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Abstract. Let R be a local ring and C' a semidualizing module of R. We investi-
gate the behavior of certain classes of generalized Cohen-Macaulay R-modules under
the Foxby equivalence between the Auslander and Bass classes with respect to C. In
particular, we show that generalized Cohen-Macaulay R-modules are invariant under
this equivalence and if M is a finitely generated R-module in the Auslander class with
respect to C' such that C' ® g M is surjective Buchsbaum, then M is also surjective
Buchsbaum.
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1. INTRODUCTION

Throughout this paper, (R, m, k) is a commutative Noetherian local ring with
nonzero identity. Let &(R) and .# (R) denote the full subcategory of finitely gener-
ated R-modules of finite projective and injective dimension, respectively.

Let R be Cohen-Macaulay with a dualizing module wg. By virtue of [12], Theo-
rem 2.9, there is an equivalence of categories

WROR—

P(R) 7 (R).

Hompg(wr,—)
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Let CM(R) denote the full subcategory of Cohen-Macaulay R-modules. By [7],
Theorem 3.3 (i), the above equivalence leads to the following one

WRO®R—

P(R) NCM(R) (R)NCM(R).

Hompg(wr,—)

The notion of generalized Cohen-Macaulay modules is one of the most natural ex-
tensions of the notion of Cohen-Macaulay modules. Surjective Buchsbaum modules
and Buchsbaum modules are special classes of generalized Cohen-Macaulay mod-
ules. Kawasaki in [7], Theorem 3.3 (iii) showed that if an R-module M € Z(R)
is such that the R-module wr ®r M is surjective Buchsbaum, then M itself is so.
Also, he presented an example to show that the converse does not hold, see [7],
Proposition 4.1.

Let (R,m,k) be an arbitrary local ring and C a semidualizing module of R.
Let - (R) and HBc(R) denote the Auslander and Bass classes with respect to C,
respectively. It is known that Z(R) C @(R) and #(R) C Bc(R). Also, these
classes are closely related to Gorenstein homological dimensions. Namely, if R is
Cohen-Macaulay with a dualizing module wg, then <7, ,(R) or 4,,,(R) is precisely
the class of all R-modules with finite Gorenstein projective or Gorenstein injective
dimension, respectively, see [4], Theorems 4.1 and 4.4. By Foxby equivalence, there
is an equivalence of categories:

CQOr—

c(R) P (R).

Hompg(C,—)

In this article, we investigate the behavior of the classes of Gorenstein, maximal
Cohen-Macaulay, Cohen-Macaulay, surjective Buchsbaum, Buchsbaum and gener-
alized Cohen-Macaulay R-modules under the later equivalence. More precisely,
if 27 (R) is any of these classes of modules, we examine the existence of an equivalence

CQOr—

Ae(R)N Z (R) Bo(R)N Z (R).

Homp(C,—)

To ease the reading of the paper, in Section 2, we will recall the needed defini-
tions and bring some elementary results. In Section 3, we will consider the classes
of Gorenstein, maximal Cohen-Macaulay and Cohen-Macaulay R-modules, see The-
orem 3.3. In Section 4, which is the core of this paper, we will consider the classes
of surjective Buchsbaum, Buchsbaum and generalized Cohen-Macaulay R-modules,
see Theorems 4.3, 4.7 and Corollary 4.9. Also, we provide an example of a Cohen-
Macaulay local ring R with a dualizing module wr and a Buchsbaum R-module
M € 4,,(R) such that wgr ®g M is not Buchsbaum, see Example 4.8.
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2. PREREQUISITES

We begin with recalling the definitions of weak sequences and filter regular se-
quences.

Definition 2.1. Let M be a finitely generated R-module and z = x4, ..., x, be
a sequence of elements of m.
(i) Following [15], page 39, we say x is a weak M -sequence if

((z1, 22, . .. ,$i71>M13VIfEi) C ({(z1,22,... 7$i71>MJ:\/Im)

forevery i =1,...,n.
(ii) Following [11], we say z is a filter M -regular sequence if

(@1, z2, . .. ,xi,1>MMxi) C IUN(@I,@, o ,xi,1>M];V[ml)
S

foreveryi=1,...,n.

By the definition, it is clear that any weak M-sequence is a filter M-regular se-
quence.
The following lemma is well-known and easily verified.

