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Abstract. We investigate the existence, uniqueness and polynomial stability of the
weighted pseudo almost automorphic solutions to a class of linear and semilinear parabolic
evolution equations. The necessary tools here are interpolation spaces and interpolation
theorems which help to prove the boundedness of solution operators in appropriate spaces
for linear equations. Then for the semilinear equations the fixed point arguments are used
to obtain the existence and stability of the weighted pseudo almost automorphic solutions.
Lastly, our abstract results are applied to the Navier-Stokes equations (NSE) on some dif-
ferent circumstances such as the NSE on exterior domains, around rotating obstacles, and
in Besov spaces.

Keywords: linear evolution equation; semilinear evolution equation; almost automorphic
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1. INTRODUCTION

The notion of almost automorphic functions was introduced by Bochner as a gener-
alization of almost periodic functions (see [4], [5], [6]) and in an attempt to relate the
function spaces with some aspects of differential geometry. Then, intensive studies of
this concept and extensions to various types of solutions to differential and difference
equations have been made during recent years, see [8], [17], [18], [19], [20]. Further,
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N’Guérékata et al. in [10] and Xiao et al. in [25] extended the notion of almost
automorphic functions to the so-called pseudo almost automorphic functions and
established the existence and uniqueness theorems of pseudo almost automorphic
solutions to a certain class of semilinear abstract differential equations. Recently,
Blot et al. in [3] have introduced the concept of weighted pseudo almost automorphic
functions, which generalizes the concept of pseudo almost periodic functions (see [9])
and connects it with the pseudo almost automorphic ones in a unified approach.
The authors of [3] have proved some important properties of the space of weighted
pseudo almost automorphic functions such as the completeness and composition the-
orem.

In this paper, we prove the existence, uniqueness and stability of the weighted
pseudo almost automorphic (WPAA) solutions to the linear and semilinear evolution
equations on interpolation spaces. We refer the reader to the books (see [2], [24])
which provide the detailed description of the theory for interpolation spaces and the
differential operators. The interpolation spaces have been used to study the solutions
of the incompressible viscous fluid flow problems in many works, see [12], [13], [16],
[21], [22], [23], [26].

More precisely, in the present paper we extend our recent results in the case of
almost automorphic solutions obtained in [14] to the case of WPAA solutions to
parabolic evolution equations in interpolation spaces. Also, we go farther to prove
the polynomial stability of such WPAA solutions. The novelty in our results is lying
in the fact that we allow the zero number to belong to the spectrum of the gen-
erator of the solution semigroup of the corresponding linear equation. This leads
to the fact that the semigroup is no longer exponentially stable. At this point,
the interpolation spaces and interpolation theorem come into play and allow us
to prove the boundedness of the solution operator on WPAA. And this important
fact helps us to show the existence and stability of WPAA solutions to evolution
equations.

Our method is inspired by the series of works by Hishida and Shibata (see [16]),
Hieber et al. (see [15]), and Nguyen and his collaborators (see [14], [21], [22], [23]).
We extend such methods to a more general framework (see Assumption 5.1) so that it
can be conveniently applied to obtain the solutions in the space of WPAA functions
on the whole line.

For the applications to fluid flow problems, we consider the Navier-Stokes equa-
tions (NSE) in three cases. They are NSE on exterior domains, NSE around rotating
obstacles, and NSE in Besov spaces. We prove the existence and polynomial stabil-
ity of WPAA solutions to NSE in such situations. Our results extend the results of
Yamazaki (see [26]), Borchers and Miyakawa (see [7]), Nguyen et al. (see [14]) for the
case of NSE on exterior domains, results of Hieber et al. [15], Nguyen et al. (see [23])
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for the case of NSE around rotating obstacles, and results of [22] for the case of NSE
in the framework of Besov spaces. Precisely, we prove that WPAA solutions to NSE
in such contexts exist and are polynomially stable.

