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Abstract. We analyse the roots of the polynomial 2" — pa" ' — gz — 1 for p > ¢ > 1.
This is the characteristic polynomial of the recurrence relation Fy, ,, o(n) = pFj, , o(n—1) +
qF p.q(n—k+1)+F , o(n—E) for n > k, which includes the relations of several particular
sequences recently defined. In the end, a matricial representation for such a recurrence
relation is provided.
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1. INTRODUCTION

For integers k > 2 and n > 0, and a rational number p > 1, the (k, p)-Fibonacci
numbers, denoted by Fj, ,(n), are defined by the recursion relation

(1.1)  Frpn)=pFrpn—1)+(p—1Fyp(n—k+1)+ Frp(n—k) forn >k,
satisfying the initial conditions
Frp(0)=0 and Fyp(n)=p" "' forl<n<k-1

The (k,p)-Fibonacci numbers were recently considered in [1]. They are of the
Fibonacci type and clearly F51(n + 1) is the nth Fibonacci number. Indeed, these
numbers include many notorious sequences and their properties have been studied
in 1], 7).
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Earlier, to define the so-called generalized Pell numbers, Wloch in [13] considered
the recurrence relation

(1.2) P.(n)=Py(n—1)+P(n—k+1)+P.(n—k) forn>=k+3.
While the characteristic polynomial of (1.1) is

(1.3) fop@) =2" —pz" ' — (p— 1)z —1,

the one for (1.2) is

(1.4) po(z) =2 —2" ' —x — 1.

The characterization of the roots of the polynomial f,, 1(z) = 2™ —2"~! — 1, which
is a particular case of (1.3), was studied by Kilic and Stakhov and Rozin in [5], [8], [9].
For a general p > 2, Trojovsky proved in [11] the next theorem.

Theorem 1.1 ([11]). For the integer numbers n > 3 and p > 2, the polyno-
mial fy p(x) defined in (1.3) has:
(i) a unique positive root, say an, p, and

p<an,p<p+pn_3.

Moreover, lim a,, =p and lim a,, = oo.
n—oo p—00

(ii) a unique negative root if n is even.
(iii) two negative roots if n is odd and

(a) p=3andn=>7,

(b) pe {4,5,6} andn > 5, or

(¢) p=Tandn > 3.
(iv) only simple roots.

For the polynomial p,(z), Trojovsky in [10] also proved the following theorem.
Theorem 1.2 ([10]). For a given integer number n > 2, the polynomial p,(z)

defined in (1.4) has:
(i) a unique positive root, say a,, and

2
n—1

1<a, <1+

Moreover, lim a, = 1.
n—oo
(ii) a unique negative root if n is even.

(iii) only simple roots.

Additionally, in Theorem 1.2 it is also proved that the sequence (a,) is strictly
decreasing.
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The aim of this note is to bring both theorems and all particular cases into
a common ground, providing a new type of recurrence relation extending both (1.1)
and (1.2). In the last section, we provide a determinantal interpretation for these
sequences.

2. THE ROOTS

Our aim is to analyse the roots of the characteristic polynomial of the recurrence
relation defined by

(2.1) Fk,p,q(n) = ka,p,q(n -1+ qu7p7(1(n —k+1)+ Fk,p,q(n — k)
forn > k and p > ¢ > 1, which is
(2.2) f(z)=a" —pz" ' —qz — 1.

It contains both (1.3) and (1.4). In general, finding explicit solutions is a difficult
task, as we can see in some related polynomials in [3].

We split our main result into several propositions, providing a common framework
for future developments.

Proposition 2.1. The polynomial f(x) defined in (2.2) has only one positive root,
58y Gn.p,q, Which satisfies p < anpq <p+1 for n > 3. Moreover, lim a, 4 = p for
n— oo
anyp>q =1

Proof. First we claim that there is no root in (0, p). The solution of the equation
f(x) = 0 is equivalent to that of 2" 1 = (qz +1)/(x —p). When z € (0,p), we
have z"~! > 0, but (gz +1)/(z —p) < 0. So no z € (0,p) would lead to 2"~ ! =

(gz +1)/(z = p).
Next we claim that there is exactly one root in [p, c0). Since the derivative of f,

defined by
f'(x) = 2" *(nz —np +p) — q,

is an increasing function and f’(p) = p" ' —¢ > 0forp > ¢ > 1 and n > 3,
we conclude that f/(x) > 0 for x > p. This implies that there is at most one root
in [p, 00). Actually, a root in [p, 00) does exist, by noting that f(p) = —pg—1 < 0 and

fo+)=@+1)" ' —(p+1)g—1=@p+1)* - (p+p-1=p>0

for n > 3 and p > ¢ > 0. So the unique root in [p, o), say an p.q, lies in (p,p+ 1).