Lemma 2.2. Let M be a finitely generated R-module and x = x1,...,2, € m.
The following statements are equivalent:
(i) z is a filter M-regular sequence.
(ii) For each 1 < i < r, the element x; does not belong to the union of the elements
of Assp(M/{(x1,22,...,xi—1)M) \ {m}.
(iil) x1/1,...,2,/1 is a weak My-regular sequence for every p € Suppp (M) \ {m}.

In the sequel, we denote the length of an R-module M by lr(M).

Definition 2.3. Let M be a finitely generated R-module.

(i) We say that M is Gorenstein if either M = 0 or M is nonzero and idgM =
depthp M.

(ii) We say that M is mazimal Cohen-Macaulay if depthpM = dim R.

(iii) We say that M is surjective Buchsbaum if the natural map

b Bxth(k, M) — HE (M)

is surjective for every i < dimp M.

(iv) We say that M is Buchsbaum if every system of parameters x1,...,xq of M
forms a weak M-sequence.

(v) We say that M is generalized Cohen-Macaulay if 1z(H: (M)) < oo for every
i < dimg M.
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Remark 2.4.
(i) Every Cohen-Macaulay R-module is surjective Buchsbaum.

(if) The classes of modules introduced in the above definition are subsets of each
other from top to bottom, respectively.

(iii) If M is a generalized Cohen-Macaulay R-module, then every system of param-
eters of M is a filter M-regular sequence, see [13], Appendix, Remark 11 and
Theorem 14.

(iv) If R is a quotient of a Cohen-Macaulay local ring, then an R-module M is
generalized Cohen-Macaulay if and only if every system of parameters of M is
a filter M-regular sequence, see [13], Appendix, Proposition 16.

Definition 2.5. A finitely generated R-module C is called semidualizing if it
satisfies the following conditions:

(i) the homothety map x&: R — Hompg(C,C) is an isomorphism and

(ii) Exth(C,C) = 0 for all i > 0.

Definition 2.6. Let C be a semidualizing module of R.
(i) The Auslander class @/-(R) is the class of all R-modules M for which the
natural map 7§, : M — Homg(C,C ®pr M) is an isomorphism and

Torf(C, M) = 0 = Ext’(C,C @r M)

for all 7 > 1.
(i) The Bass class B¢ (R) is the class of all R-modules M for which the evaluation
map £§: C ®r Hompg(C, M) — M is an isomorphism and

Exts(C, M) = 0 = Torl(C, Homp(C, M))

for all 4 > 1.

3. COHEN-MACAULAY MODULES

In Theorem 3.3, we show that Cohen-Macaulay R-modules are invariant under
Foxby equivalence. To prove it, we need the following two lemmas.

Lemma 3.1. Let C be a semidualizing module of R and M a finitely generated
R-module. Then:
(i) SupprC = SpecR.
(ii) Suppr(C ®r M) = SupprM = Suppg(Homp(C, M)). In particular,

dlmR(C QR M) =dimgp M = dimR(HomR(C, M))
(iii) C ®r M # 0 if and only if M # 0 if and only if Homp(C, M) # 0.
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Proof. (i) It is well-known and obvious, because
Spec R = Supp(Hompg(C, C)) C SupprC C Spec R.
(ii) By (i), one has
Suppr(C ®r M) = SupprzM N SupprC = Suppr M.
On the other hand, [1], page 267, Proposition 10 implies that
Assp(Homp(C, M)) = SupprC N Assp M = AsspM,

and so Suppp M = Suppy(Hompg(C, M)).
(iii) is clear by (ii). O

Lemma 3.2. Let C' be a semidualizing module of R and x = x1,...,x, € m.
Assume that M € @/c(R) and N € Bc(R) are two finitely generated R-modules.
Then:

(i) AsspM = Asspr(C ®p M) and AnngM = Anng(C @p M).
(ii) z is a (weak) M -regular sequence if and only if it is a (weak) C ® g M -regular
sequence. In particular, depthp M = depthr(C @ M).
(iii) AssgN = Assp(Hompg(C,N)) and AnngpN = Anng(Hompg(C, N)).
(iv) zis a (weak) N-regular sequence if and only if it is a (weak) Hompg(C, N)-regular
sequence. In particular, depthp N = depth i (Homp(C, N)).

Proof. (i) By [1], page 267, Proposition 10, one has
AsspM = Assp(Hompg(C,C @z M)) = SupprCNAssr(C®r M) = Assp(C®@r M).

By considering the R-isomorphism M = Hompg(C,C ®g M), one can easily deduce
that AnngM = Anng(C ®r M).
(ii) By Lemma 3.1 (iii), it follows that M/zM # 0 if and only if

(C®rM)/z(C®@r M) # 0.