This paper is organized as follows: Section 1 contains the preliminaries on the
concepts of almost automorphic and weighted pseudo almost automorphic (WPAA)
functions. In Section 2 we study the existence and uniqueness of WPAA solutions
to linear evolution equations, and in Section 3 we investigate the semilinear equa-
tions. Section 4 devotes to the proof of stability of the solution obtained in previous
Section 4, and lastly, Section 5 gives some applications to incompressible fluid flow
problems.

2. PRELIMINARIES

In this section, we recall some preliminaries on function spaces and related con-
cepts and results for latter use. As usual, for a Banach space (X, ||-||) we denote by
BC(R, X) the Banach space of all bounded, continuous, and X-valued functions de-
fined on R, endowed with the sup-norm defined by || f||cc = ||.f||Bc(r,x) := sup || f(2)]].

teR

We also denote by C(R,X) the linear space of all continuous and X-valued func-

tions on R.

Definition 2.1. For the Banach space X, a continuous function f: R — X is
called to be almost automorphic if for any sequence of real numbers (s,), there exists
a subsequence (s;,) such that

g(t) = lim f(t + Sn)

n—oo

is well-defined for every ¢t € R and

f(t) = lim g(t — sn).

n—oo

We denote the space of all almost automorphic functions f: R — X by AA(X). It
is a Banach space with the sup-norm.

Let now U be the set of all real-valued functions defined on R, which are positive
and locally integrable over R. Then, for a given real number r > 0, we put m(r, ) :=
f_rr o(z) dz for every o € U, and set

Uy = {g eU: Tli}rgom(r,g) = oo}

and
U, = {Q € U : 0 is bounded and ;2& o(z) > 0}.
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It is clear that Uy C U C U. Now for every o € U, we put

PAA(X,0) = {f € BC(R,X): lim L /7" If(s)|xo(s)ds = 0}.

r—oom(r,0) J -,
A function belonging to PAA((X, o) is said to have “weighted property”.

Definition 2.2. A continuous function f: R — X is called o-weighted pseudo
almost automorphic if it can be decomposed as f = g + ¢, where g € AA(X) and
¢ € PAA)(X, ). Denote by WPAA(X, o) the set of all g-weighted pseudo almost
automorphic (WPAA) functions. Note that (WPAA(X, o), |||lc) is a Banach space,
where ||| is the usual sup-norm defined as above.

The concept of a weighted pseudo almost automorphic function is a generalized
notion of many other classes of functions such as almost automorphic, almost peri-
odic, pseudo almost automorphic and pseudo almost periodic functions. Clearly, an
almost automorphic (or pseudo almost automorphic) function is a WPAA function.
An example of a WPAA function, which is neither almost automorphic nor pseudo
almost automorphic, is

t) = si L
f(t) = sin 2+ cost +cosx/§t

+e7tlel a0,

We refer the reader to [3], [9] for more detailed properties on weighted pseudo almost
automorphic functions.

3. WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS TO LINEAR EQUATIONS

Let X be a Banach space, (Y7,Y2) a couple of Banach spaces and Y := (Y71, Y2)s,00
a real interpolation space for some 0 < § < 1. We now consider the inhomogeneous
linear evolution equation of the form

(3.1) u'(t) + Au(t) = Bf(t), te€R,

where —A is a linear operator on Y; + Y5 such that its restrictions on Y; and Y5
are generators of Cp-semigroups (respectively), which are denoted by the same sym-
bol e~*4; f is a function from R to X and B is the ‘connection’ operator between X
and Y such that e *4B € L(X,Y;) for i = 1,2 and t > 0.

Definition 3.1. A function v € C(R,Y) is called a mild solution to (3.1) if u
satisfies the integral equation

(3.2) u(t) = /t e~ E=DABf(rYdr, teR.

