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Abstract. We give a quantitative characterization of the pairs of weights (w, v) for which
the dyadic version of the one-sided Hardy-Littlewood maximal operator satisfies a restricted
weak (p,p) type inequality for 1 < p < oo. More precisely, given any measurable set Ep,
the estimate

Cl(w, U)]i;r,d(

R
e

w({z e R": MTH(Xg,)(z) > t}) <

holds if and only if the pair (w,v) belongs to A;’d(R), that is,

Bl woy
o] S [(w,w]A;,d(R)(m)

for every dyadic cube Q and every measurable set £ C Q7. The proof follows some ideas
appearing in S. Ombrosi (2005). We also obtain a similar quantitative characterization for
the non-dyadic case in R2 by following the main ideas in L.Forzani, F.J. Martin-Reyes,
S.Ombrosi (2011).
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MSC 2020: 42B25, 28B99

1. INTRODUCTION

In 1986 Sawyer in [10] started the theory of one-sided weights. Namely, he intro-
duced the class of weights A;f and showed that this class is necessary and sufficient
for the weighted boundedness of the one-sided Hardy-Littlewood maximal function.
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Some extensions and generalizations were given consequently in the articles [5], [6]
and [7], among others. In [9], the author characterizes the functions w for which the
one-sided Hardy-Littlewood maximal operator

fﬁ?-‘rh |f|’U

+ —
va(x)—sup xx—i—h

verifies a restricted weak (p,p) type on the real line, that is, a weak type inequality
applied to the function f = Xpg, where E is an arbitrary measurable set. More
precisely, the inequality

w({r € R: M (Xg)(x) >t}) < tgpv(E)

holds if and only if w € A} (R)(vdx). This set corresponds to the class of weights
that satisfy a restricted A;; condition with respect to the measure du = v(z) dz, see
the section below for details.

Although the theory in this setting was deeply developed and the main results
were improved and generalized, most of the results were set on R.

In [8], Ombrosi characterized the pair of weights (w,v) for which the inequality

(1.1) w{z € R™: M+Y4f(z) > 1)) < tgp/R I[P

holds for every positive ¢, and where 1 < p < oo. The operator M ¢ is a dyadic
version of M7 defined on R™. A similar result was also obtained for M <.

It is well-known that the operators M T f and M1+ f are pointwise equivalent on R,
see [6]. However, this result is false in general in higher dimensions. This means that
a non-dyadic version of (1.1) cannot be obtained directly from the dyadic case, and
the problem of finding such an estimate remained open.

In [1], Forzani, Martin-Reyes and Ombrosi proposed a way to generalize the op-
erators M+ and M~ to higher dimensions and solved the problem discussed above
on R2. The technique used, although newfangled and quite delicate, relied heavily
upon the dimension. This means that the corresponding problem for n > 3 still
remains open.

Related to strong estimates in dimension greater than one, some partial results
were obtained in [4]. At this point we would also like to mention interesting appli-
cations of this theory to parabolic differential equations obtained by Kinnunen and
Saari in [2] and [3].

In this article we use some ideas of [1] and [8] to give a characterization of the
pairs of weights for which the one-sided Hardy-Littlewood maximal operator satisfies
a restricted weak type inequality in higher dimensions.
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Concretely, for the dyadic case we have the following result.

Theorem 1.1. Let (w,v) be a pair of weights and 1 < p < co. Then the following
statements are equivalent:
(a) The operator M4 is of restricted weak (p, p) type with respect to (w,v), that
is, there exists a positive constant C' such that the inequality
P
C[(’UJ, v)]A;’d(R)

w({z € R": M (Xg)(z) > t}) < tp

v(E)
holds for every positive t and every measurable set E.
(b) (w,v) belongs to Af%(R).

For the non-dyadic case we prove the next theorem.

Theorem 1.2. Let (w,v) be a pair of nonnegative measurable functions defined
in R? and 1 < p < co. The following conditions are equivalent:
(a) The operator M is of restricted weak (p,p) type with respect to (w,v), that
is, there exists a positive constant C such that the inequality
P
C[(’LU7 ’U)]A:’d(R) v

w({z € R*: M (Xg)(z) > t}) < tp

(E)

holds for every positive t and every measurable set E.
(b) (w,v) belongs to A} (R).

The article is organized as follows. In Section 2 we give the preliminaries and
definitions required for these main results. In Sections 3 and 4 we prove Theorems 1.1
and 1.2, respectively.

