

tive, FCTI’SS’a(p, e) = p for arbitrary p € [0, a], FCTZ’SS’a(p, a) = a for arbitrary p € [e, 1],

FT,S,a

cl,8
(i) Monotonicity. For p,q,r € L with p < ¢, we need to prove Fg;:g’a(p, r) <

Fch,’SS’a(q,r). For the elements p,q € L are simultaneous elements of [0,¢], or [e,al,
or |a,1], or Iea, or I, 4, Or I,e, the proof is obvious. Next we prove the remaining cases.
1. pe0,e[, g€ L\[0,e].
1.17r€[0,¢[ F§7’§’a(p, r)=Ti(p,r) <r< Fg;”gs’a(q,r).
127 €la,1). FY5(p,r) = a < FL8(q, 7).
137 e L\ ([0,e[U]a,1]). By F.;$%(q,r) € (L\ ([0,e[U]a,1])), then Fy5 (p,7) =

7,8,
p<Fy%g “(g,7).

2. p € le,al, g € [a,1].
2.1re[0,ef Frd%p,r)=pAr=r<a=FTs%qr).
22 € L\[0,¢]. F55p,r) <a< FIg(qr).
3. p € Lea, q €]e,a]U]a, 1].
317 € 0,el. Fiyg(p,r) =7 < Fyg™(q.r).
3.2 r €le,a]. By the value of Fg;:g?’a(q,r) is S(q,r) or a, then Fchjgg’“(p» r)=r<

T,S,
Fcl,S a(q7 T)'

T,S, TS,
3.3 1 €la, 1]. Fu%(pr) =a < Fu8%(q,r).
3.4 r € I.o. By the value of Fg:g’a(q,r) is ¢ or a, m < n for arbitrary m € I.a,n €
s s
le, a], then Fg;:s “p,r) = cli(p) Vcli(r) < Fi’s’a(q,r).
357 €leqUlge. ch;:g’a(p, r)=p<q= F§7’§’a(q, T).
3.6 r = e. By the value of FCTl:g’a(q, r)is q or a, then FCTl:s’a(p, r)=p< FCTl”g’“(q, r).

4. pcleq, qclge.

41re L\ (IeqUlge). Fg;:g’a(p, ry=r= Fc:’;:ég’a(q,r).

42r el qU L. FCTl:g’a(p, r) = cla(p) V cla(r) < cla(q) Vcla(r) = Fg”g’a(q, T).
5. p=e, q€le,alUla, 1] U 4.

5.1 7 €[0,e[Ule,alUlea. Fg:g’a(p,r) =r< Fi’g’a(q,r).

5.2 r € la,1]. Fi’g’“(p, r)=a< Fi’g’a(q,r).

531 €leqUlge. FCTl:g’a(p, r)=e<q< Fg:g’a(q,r).

(ii) Associativity. If one of the elements p,q and r equals e or a, or {p,q,r} C
[0, e[U]e, alU]a, 1], it is clear that Fch:g’a(FCleg’a(p, q),r) = Fg;:g’a(p, FCTl:g’a(q,r)). We
need to check the rest.

T,S,a

1. {p,q,7} Cle,a[U]a, 1], because it is easy to prove that F’J"" in the domains is a

nullnorm, then L = Fg;:g’a(Fg;:g’a(p, q),r) = Fg;:g’a(p, Fi’g’a(q, r)) = R.

(p, 1) = p for arbitrary p € [a, 1], we need to prove monotonicity and associativity.
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2. {p,q} TQS[O&[ {r} Cla,1]. s
L=Fu " (Ti(p,q),r) =a=Fyg"(p,a) = R.
3. {p,q }TQS[O&[ {r} S L\ ([0,e] U[a, 1]:)55
L=F,(Ti(p,q),r) =Ti(p,q) = F; 5" (p,q) = R.
4. {p} QZLOS,eL {¢g,7} Cla, I]TS
L=Fyy “a,r)=a=F, 8 “(p, To(q,7)) = R.
5 {p }QT[S el, {g,7} S L\ ([0,€] U a,1]).
L=F,"(p,r)=p=R.
6. {p} C [0,¢[, {g} Cla.1], {r} € L\ ([0,€e] U [a,1]), by s (q,7) € [a,1].
L=F 5% ar)=a=R.
7. {p,q,7} C Iea.
L=F5 5 (ch(p)Veli(q),r) = ch(p)Veli(q)Veli(r) = Fiyg* (p,cli(q)Veli(r)) = R.
8. {p,q,r} C I qUIe.
L = F 5" (cla(p)Vela(q), 1) = cla(p)Vela(q)Vela(r) = Foy'3 " (p, cla(q)Vela(r)) = R.
9. {p,q} C}e al, {r} Clea Ul 4 U I4e.
L=Fy5%Sp.q).r) = S(p,q) = F5"(p.q) = R.
10. {p} Cle, al.
101 {q, 1} CIee. L=F 5" (p.r) =p=Fy 5 (p,cli(q) V chi(r)) = R.
102 {q,r} C LeqUloe. L=Fy5"(p.r) =p nga(p,cb( )V ela(r)) = R.
10.3 {q} C Lo, {r} Cl.oUl,e. L= Fgga(p, r)=p=Fr{"(p.q) = R.