— 00

We need the following assumptions on related operations and interpolation spaces.
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Assumption 3.2. Assume that Y; has a Banach pre-dual Z; for i« = 1,2 (that
means Y; = Z]) such that Z; N Zy is dense in Z;. Let A be a linear operator
on Y7 + Y5 such that the restrictions of —A on Y; and Y5 are generators of bounded
Co-semigroups (respectively), which are denoted by the same symbol e *4. Further-
more, suppose that there exist constants a;, a0 € Rwith0 < as <1 <ajand L >0

such that

(3-3) le™* Bully,

le™* Bully,

< Lt™Yvl|x, t>0,
< Lt™?|vl|x, t>0,
where B is given as above.

The following lemmata are established in [15], [21].

Lemma 3.3. Under Assumption 3.2 and letting 1 € (Z1,Z2)p,1, the following
assertion holds: The function t — ||B'e~*4'¢)||x: belongs to L'(0;00) and

(3.4) / 1B~ dt < L0z 2000

for some constant L.

Lemma 3.4. Suppose Assumption 3.2 holds. Let f € BC(R; X), ¥ € (Z1,Z2)01
and 6 € (0;1) such that 1 = (1—60)ay +60as. Then the equation (3.1) admits a unique
mild solution u satisfying

(35) lu@®lly < Zlfllerx), tER,

for the constant L as in (3.4).

The existence and uniqueness of the weighted pseudo almost automorphic mild
solution to the linear equation (3.1) is stated and proved in the following theorem.

Theorem 3.5. Under Assumption 3.2, let f = g+ ¢ € WPAA(X, o), where
g € AA(X), ¢ € PAAy(X,0), and ¢ € Us. Then, the solution operator f — S(f)

with
t

S ::/ ~=DABF(r)dr, teR,

—o0
maps WPAA(X, p) into itself. This means that the linear equation (3.1) has a unique

o-weighted pseudo almost automorphic mild solution for every inhomogeneous term
f e WPAA(X, o).
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Proof. Since f =g+ ¢ we have

t 1

S()(t) = / e”("ABg(T)dr + / te” (" ABy(7) dr.

— 00 — 00

We prove this theorem in two steps corresponding to g and ¢:
Step 1. With g € AA(X), we show that the function

t
uy (t) == / e"DABg(r)dr, teR,
—0o0
belongs to AA(X). Indeed, by using the change of variable 0 =t — 7, we obtain
oo
up(t) = / e 4 Bg(t —o)do, teR.
0

Let now (¢’,,) be an arbitrary sequence of integer numbers. Since g € AA(X), there
exist a subsequence (0,,) of (¢/,,) and a function h(t) such that

(3.6) h(t) = lim g(t+s,) and g(¢t) = lim h(t— s,)

n— oo n—oo

are well-defined for every t € R. Now fix ¢t € R, we then get

lim g(t — o+ 0,) =h(t —0)

n—oo

for every given o € R. Clearly
ui(t+oy,) = / e "“Bg(t — o +0,)do.
0

Note that by Assumption 3.2, (Zl,Zg)g’1 = (Y7,Y2)p,00. Denoting by (-,-) the dual
pair between (Y1,Y2)g,00 and (Z1, Z2)g,1, we obtain for ¢ € (Z1, Z2)g1 that

(37) |<e*UABg(t — 0o+ O'n)71/)>| = |<g(t — o+ Un); B/efo'A'w>|
< llgtt — 0 + o)l [ B'e4 ] .

By using Lemma 3.3 we obtain

oo o
/0 lg(t = o+ o)l 1Be4 %l do < llgllancx) / |B'e=oA g, do
< EHQHAA(X)||1/}||(Z1,Z2)9)17 Y € (Z1,22)0,1-
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Therefore, the function ||g(t — o + 0, x||B'e=74"%| . is integrable on (0, o), and
so is (e"7ABg(t — o + 0,,), 7). Using now Lebesgue’s dominated convergence theo-

rem, we arrive at

n— oo

i (01 (¢ + 0,). ) = [ (e A By(t — o), ) do i= (ui(0),0)
0
for every ¢t € R and for all ¢ € (Z1, Z2)g1, i€,

w— lim ui(t+o0,) = / e "4 Byg(t — o) do.
0

n—oo

In the same way, we obtain for uj(t) that

w— lim uj(t —o,) = u1(t)
n—oo

for every ¢t € R, which proves that u;(t) € AA(X).
Step 2. In this step, we show that the function us(t) := ffoo e~ (=TABy(1)dr,
t € R, belongs to PAAy(X, o), i.e., we prove that