So, it is enough to show that x is a weak M-regular sequence if and only if it is
a weak C' @ g M-regular sequence. We prove this by induction on n. The case n = 1
follows by (i). Note that for a finitely generated R-module L, the union of members
of AssrL is the set of all elements of R which are zero-divisor on L.
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Next, assume that n > 1 and the claim holds for n— 1. By the case n = 1, without
loss of generality, we can and do assume that x; is regular on both M and C ® g M.
Set M := M/z; M. Applying [10], Proposition 3.1.7 (a) on the exact sequence

0>M2M—>DM-—=0

yields that M € @/c(R). By induction hypothesis, z3,...,, is a weak M-regular
sequence if and only if zo, ..., z, is a weak C ®p M-regular sequence. Since

CorM = (CarM)/x:1(C®r M),

the proof is complete.
As N € Bc(R), one has N = C ®r Homp(C,N) and Hompg(C,N) € o (R).
Thus, (iii) and (iv) are immediate by (i) and (ii), respectively. O

Part (i) of the next result extends [7], Theorem 3.3 (i).

Theorem 3.3. Let C be a semidualizing module of R and M a finitely generated
R-module in @/ (R). Then:
(i) M is Cohen-Macaulay if and only if C @ g M is Cohen-Macaulay.
(i) M is maximal Cohen-Macaulay if and only if C ® g M is maximal Cohen-
Macaulay.
(iii) If M is Gorenstein, then C @ M is also Gorenstein.

Proof. (i) By Lemma 3.1(ii) and Lemma 3.2(ii), one has dimp M =
dimp(C ®r M) and depthp M = depthy(C ®g M). So (i) is immediate.
(ii) It is immediate, because by Lemma 3.2 (ii) we have

depth, M = depth(C @ M).

(iii) Assume that M is Gorenstein and set N := C®@gr M. If M = 0, then the claim
is obvious. So we assume that M # 0. Then N # 0 and N € B¢c(R). As N # 0,
depthp N < co. Now, as Exth(C,N) = 0 for all i > 1 and Hompg(C, N) = M has
finite injective dimension, [3], Theorem 8.1 yields that C' = R. Thus, C @ M = M,
and so C ®g M is Gorenstein. O

The following example indicates that the converse of Theorem 3.3 (iii) does
not hold.

Example 3.4. Let (R, m, k) be a Cohen-Macaulay local ring which is not Goren-
stein with a dualizing module wr. Then wr ®r R is Gorenstein, but R is not
Gorenstein.
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4. GENERALIZED COHEN-MACAULAY MODULES

In this section, we first prove that generalized Cohen-Macaulay R-modules are
invariant under Foxby equivalence. To this end, we need the following two lemmas.

Lemma 4.1. Let C be a semidualizing module of R, M an n-dimensional finitely
generated R-module and x = x1,...,z, € m. Then z is a system of parameters of M
if and only if it is a system of parameters of C @ M.

Proof. First note that by Lemma 3.1 (ii), we have dimp(C ® g M) = dimp M.
Applying Lemma 3.1 (ii) again yields that

dimg((C ®@r M)/{x1,22,...,2,)(C @g M)) = dimg(C @ (M/{x1,22,...,Tn)M))
=dimg(M/{x1,22,...,Tn)M).

This completes the argument, because for an n-dimensional finitely generated

R-module N, it is known that z is a system of parameters of N if and only if
dimg(N/(z)N) = 0. d

Lemma 4.2. Let C be a semidualizing module of R. Let M be a finitely generated
R-module in @/c(R) and x = x1,...,2, € m. Then zx is a filter M-regular sequence
if and only if z is a filter C' ® p M -regular sequence.

Proof. Let p € SpecR. Then by [10], Propositions 2.2.3 and 3.5.3, respec-
tively, C} is a semidualizing module of the local ring R, and M, € ¢, (Ry).
Thus, Lemma 3.2 (ii) yields that z1/1,...,2,/1 is a weak M,-regular sequence if

and only if #1/1,...,2,/1 is a weak C, ®g, My-regular sequence. Now, Lemma 2.2
completes the proof. Note that C, ®gr, M, = (C ®r M)p and by Lemma 3.1 (ii),
SupprM = Suppr(C ®r M). O

The next result generalizes [7], Theorem 3.3 (ii).