104 {q} Cla,1], {r} C lea. L = FCTlgsa(a ry=a= Fggsa(p, a) = R.

10.5 {¢} Cla,1], {r} C I, U l4. L = Fg;éga(a r)=a= nga(p, q) =R.
11. {p,q} Cla,1]. s s

111 {r} C L. L =F o "(Ta(p,q),7) = a = Fyg"“(p,a) = R.

112 {r} C L Ulee. L=F 5" (Ta(p,q),r) = Ta(p.q) = Fiys “(p,q) = R.
12. {p} Cla, 1].

T,S,a T,
121 {¢q,r} CI.a. L=F (a,r)=a=F,

s 2 p cla() Vel(r)) = R

122 {q,r} C LoqUloe. L=Fy5"(p.r) =p=F 8 (012()v612(r)):3.

123 {q} C Leo, {r} C Leq Uloe. L=F3%a,r) =a=Fy3"p.q) = R.
13. {p,q} C Iea, {r} C I, U I,e.
L= F;5%cli(p) Vci(g),r) = ch(p) Vch(q) = Fys“(p.q) = R.
14. {p} c Iea {Qa 7"} c Ie U Iae
T,S,a TSa _
L=F,;"(p,r) =p="F, " (p.cla(q) V cla(r)) = R.
(1) It can be proved analogously to (2). O

Proposition 3.11. Consider the construction of the uni-nullnorm from Theorem 3.10
denoted as F' = F§$0 Let cly : L — L and cly : L — L be two closure operators, p || ¢
for arbitrary p € Iea,q € I q U I4e, and cli(p) V cli(q) € Iea for arbitrary {p,q} C IL.a,
F is a uni-nullnorm on L iff p < ¢ for arbitrary p € [0,e[,q¢ € Iea UL, m < n for
arbitrary m € I..,n €le,al, p || ¢ for arbitrary p €le,al,q € I e, m || n for arbitrary
m € [a,1[,n € Iye Ul 4, cla(p) V cla(q) € Ieq U Iye for arbitrary {p,q} C I o U Ige.
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Using these conditions, L can be expressed as the union of the following sets: L; =
[0,e], Ly = [e,a], Ly = [a,1], Ly = Ica and L5 = I. o U I4e, where clearly Ly N Ly = {e}
and Ly N Lg = {a}. Consider t-norms 77 on [0,e] and T on [a, 1], the t-conorm S on
[e, al.

1. To get the construction of F', in the first step, construct a uninorm U on M =
LiULsULy from T7 and S in the conjunctive form, which can be given as follows:

Ti(p,q) p,q € L1,
S(p.q) P q € Lo,

Ulp,q) = 4 1) Velila)  pa€La,
P (p,q) €le,al X Tea Ulea x {e},
q (p,q) € IaX]e,a] U {e} X Iea,
pPAqQ otherwise.

The above uninorm U is precisely the structure of Ug;:f % in [65], and U should be
a slight change, U is a uninorm on M (i.e., M endowed with U is a partial ordered
monoid).

2. Construct a nullnorm G on Ly U L3 U Ly from Ty and S in the following form,
which can be given as follows:

S(p.q) p,q € Lo,
T2(p. q) p.q € L,

Gp.q) = | W)V ela(a) p.a € Ls,
p (pv q) € ([e,a[u[a, 1]) x Ls,
q (p7 Q) € L5 x ([eva[u[av 1])7
a otherwise.