191



Furthermore, the unique positive root ay, , 4 is infinitely close to p. In fact, for any
sufficiently small positive constant § > 0, we have

fFlo+8)=@+0)""16—(p+d)g—1,
taking into account that f(p 4+ ¢) > 0 is equivalent to

In((p+4d)g+1)—1Ind

1
melt In(p + 9)

)

which is clearly true for a sufficiently large n. This means that the unique positive
root a4 approaches to p as n — oo, independently of ¢ > 1. O

In the next proposition, we analyse the roots in terms of the parity of n.

Proposition 2.2. Ifn is even, then the polynomial f(x) defined in (2.2) has only
one negative root, which is in the interval (—1,0).

If n is odd, the polynomial f(x) has either none or exactly two negative roots,
which are both in the interval (—1,0) (if they exist). In particular, when n is suffi-
ciently large, f(x) must have two negative roots in the interval (—1,0) when g > 1.

Proof. First assume that n is even. Set g(x) = f(—x). We have
9(2) = f(~2) = (~2)" = p(~2)" "' +qz —1=2" +pa" " +qr 1.

Clearly g(x) increases in z > 0, and g(0) = —1 < 0, but IlLII;O g(x) = oco0. So g(z) has
exactly one positive root. Equivalently, f(z) has exactly one negative root. Actually,
the unique positive root of g(x) lies in (0,1), since g(1) = p + ¢ > 0. This means
that the unique negative root of f(x) is in (—1,0).

Next assume that n is odd. Set h(z) = —f(—=x). This time we have

h(z) = —f(=2) = =((-2)" = p(=2)" "' +qu —1) =" +pa" ' —qz + 1.

Note that
h' () = 2"~ (nx + np —p) — g,
which increases in # > 0. Together with h'(0) = —¢ < 0 and xlgr;o K (x) = oo, we can
deduce that h'(z) = 0 has exactly one root in (0,00). As a consequence, h(x) has
at most two roots in (0,00) (or, equivalently, f(x) has at most two negative roots),
since h(0) =1 > 0 and lim h(z) = co.
Tr—r00

It is worth mentioning that f(z) having only one negative root is impossible. Recall
that f(x) has only one positive root; from Proposition 2.1, the complex roots and
their conjugates occur in pairs, thus an odd n implies that the number of negative
roots must be even.
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Furthermore, h(z) has exactly two roots in (0,00) if and only if h(r) < 0 for
some r € (0,00). When n is large enough, such an r must exist. If » € (1/¢,1), then
gr —1 > 0 holds. Moreover, 7™ 4 pr™~! approaches to 0 as n tends to infinity, which
means that

gr—1>r" +pr"

or, equivalently, h(r) < 0 for n large enough. Actually, the two positive roots
of h(x) are in (0, 1) or, equivalently, f(z) has two negative roots in (—1,0), because
h(0)=1>0and (1) =p—q+2>0, and h(0) < h(1) in particular. O

Remark 2.1. Notice that how large n should be in Proposition 2.2 is determined
by p and q.

Finally, we show that all roots are simple with an eventual exception.

Proposition 2.3. All roots are simple, except whenever

n+2pq — npq + +/(n + 2pq — npq)? + 4pg(n — 1)2\
(- )=0
2(n—1)q

for some odd n. In that eventuality,

_ n+2pg —npg + \/(n + 2pg — npg)* + 4pg(n — 1)
2(n—1)q

is of multiplicity 2 and all other roots remain simple.

Proof. Suppose to the contrary that f(x) has a root, say e, with multiplicity at
least 2. In this sense, f(¢) = f'(¢) =0, i.e,

fle)y=e"—pe" T —qge—1=e""e—p) —ge—1=0

and
fl(e)=e""2(ne —np+p) —q=0.

This means that € is a (nonzero) root of the quadratic equation on x:
z(x —p)g = (nx —np+p)(gz + 1),
or, equivalently,
(n —1)gz® — (npg — 2pg — n)x — p(n — 1) = 0.