Theorem 4.3. Let C be a semidualizing module of R and M a finitely generated
R-module in «@/c(R). Then M is generalized Cohen-Macaulay if and only if C @ g M
is generalized Cohen-Macaulay.

Proof. By [10], Propositions 2.2.1 and 3.4.7, Cisa semidualizing module of R
and M € (R A) On the other hand, it is routine to check that a ﬁnitely generated
R-module N is generahzed Cohen—Macaulay if and only if the R-module N is so.
Also, there is a natural R—lSOIIlOI‘phlSIIl C®x I M=Cogl ®pr M. Thus, we may and do
assume that R is complete. Now, the assertion follows by Lemmas 4.1 and 4.2 and
Remark 2.4 (iv). Note that by the Cohen Structure Theorem, every complete local
ring is a homomorphic image of a regular local ring. O
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Let a be an ideal of R and M and N two R-modules. The ith generalized lo-
cal cohomology module of M and N with respect to a is defined by HZ(M, N) =
li_rr;Ext’k(M/a”M, N), see [6].

Lemma 4.4. Let a be an ideal of R and C' a semidualizing module of R. Then
for every R-module N in %c(R), there is a natural R-isomorphism H:(C, N) =
H: (Hompg(C, N)) for all i > 0.

Proof. For every finitely generated R-module L and every injective R-module F,
we claim that H:(Homg(L,E)) = 0 for all i > 1. To this end, let F, be a free
resolution of L consisting of finitely generated free R-modules. As the R-module E
is injective, it follows that Hompg(Fs, F) is an injective resolution of the R-module
Hompg (L, E). Since I'y(E) is an injective R-module, for each natural integer 4, one has

H: (Homg (L, E)) = H (T'y(Hompg(F,, E))) = H (Homg(F,, T4(E))) = 0.

Let I° be an injective resolution of N. Since N and all modules in the complex I°
belong to Bc(R), it follows that the functor Homp(C, —) leaves the exact sequence

0N—=I° > ... =517 ...

exact. Hence, Hompg(C, I°) is a I'g-acyclic resolution of the R-module Hompz(C, N).
This implies the first isomorphism in the following display:

H! (Hompz(C, N)) = H (T (Homp(C, I°)))
= Hl(h_rrg Hompg(R/a",Hompg(C,1°)))

= lim H'(Homp(R/a", Homg(C, I°)))
= lim H'(Homg(C/a"C, %))
= lim Ext(C/a"C, N) = Hy(C, N).
0

Corollary 4.5. Let C be a semidualizing module of R and M a finitely generated
R-module in <7 (R). Then there is a spectral sequence

Ext? (C,HY (C ® g M)) = HZFI(M).
p
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Proof. Let L and N be two finitely generated R-modules. Consider the covari-
ant functors G(—) := I'n(—) and F'(—) := Hompg(L, —) on the category of R-modules
and R-homomorphisms. Then for every injective R-module I, the R-module G(I)
is injective and H' (L, N) = R/(FG)(N) for all i € Ny. Hence, applying [9], Theo-
rem 10.47 on the functors G(—) and F(—) yields a spectral sequence

Exth, (L, HL (N)) > HEF (L, N).
Letting L := C and N := C ®r M, by Lemma 4.4, one deduces that
HEF(O,C @r M) = HE(Hompg(C,C ®r M)) = HEFI(M).
O
Recall that for each nonnegative integer m, the nth Betti (or Bass) number
of an R-module M is defined as SE(M) := Vdimy(Tork(k,M)) (or ph(M) =

Vdimy (Ext'z (k, M))). If there is no ambiguity about the underlying ring, we then
show these invariants with 8, (M) and u™ (M), respectively.

Lemma 4.6. Let M be a generalized Cohen-Macaulay R-module with d :=
dimg M > 0. Then we have

n

<D B(R)IR(HL T (M)

7=0
for all n < d. Furthermore, the following statements are equivalent:

(i) M is a surjective Buchsbaum R-module.

(ii) The equality in the above holds for all n < d.
Proof. See [7], Lemma 2.2, [8], Corollary 1.14 and [16], Theorem 1.2. O
The next result is a far reach generalization of [7], Theorem 3.3 (iii).
Theorem 4.7. Let C be a semidualizing module of R and M a finitely generated

R-module in o/c(R). Assume that C ®g M is surjective Buchsbaum. Then M is
also surjective Buchsbaum.