2. PRELIMINARIES AND BASIC DEFINITIONS

We shall deal with dyadic cubes with sides parallel to the coordinate axes. Given
n n

a dyadic cube Q@ = ][] [as,b;), we denote with QT = [][b;,2b; — a;) and Q~ =
H [2&1‘ — bi, ai).

=1 =1
i=1

n
Given a positive number s, we denote (Q)*>* = [][ai, a; + sh), where h = b; — a;.

n i=1
Similarly, we denote (Q)*~ = [][b: — sh, b;).
i=1

n
For x = (21,...,2y) in R™ and h > 0, we denote Qg n = [][zi, @i + ) and
n =1
Qzn- = [Ilxi —h,2;). The one-sided Hardy-Littlewood max;mal operators are
i=1

1005



given by

M* f(z) = sup —=— |f(y)|dy, and M~ f(z) = sup >—— £ ()| dy.
el Jo. b [Qen | Jao
We shall consider the dyadic version of these operators, that is,
M f(a) = sup —: / y)ldy and M~f(x) =sup = [ [f(y)|dy,
Q3 |Q| Q3 |Q| Q-

where the supremum is taken over dyadic cubes.
Given 1 < p < o0, we say that a pair of weights (w,v) belongs to A;,r if there
exists a positive constant C' such that the inequallity

(@“9(é+“p)%1scww

holds for every cube @ in R™.
When p = 1, we say that (w,v) belongs to A if there exist a positive constant C
that verifies

M~ w(z) < Cvu(x)

for almost every z. The smallest constant for which these inequalities hold is denoted
by [(w,v)] 4+

Similarly, we say that (w,v) belongs to A;‘ @ if the inequalities above hold for
every dyadic cube @ and when p = 1, the involved operator is M —%. In this case,
the corresponding smallest constant is denoted by [(w, v)] A

For 1 < p < oo we say that (w,v) € A} “(R) if there exists a positive constant C
such that the inequality

Bl _ . o(E)\r
7 <G@)

holds for every dyadic cube @ and every measurable set £ C Q. The smallest

(2.1)

constant C' for which the inequality above holds will be denoted by [(w, v)] 4+.a(z)-
We say that a pair of weights (w,v) belongs to Af(R), 1 < p < oo, if inequal-
ity (2.1) holds for every cube @ and every measurable subset E of Q.

Remark 2.1. By replacing Q* by @~ and M~ by M* we can define the A
classes for 1 < p < co. The dyadic version of these classes, A, @ are defined by con-
sidering dyadic cubes on their definitions. The same occurs for A, (R) and A, *(R).

Throughout the paper we shall present the results for M+, but the same arguments
can be adapted to get the corresponding versions for M.
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The novelty of considering restricted weak type inequalities relies on that although
we take a particular function f, we consider a wider class of weights. This property
is contained in the following proposition.

Proposition 2.1. Af C Af(R) for every 1 < p < oo, and Af = Af (R).

Proof. Let 1 < p < oo and assume that (w,v) € A;;. Fix a cube @ and
a measurable subset £ of Q1 with |E| > 0. Then

me ()" L. ) <o (22 g,

which implies that (w,v) € AF(R) and [(w,v)] 4+ () < [(wvv)]:/f.
On the other hand, set p = 1 and assume that (w,v) € Af. Fix a cube Q and

a measurable set £ C QT with positive measure. Then for every x € E we have that

1

Q1 Jig+)- w S [(w,v)] 4 v(=),

which implies that

w(Q) o V()
|Q| <[( ’ )]Al |E|a

and then (w,v) € Af (R). Conversely, fix x and h > 0. Let Q = Qup—s A > est info
z,h
and E ={y € Qz.»: v(y) < A}. Then we have that

W(Qun-)
m < [(w, 0)] o4 () A

By letting A — ess inf v and then taking supremum over h we get that

z,h

M~ w(®) < [(w,0)] 4t () 0(@).

The following lemma states a useful property for weights on the A} (R) class.