Now, let
I(z) = (n — 1)gz® — (npq — 2pq — n)x — p(n — 1).
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From I(—1/q) = —p — 1/q < 0, we know that I(z) has two real roots (which means
that ¢ must be a real number); the smaller one is just ¢ (from Propositions 2.1
and 2.2), i.e.,

_n+2pg —npg ++/(n+ 2pg — npg)? + 4pg(n — 1)
- 2(n —1)q ’

for some odd n. O

3. A MATRICIAL INTERPRETATION
Is it interesting that the recurrence (2.1) and, consequently, all particular cases can
be interpreted in terms of Hessenberg matrices. In fact, it is known (cf., e.g., [4], [6])

that if aq, as, ... is a sequence such that

An+1 = P1,nG1 +... +pn,nan;

then
P11 P12 P13 --- Pin—1 Pin
=1 p22 D23 ... DP2n-1 DP2on
0 -1 p33 ... pP3n-1 DP3n
Gn41 = a1 det . . . . .
0 ... ... 0 =1 pun

For example, setting & =4 in (2.1), we have

ap aq a9 as
-1 0 0 0 1

Fypq(n) = det Lo o

(n+1)x(n+1)

We believe that this representation might be useful in distinct settings by using
the determinant properties. Of course, F , 4(n) can be interpreted in terms of the
permanent (for more details on this and other interpretations, the reader is referred
to [2], [12]).

194



References

[1] N.Bednarz On (k,p)-Fibonacci numbers. Mathematics 9 (2021), Article ID 727, 13
pages. doi
[2] C.M. da Fonseca: An identity between the determinant and the permanent of Hessen-

berg-type matrices. Czech. Math. J. 61 (2011), 917-921. zbl MRl doi

[3] M. L. Glasser: The quadratic formula made hard: A less radical approach to solving
equations. Available at https://arxiv.org/abs/math/9411224 (1994), 4 pages.
[4] M. Janjié¢: Determinants and recurrence sequences. J. Integer Seq. 15 (2012), Article ID

12.3.5, 21 pages. zbl MR
[5] E. Kilic: The generalized order-k Fibonacci-Pell sequence by matrix methods. J. Com-

put. Appl. Math. 209 (2007), 133-145. IMR]

[6] M. Merca: A note on the determinant of a Toeplitz-Hessenberg matrix. Spec. Matrices

1(2013), 10-16. MR

[7] N.Paja, I. Wioch: Some interpretations of the (k,p)-Fibonacci numbers. Commentat.

Math. Univ. Carol. 62 (2021), 297-307. MR

[8] A.Stakhov, B.Rozin: The “golden” algebraic equations. Chaos Solitons Fractals 27

(2006), 1415-1421. MR

[9] A.Stakhov, B.Rozin: Theory of Binet formulas for Fibonacci and Lucas p-numbers.

Chaos Solitons Fractals 27 (2006), 1162-1177. MR

[10] P. Trojovsky: On the characteristic polynomial of the generalized k-distance Tribonacci
sequences. Mathematics 8 (2020), Article ID 1387, 8 pages. doi
[11] P. Trojovsky: On the characteristic polynomial of (k,p)-Fibonacci sequence. Adv. Dif-

ference Equ. 2021 (2021), Article ID 28, 9 pages. IMR]

[12] L. Verde-Star: Polynomial sequences generated by infinite Hessenberg matrices. Spec.

Matrices 5 (2017), 64-72. MR

[13] I. Wioch: On generalized Pell numbers and their graph representations. Commentat.
Math. 48 (2008), 169-175. MR

Authors’ addresses: Zhibin Du, School of Software, South China Normal Univer-
sity, Foshan, Guangdong 528225, P. R. China, e-mail: zhibindu@126.com, Carlos M. da
Fonseca (corresponding author), Kuwait College of Science and Technology, P.O.Box
27235, Safat 13133, Kuwait; Chair of Computational Mathematics, University of Deusto,
48007 Bilbao, Spain, e-mail: c.dafonseca@kcst.edu.kw.

195


http://dx.doi.org/10.3390/math9070727
https://zbmath.org/?q=an:1249.15011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2886247
http://dx.doi.org/10.1007/s10587-011-0059-1
https://zbmath.org/?q=an:1286.11017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2908736
https://zbmath.org/?q=an:1162.11013
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2387120
http://dx.doi.org/10.1016/j.cam.2006.10.071
https://zbmath.org/?q=an:1291.15015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3155395
http://dx.doi.org/10.2478/spma-2013-0003
https://zbmath.org/?q=an:07442493
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4331284
http://dx.doi.org/10.14712/1213-7243.2021.026
https://zbmath.org/?q=an:1148.11009
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2164865
http://dx.doi.org/10.1016/j.chaos.2005.04.107
https://zbmath.org/?q=an:1178.11018
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2164849
http://dx.doi.org/10.1016/j.chaos.2005.04.106
http://dx.doi.org/10.3390/math8081387
https://zbmath.org/?q=an:1485.11038
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4197344
http://dx.doi.org/10.1186/s13662-020-03186-8
https://zbmath.org/?q=an:1360.15034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3602625
http://dx.doi.org/10.1515/spma-2017-0002
https://zbmath.org/?q=an:1175.05105
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2482763