Proof. Remark 2.4 (ii) and Theorem 4.3 imply that M is generalized Cohen-
Macaulay. Clearly, we may assume that d := dimgr M > 0. So by Lemma 4.6, we have

(%) p (M) <> By(k)lr(Hy 7 (M)
§=0
and
(xx) "CRrM)= Zﬁg ey 7 (C @R M))
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for all n < d. Note that by Lemma 3.1 (ii), dimp M = dimg(C®rM).Let 0 < n < d
be an integer. Consider the spectral sequence

Bxth(C, HY (C @5 M) = HEI(M),
see Corollary 4.5. There is a filtration
0O=H'CH'C...CcH"!CH"=H.(M)

such that HP /HP ™! = EZ7P for all p=0,...,n. Hence,
Lr(Hp (M) = > 1r(ERP) < Y Ir(ER"P),
p=0 p=0

Note that EE" P is a subquotient of EE"™ " for all p=0,...,n. Let F, be a minimal
free resolution of C. Then E5" ™ = Exth,(C,Hy, P(C ®r M)) is a subquotient of
Hompg(F,, Hy, P(C ®r M)), and so

n

(t) Ir(H (M) < Y Bp(O)lr(Hy™"(C ®r M)).

p=0

As M = Homg(C,C ®p M) and Exths(C,C @xr M) = 0 for all i > 1, we get
M ~ RHompg(C,C ®r M), and so [5], Chapter 13, Result 19 yields that

p'(M) =" By(C)u"P(C ®g M).
p=0

Thus,

So,
pt(M) =Y Bi(k)lr(Hy ™ (M))
j=0
for all n < d. Therefore, M is surjective Buchsbaum by Lemma 4.6. O

Next, we provide an example of a Cohen-Macaulay local ring R with a dualizing
module wgr and a Buchsbaum R-module M of finite projective dimension such that
the R-module wr ® g M is not Buchsbaum.
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Example 4.8. Let (T,n,k) be a 4-dimensional regular local ring with & in-
finite. Let a C n? be an ideal of T with 3 generators such that R := T/a
is a 2-dimensional Cohen-Macaulay local ring which is not Gorenstein. (For
an explicit realization, let k be an infinite field, T := k[[X,Y,Z,W]] and R :=
K[[X,Y, Z, W]|/(X*=Y3 X5 - Z3 Y5> — Z*%))

The Auslander-Buchsbaum formula yields that pd,R = 2. Let u(a) denote the

minimum number of generators of a. Then
2=dimT — dim R = hta < u(a) < 3.

We claim that u(a) = 3. On the contrary, suppose that a can be generated by two
elements z1 and zz. Then by [2], Corollary 1.6.19, z1, 2o is a T-regular sequence, and
so R is Gorenstein. From this contradiction we conclude that u(a) = 3.

As p(a) = 3, the minimal free resolution of the T-module R has the form

0T > T3 T 0.

We show that n = 2. To this end, let K denote the quotient field of the domain T'.
As a # 0, we immediately see that K @ a = K. Hence, by applying the exact
functor K ®7 — to the exact sequence

0—T"—>T%—a—0,

it turns out that n = 2.
Let wr denote the dualizing module of R. Then by [2], Corollary 3.3.9, the minimal
free resolution of the T-module wg has the form

0=T—T>—=T%=0.

Applying the right exact functor R ®7 — to the exact sequence T2 — T? — wr — 0
implies the exact sequence R® — R?> — wgr — 0. Thus, R® — R?2 — 0 is the
beginning of the minimal free resolution of the R-module wg, and so & (wr) =
B¢ (wr) = 2 and A{*(wr) = Bf (wr) = 3.

By [7], Proposition 4.1 and its proof, there exists a 2-dimensional surjective Buchs-
baum R-module M of finite projective dimension such that the R-module wgp @ M
is not surjective Buchsbaum and

. /B?(R)a 1=1,
. lT H;w M =
(1) (i on @ 1) {ﬁgm), .
and
i _ ﬁ?(WR), Z:L
(12 zT<Hn<M>>{ O,
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We claim that the R-module wr ® g M is not even Buchsbaum. Suppose the con-
trary holds. Then by [13], Chapter I, Lemma 1.6, M and wr ® g M are also Buchs-
baum as T-modules. As T is regular, [13], Chapter I, Corollary 2.16 yields that M
and wg ®r M are surjective Buchsbaum 7T-modules. In particular, by Lemma 4.6,
one has the following equalities:

(4.3)  pp(wr®@r M) = B4 (k)lr(Hy(wr ©r M) + 8] (k)lr(Hy (wr ©r M)
= B3 (k)BT (R) + B (k)B] (R) = 3+ B (k)

and

(4.4) (M) = By (k)lr (Hy (M) + BY (k)lr (Hy (M)
= Bo (k)BT (wr) + BY (k)Bg (wr) = 3 + 261 (k).