3. Therefore, two operations U and G have been obtained. In the third step, construct
the uni-nullnorm F on L from the operations U and G as follows (denote L] =
L1\ {e}), two operations U and G have the same structure and the same restricted
conditions while including t-conorm S,

U(p,q) pq €M,
Tz(p, q) p,q € Ls,
cla(p) Vela(q)  p,q € Ls,
F(p,q) ={pAq (p,g) € Ly x (L\Ly)U(L\Ly)x Ly,
p (p, q) € ([e,a[u[a7 1] U L4) X Ls,
q (p,q) € Ls x (e, alUla, 1] U Ly),
a otherwise.

For Theorem 3.10(2), as a is the absorbing element of FCTl’ss’a, add the condition:

S : le,al®> — [e,a] satisfies S(p,q) € [e,a] for arbitrary p,q € [e,al. FTl’g’a is given

C
T,5,0 T,S,a

by the same structure as F;’;”", only have the following changes, F,,;'s""(p,q) = p for
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(p.q) € [0,e[x(Ls U Ls), Fs"(p, q) = a for (p,q) € [0,¢[x[a, 1].

Example 3.12. Given a bounded lattice L = {07p17p27p37p47p57p67p77p87p97p107p117
P12, e,a,1} in Figure 7. If ¢y (x) = « for arbitrary « € L, cla(x) = z V pyo for arbitrary
x € L, Ty, Ty and S satisfy: Ty = Tx, S = Sy, To = Tp. We have the uni-nullnorm
Fgg '® in Table 1. And the uni-nullnorm Fg in Table 2. It is obvious that the two

uni-nullnorms are different. The uni-nullnorm Fg [23] is as follows:

Ti(p, q) p,q € [0,€],
S(p,q) P, q € le,al,
Tx(p,q) p,q € la, 1],
Fe(p,q) = S(pVeqVe) (pq)€le a[xI.Ul.x]e,alUl, x I,
pVyq (p,q) € [0,¢e]x]e, a[U]e, a[x[0, €],
P (p,q) € I x [0, €],
q (p,q) € [0,€] x I,
a otherwise.

Fig. 7. The lattice L.

Remark 3.13. (i) By Theorem 3.10 and Theorem 3.9 [65], or Theorem 3.10 in this
paper and Theorem 3.10 [65], we can obtain the corresponding propositions similar
to above Proposition 3.6 and Proposition 3.7. int(p) A int(q), int(p A e) A int(g A e),
T(pAe,gNe) (where T is a t-norm [38]) and T'(p, q¢) (where T is a t-subnorm [38]) can be
replaced each other, for arbitrary {p, ¢} C [0, e[>U[0, e[x Ica U Ica X [0, €[U(Iea)?. For the
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F |10 p1p» ps ps e ps a pé pr Ps Py Pio pu1_ Pz 1
olo o o O O O O a a 0 O 0 0 0 0 a
|0 pr 0 0 prpr pra a pr pr P11 p1 P p1 @
p2 |0 0 p2 0 p2 p2 p2 a a p2 p2 P2 p2 P2 P2 A
ps |0 0 O p3 p3 p3 p3 a a p3 p3 DpP3 P33 P3 P33 A
pa |0 p1 p2 p3s ps ps ps & & P4 Ppa P4 P4 P4 P4 a
€ 0 p1 p2 p3 pa € ps a a pr pg € € € € a
ps |0 p1 p2 ps pa ps ps a a pPs Ps D5 bs Ps b5 a
a la a a a a a a a a a a a a a a a
be | & @& a a a a a a a a a  DPe Pe Pe DPs De
pr |0 p1 p2 ps ps pr ps a a pr ps pPr pr  Pr pr A
ps |0 p1 p2 p3s ps pPs ps a a ps Ps Ps  Ps  Ps  Ps A
po |0 p1 p2 p3s pa € ps a ps pPr Pps Pio P Pu1 pu 1
po |0 p1 p2 p3s pa € pPs a ps pPr Pps DPwo P Pu1 pun 1
pii |0 p1 p2 p3 ps e ps a ps pr ps P puu pu pu 1
pi2 |0 p1 p2 p3 ps e ps a ps pr ps P pun pu pu 1
1 a a a a a a a a pg a a 1 1 1 1 1
Tab. 1. Uni-nullnorm FCT”fa in Figure 7.
F 10 p1 pr ps pa e ps a ps pr pPs Py Pio_ Pun_ pr2 1
0 0 0 0 0 0 0 ps a a pr ps a a a a a
|0 po 0 0 p p1 pp a a pr pg a a a a a
p2 | 0 0 po 0O p2 p» ps a a pr ps a a a a a
b3 0 0 0 ps p3 p3 ps a a pr Dps a a a a a
P4 0O p1 p2 pP3 ps P4 ps a a pr ps a a a a a
e | 0 pr p2 p3 pr e ps a a pr ps a a a a a
bs |P5 P5s P55 Ps Ps Ps Ps & & pPs P5 A a a a a
a a a a a a a a a a a a a a a a a
P | a a a a a a a a a a a a a a a  pg
pr |pr pr pr pr pr o Pr Ps a a ps ps a a a o a a
bs | P8 P8 P8 P8 P8 Pg Ps & & ps P55 A a a a a
P | a a a a a a a a a a a a a a a a
pola a a a a a a a a a a a a a a a
b11 a a a a a a a a a a a a a a a a
P12 a a a a a a a a a a a a a a a a
1 a a a a a a a a pg a a a a a a 1