Lemma 2.1. Let 1 < p < 0o, (w,v) be a pair of weights in Af(R) and a, b two
positive constants. Then
(a) if @ < b, then (wp,v9) = (max{w,a}, max{v,b}) belongs to A}(R) and
[(wo, v0)] g (ry < 2max{L, [(w,v)] x4 (r)};
(b) (wi,v1) = (min{w,a}, max{v,b}) belongs to A}(R) and [(wo,vo)]A;(R) <
[(wa”)]A;(R)-
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Proof. Let us first prove statement (a). Fix a cube () and a measurable subset E
of @T. We have to show that there exists a positive constant C, independent of Q
and F, such that

wo(Q) Q1P
w(B) S C(E) :
We write
wo(Q) = wo+/ wo = w(QN{w >a}) +alQN{w < a}|,
Qn{w>a} Qn{w<a}
and therefore,
w(@) _ w@nN{w>a})  al@N{w <a}
vo(E) vo(E) vo(E)

Now observe that

=I+1I.

Qly?
w5 <[@lagm ()"

On the other hand,

al@ _ 1Ql\»
<2 g (=
s yp s <|E|) ’

since a < b and |Q| > |E|. Therefore, (wo,v0) € Af(R) and [(w07U0)]A;(R) <
2max{1, [(w, v)]A:(R)}.
For the proof of statement (b), observe that w1 < w and v1 > v, so
wi(Q) _ w(Q) [Q\?
< TN < ) T )
n(EB) S u(E) waMNMQEQ

which shows that (wy,v1) € A} (R) with [(w1, Ul)]A;(R) < [(w, v)]A;(R). O

3. RESTRICTED WEAK (p,p) TYPE oF M*t:4 N R”

We devote this section to proving Theorem 1.1. We start with the following lemma
which will be useful for this purpose. This result is an adaptation of Lemma 2.1 in [8].

Lemma 3.1. Let 1 < p < oo, (w,v) € AF%(R) and pu > 0. Let E be a measurable
set such that 0 < |E| < oo and {Q;}jer, a disjoint family of dyadic cubes such that
for every j € I'), we have

ENQ7]
(3.1) p< ———2-<2
Q]
Then we have that

S (@) < %v(m (Ua))

p
jer, H jeT,
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Proof. For m > 0 we define the sets

im = {j € T, there exist exactly m cubes Q : Qj CQf withsel,}

and also
Om = U Qj.
J€im
Also, we define E;r =FEN Q;r and F,, = | E;r
J€im
Notice that 'y, = |J i, and if j; and jo belong to i, for some m, then

m=>=0

Qf NQ}, = 0. This yields

|Fnl = > |EF.

J€tm

On the other hand, 0,41 C oy, for every m > 0, so
(3.2) Foi1 CF, and |Foyq1| < |Fnl-

For fixed mg and jo € im,, if Q7 € QF, then j € iy, with m > mg and Q; C Q2’+.
0 ] - J Jo

Jjo?

U U Qj C (Qj)**

m>mo jeq,, : Q;-Q Q;)

Therefore,

and this implies that

> > Q51 < 1(Qjo)* ™| = 2"Qjo

m>mo jeiq,, : ng Q;ro

since the cubes @Q; are disjoint. Thus, by (3.1) we get
> FanQil= > X B<w )y Y Qi
m>mg m>mo jeg, ngQjo M>MO G, : Q;QQIO

<2 p|Qj| < 2" ES.

This last estimate implies that

m0+2n+2
> F.nQf| <2 ES

m=mo-+1

and then there must be an index m, my + 1 < m < mg + 2"2 such that
| +

E
|Fn N Q| < %
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By (3.2) we get
B}
|Fm0+2n+2 ﬂQj |F N Q | < — 5

and consequently,

QBN Frgrania)]  1IES]
|Qjo| 2 |Qjo| 2

Now, we can estimate

dow@)= ) > wl(@)

k=0 m=0"%2n+2;m 4k T2n+2(m41)+k

2

JEw m=0j€im
< (%) i Z w(Qj)(@jm<E|2§mo+2"+2)|)p
m=0 jEin,
V(QF N (E\ Fryyont2))
(%) mz:()];n w, ) A“’(R) w(Q;) (@) +2
< (%)p[w Ot am) Z/Um N v
2"t2_1 oo