Since pd z M is finite, it follows that M € <7, (R). In particular, Tor?(wg, M) =0
for all i > 0, and so one has the quism wp ®@p M ~ wr®% M. By [2], Exercise 3.3.26,
we have pl.(wp @p M) = BT (wp ®g M) and pi (M) = BE(M). So
(4.5) pr(wr ®p M) = Vdimg (Hs((wg @ M) ®% k))

= Vdimy,(Hs((wr ®% M) ®F k))
= Vdimy, (Hs(wr ®F% (M @7F k)))
= Y Vdim(H;(wr ®F k)) x Vdimg (H; (M ®F k)
it+5=3
> Vdimy, (Ho(wr @% k) x Vdimy, (Hz (M ®% k))
= 85" (wr)B5 (M) = 2p7-(M).

The fourth equality holds by [5], Chapter 10, Result 7. Now, (4.3), (4.4) and (4.5)

yield the desired contradiction. Hence, the R-module wp ®zp M is not Buchsbaum.

Corollary 4.9. Let C be a semidualizing module of R and M a finitely generated
R-module in #B¢c(R).
(i) M is generalized Cohen-Macaulay if and only if Hompg(C, M) is generalized
Cohen-Macaulay.
(ii) If M is surjective Buchsbaum, then Homp(C, M) is also surjective Buchsbaum.
(iii) M is Cohen-Macaulay if and only if Homp(C, M) is Cohen-Macaulay.
(iv) M is maximal Cohen-Macaulay if and only if Hompg(C, M) is maximal Cohen-
Macaulay.
(v) If the R-module Homp(C, M) is Gorenstein, then M is also Gorenstein.

Proof. Inview of the natural isomorphism M = C®gHompg(C, M) and the fact
that Hompg(C, M) € o/ (R), these claims follow immediately by Theorems 3.3, 4.3
and 4.7. O
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Let C be a semidualizing module of R and n be a nonnegative integer. Let Z¢(R)
and o (R) denote, respectively, the classes of C-projective and C-injective finitely
generated R-modules. Set %(R)gn, ﬁ(Rkn, %(R)gn and j\(R)gn to be the
classes of finitely generated R-modules of C-projective, projective, C-injective and
injective dimension of at most n, respectively. Then by [14], Theorem 2.12, there are
the following Foxby equivalences of categories:

C®Rr—
P (R Zc(R)
\L‘\ HOII’IR(C —)
ﬁ CRr— ﬁ
R R)<n
(B)n <o c(£)<
C®Rr—
Ao(R Bo(R)
Hompg(C,—) \j\
— COr— —~
Jo(R J(R)<n
c(R) o) (R)<
\j\ C®r— \j\
Jo(R J(R)
Hompg(C,—)

In view of Theorems 3.3, 4.3 and 4.7 and Corollary 4.9, we deduce the following
corollary.

Corollary 4.10. Let C be a semidualizing module of R and n a nonnegative inte-
ger. Let (% (R), Z(R)) be any of the pairs (#(R), Zc(R)), (ﬁ(R)gn, g/ic(R)gn),
(Ac(R), Bo(R)), (Io(R)<n, 7 (R)<n); or (Fo(R), 7 (R)). Then there is the fol-
lowing display of equivalences and functors:

% (R) N G(R) Con- Z(R)NG(R)
{ con {
Y (R) N MCM(R) —————= %(R) 1 MCM(R)
f Hompg(C,—) f
CQr—

#(R) N CM(R)

\V Hompg(C,—) \r

Y (R) N SB(R) <o Z(R) N SB(R)
I [

% (R) N GCM(R) Z(R) N GCM(R).

Hompg(C,—)

Here, G(R) and MCM(R) denote the classes of Gorenstein and maximal Cohen-
Macaulay R-modules, respectively, and SB and GCM stand for the full subcategory
of surjective Buchsbaum and generalized Cohen-Macaulay R-modules, respectively.
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We end the paper by proposing the following natural question.

Question 4.11. Let C be a semidualizing module of R and M a finitely generated
R-module in @7 (R) such that C ® g M is Buchsbaum. Then, is M Buchsbaum?
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