Tab. 2. Uni-nullnorm Fs in Figure 7.
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constructions of nullnorms on L, for arbitrary (p,q) €]0,a]?U[0, a] x I, UI, x [0,a]U(I,)?,
cd(pna)Vel(gha) = (pAa)V(gAa)V (pAq) is reasonable. For some other constructions
of nullnorms on L, for arbitrary (p, q) € (I,)?, cl(pAa)Vel(gha) = (pAa)V(gAha)V (pAq)
may be reasonable.

(ii) For Theorem 3.10, consider the extreme case, take e = 0 and cl(p) = p V « for
arbitrary p € I, a € I,, we can obtain the nullnorm F2** in Theorem 5 [12].

By Theorem 3.10(2) and Proposition 2.10, we can obtain the following corollary.

Corollary 3.14. Let L be a bounded lattice, T» be a t-norm on [a, 1], S be a t-conorm
on [e,a] such that S(p,q) € le,a] for arbitrary p,q € [e,a, ¢/ : L — L be a closure
operator, int : L — L be an interior operator and int(p) A int(q) € I.. for arbitrary
D,q € Iea, and p || ¢ for arbitrary p € Iea,q € I 4 U I4e, where e,a € L\ {0,1}. The
operation Fg;g @ : L? = L defined by

int(p) Aint(q)  (p,q) € [0, e[PU[0, e[xTea U Iea x [0, e[U(Iea)?,

S(p,q) (p,q) € [e,a]?,

T»(p, q) (p,q) € [a,1]?,

cl(p) v cl(q) (p,q) € (ae UL a) X (Tae Ul ),

T.5.a _JpAng (p,q) € [0,e[x[e,alUle, a[x[0, €],
Fay™pa) =1, (p,q) € (0, e[Ule, a[Ufa, 1] U Lo) X (Le.q U Tae)

Ule,a] x Ia U T x {e},

q (p> Q) € (Ie,a ) Iae) X ([07 e[U[e,a[U[ch 1] U Ie“)
Ulax]e,a] U {e} X I,

a otherwise,

is a uni-nullnorm on L iff m < n for arbitrary m € I..,n €le,al, p || ¢ for arbitrary
p €leyal,q € Iye, m || n for arbitrary m € [a,1[,n € Ige U e 4, cl(p) V cl(q) € Ieq U I4e
for arbitrary {p,q} C I..q U Ige.

4. CONCLUSIONS AND FURTHER WORK

In this paper, we introduce some new constructions of uni-nullnorms on L via closure
(interior) operators. The methods of constructing some (conjunctive) uni-nullnorms on
L via closure (interior) operators are deeply investigated. The construction methods
are demonstrated. The theoretical developments in this paper provide infinitely many
(conjunctive) uni-nullnorms on L under given conditions. Analysing the constructions of
uni-nullnorms on bounded lattices has been obtained. For future work, we will focus on
obtaining more methods of constructing (conjunctive) uni-nullnorms on L, and apply
the methods to get new constructions of nullnorms (t-operators) [40, 41] and other
aggregation operations like null-uninorms, overlap and grouping functions [5, 59 60]
on L to analyse their algebraic structures and deal with more complex problems about
lattice-valued information in mathematics and information sciences.
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