:(%)p[(wv TS Z/ .
<

Proof of Theorem 1.1. We shall first prove that (a) implies (b). Fix a dyadic
cube @ and a measurable subset E of Q1. Assume that |E| > 0, since otherwise the

condition follows inmediately. For every z in ) we have that

E

+.,d _ =
M) > o o T

which implies that Q C {z: M4Xgp(x) > |E|/(2|Q|)}. By using statement (a)

we get

0@ < () e,

which shows that (w,v) € A4(R).
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Now we prove that (b) implies (a). Fix a measurable set E' and assume, without
loss of generality, that 0 < |E| < oo. For fixed ¢ > 0, let F be the family of dyadic
cubes @ such that |[E N QT|/|Q| > t and let {Q,}; be the family of the maximal
cubes of F. It follows that the cubes @; are disjoint and

{z: M+’dXE(x) >t} = UQJ

We shall consider a partition of this family of cubes. Given k > 0, we set

|[ENQ7|
Cr=14j: 2Pt < ———1- okt
{ Q| }

and apply Lemma 3.1 to the family C} with p = 2*t for every k. Therefore,

Cllw, )i,

> w(@)) < W“( U E;r)

JjeCy JE€CK
This yields
(o]
w{z: M Xg(z) > t}) = Zw(QJ) = Z Z w(Q;)
J k=0j€C}
< io: C[(w7v)]A+,d(R) )
h P (2~t)p
Cl(w, U)]p +.,d
- = B(B),
tp
which completes the proof. ([

4. RESTRICTED WEAK (p,p) TYPE OF M T IN R?

We devote this section to the proof of Theorem 1.2. Along this section we shall
assume that the space, where we work, is R2. We begin by introducing some specifics
in this setting.

We say that a square @ has dyadic size if [(Q) = 2* for an integer k. Let 1(Q)
denote the length of the sides of (). Given a square @, a@) will denote the square
with the same center as () and sides of length al(Q).

For h > 0 and @ = [a,a + h] x [b,b+ h], we set Q the dilation of Q to the right
and to the bottom in 1/(Q). That is, Q=la,a+ 3h] x [b— $h,b+h.
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=
[NIE
=>

h Q

[NIES

Figure 1. The cubes @ and @

Given z = (z1,72) € R? and h > 0 recall that Q. = [z1,21 + h] X [z2, T2 + h].
We shall consider the following partition of a cube Qg :

Qo = QunpUQL,UQE,UQE,,
where
Qi = [w1 + ghyxy + h) x [22 + gh, 22 + ],
inh = [z1+ $h, 21 + h] X [22, 22 + $h],
@3 = lwn, 21 + BB % [z + Shoa + ).

3 1
z,h x,h

2
QI»h/2 xz,h

Figure 2. Subsquares of Q -

The proof of Theorem 1.2 relies on the following covering lemma, that is, a con-
sequence of Lemma 3.1 stated and proved in [1], when we take f = Xx. This result
contains a covering argument that is related to the subcube Q; 5~ For the main proof
we will require the corresponding versions for leg’ 5, and Qi’ 1, Which can be achieved
by following similar ideas.

Lemma 4.1. Let t > 0 and E be a measurable set such that 0 < |E| < co. Let
A= {xj}éyzl be a finite set of points in R?. Suppose that for every 1 < j < N, we
have a square of dyadic size (); with x; as its upper right corner and that satisfies

ENQy
< —.

t
4 Q]
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Then there exists a set I' C {1,..., N} such that

(4.1) AclJQ
el
and
t_|ENQ]|
(4.2) 1< o]

Moreover, for every i,j € I' with i # j we have @z z @j and the squares @i, 1€l
of the same size are almost disjoint, that is, there exists a positive constant C' such
that for every [
Y X<
i€l 1(Q:)=l

This implies that the squares (Q;)" are almost disjoint, too. Further, if

BN (Q)*]

<8t
Q5

then there exists a family of sets {F}} er with F; C (CNQJ-)Jr such that

t |ENEF
j— < J
8 Q]
and they are almost disjoint, that is, there exists a positive constant C' (independent
of everything) such that
> Xp(x) < C.
jer
Proof of Theorem 1.2. The fact that (a) implies (b) can be achieved in a similar
way to Theorem 1.1. Let us prove that (b) implies (a). The operator M is pointwise
equivalent to the operator

1
MT = ,
f(2) = sup /Q i

keZ |Qz,2’“|

that is, the one-sided maximal operator defined over squares of dyadic size. We shall
consider for i = 1,2, 3 the operators

. 1
MTf(x) = sup |
kez |Q$72k| Q.

If1,

where the cubes Q; o1 are depicted in Figure 2.
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Let us fix a measurable set E with 0 < |E| < co. Let (w,v) be a pair of weights
in A} (R). We shall prove that

C

w({z € R*: MY (Xp)(z) >t}) < t_PU(E)

for every t > 0. It will be enough to show that
) N c
w{zr e R*: t < MT(Xp)(x) < 2t}) < t_PU(E)’

and this also reduces to proving that

2, +i + ¢
(4.3) w{z e R®: t < M (Xg)(x), MT(XEg)(z) < 2t}) < t—pv(E)

for i =1,2,3. We show the proof for i = 2, being similar for the other indices.
Given a positive number ¢ we consider the truncated maximal operator defined by

AENQ2 |
M;Q(XE)(J?) = sup 5 zhl
h=2F>¢
keZ

Observe that MgrQ(XE) T+ M*2(Xg) when & — 0. Therefore, it will be enough to
prove that

C
(4.4) w({z € R*: t < MF(Xp)(x), M¥(Xp)(x) < 2t}) < V(E)
for every t > 0 and with C independent of £, F and t.

By virtue of Lemma 2.1 we can assume that w € L}

e and also that there exists

a positive constant ~ such that 0 < v < w(x) for every z € R2.
Let Oy = {z € R?: t < Mgr2(XE)(x), MT(Xg)(z) < 2t}. The measure du(x) =

w(z)dz is finite over compact sets since we are assuming w € Lj

ive- Therefore,

inequality (4.4) follows if we prove that

for every compact set K C ; and with C independent of K.
Fix a compact set K C Q;. For every x = (x1,22) € K there exists a square
Qr = [v1 — 1, 21] X [12 — |, 2] with € < I, 1 = 2" for some k € 7 and
_EnQE|

t
4 Q|
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Let Qg,21 = [z1, 21 + 21] X [x2, 22 + 2{]. We have that (@I)Jr2 C Qg,21 (see Figure 3)
and thus,

BN Q)™ _ |ENQua| _ 4IENQual
|Qa:| h |Qa:| |Q9L’,21|

Qz,Ql

<AMT(Xp)(2) < 8t.

Qz

Figure 3. (@z)+2 C Qg2

Therefore, we have that for every x € K there exists a square Q, = [x1 — [, 21] X
[x2 — [, 2] such that & < [,

ENQ? 0,)+?
4 Qx| Qx|

We have also that there exists a positive constant M, depending on ¢ and E, such
that | < M since

< 8t.

4 +2
ENQE 4B _
t t
This implies that there exists a square R such that [J @x C R. We shall consider

rzeK
the square 2R. Since w is integrable in 2R, there exists 0 < ¢ < 1 such that if Q C R

is a square, then

Q2| <

w((1+2)Q\ Q) <€
If Q@ C R verifies [(Q) > &, then

w((1+e)Q\ Q) <& <1QI < w(Q).

This yields
w((1+¢)Q) < 2w(Q)
for every @ C R with I(Q) > &. Particularly,

w((1+¢)Q.) < 2w(Q,) for every z € K.

1015



Let B,(r) be the ball of radius r centered at z. We have that K C |J By(1&e), and
s reK
then there exist x1,x2,...,2, € K such that K C |J By, (%fe), since K is compact.
j=1

We apply now Lemma 4.1 to the set A = {x;};_, and the squares {Q;}]_; associ-
ated to the points ;. Then there exists aset I' C {1,..., s} that verifies A C |J Qa,

and there also exist {F,,: i € I}, Fy, C (Qu,)", ier
t »

4.5 - <

(4.5) 5 0.

and

> Xp, (x)<C

iel
Observe that if z; € A, there exists ¢ € I' such that x; € Q.,. Then B, (3¢&e) C
(14 €)Qy,. In fact, this is straightforward if we assume 0 < £ < 1. Consequently,

K C U ij(%) c J+2)Qa.,

el

we have that

which implies that

w(K) <Y w((1+)Qa,) <2D w(Qy,).

i€l i€l

Thus, by using (4.5) and the A (R) condition of (w,v), we obtain

9 <2 @) < 5 @) (Fg )

=

c ~ Q)T NP (BN Fy |\P
=% Z (Qu, )( |Qu, | ) ( |(va)+| )
< guw, s iy SSU(ENE)

i€l

c »
< t—p[(w,v)]A;(R)v(Eﬁ (ZeLJFFx))

c »
< t_p[(wvv)]A;-(R)v(E)'

O
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