. 1 /T
lim ——
r—oom(r, o) J_,

Indeed, for all ¢ € (Z1, Z2)g,1 we have

/ ef(sz)ABgo(T) dr

— 00

~CmDABp(r),v)| dro(s) ds

~ m(r0) // (=DAB(7), )| dro(s) ds
m [ ) [ ) (e~ "4 By(r), ¥)| dro(s) ds.

From Lemma 3.3, we get

(3.8)

S
| 1B e um) e dr < Doz,
—00

hence for all € > 0, there exists o € R such that for all » > rg, we have

/ |B'e™ =DM p(r) || x0 d7 < e[l (21, 2)0 -

—00
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Therefore for ||¢||por,x) < M, we have

1 T e (=4 T 7)) dTo(s)ds
69 oo [ [ e Bt vl dres)d

= 1 Q) /_7" /_—r |<SO(7—),B/Q_(S_T)AIQ/)(T)>|d’TQ(S) ds

m(r

1 v /

< — B —(s—7)A . d d

m(r o) //oo le(mllxl|B'e (7 dro(s) ds

h f_rr o(s)ds .
= LMe||[¥ll(z,,22)0, -

On the other hand, using again Lemma 3.3 we obtain the estimate

1 /_7; /_i |<€_(S—T)AB¢(7-), V)| dro(s)ds

m(r, )

eo(s)ds

1 :
< —— 7), B'e= DAY [ dro(s) ds
Ty /_r/_,«'“”( ) 4| dro(s)
1 T S ,
< - B/ —(S—T)A ld d
= | I B s dre(s)as

EH"Z)”(Zl Z2)6,1 "
< — TmEm X
=X m(r, Q) [r H‘)O(S)HX:Q(S) ds

From the fact that ¢ € PAA((X, o), we get

tin 2 [ ol ols) s =0

Hence, there exists r; € R such that for all > 71, then

1
m(r

(3.10) > / / (e~ =14 B(r), )| dro(s) ds < Lellt 2. z0)0

By combining (3.8), (3.9) and (3.10), we get

o).

for all » > max{ro,r1} and all ¢ € (Z1,Z2)p,1. Therefore,

1 T S
: —(s—1)A
tim s [ Betnar

oo

/ (e” "By (), ) dr|o(s) ds < Le(M + D)|[Y 21,220,

—00

o(s)ds = 0.
Y
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4. WEIGHTED PSEUDO ALMOST AUTOMORPHIC SOLUTIONS
TO SEMILINEAR EQUATIONS

In the section we consider the semilinear evolution equation
(4.1) u'(t) + Au(t) = BG(u)(t), te€R,

where A and B satisfy Assumption 3.2 and G maps from BC(R;Y") into BC(R, X).
Similarly to the linear equation (3.1), by a mild solution to (4.1) we mean the
function u € C(R,Y") satisfying the integral equation

(4.2) u(t) = /_ t e DABG(u)(r) dr.

Lemma 3.4 implies that the solution operator S: BC(R; X) — BC(R;Y) defined by

(4.3) S(f)(t) == /t e"=94Bf(s)ds, teR,

— 00

is a bounded operator and ||S|| < L for the constant L appearing in Lemma 3.5.

We need the following assumptions on the function G.

Assumption 4.1. We assume that the operator G: BC(R,Y) — BC(R,X)
maps weighted pseudo almost automorphic functions to weighted pseudo almost au-
tomorphic functions and there are positive constants x and K such that the following
conditions hold.

() IGO0 pow.x) < K/L— (k + K)K.

(i) |G(v) = G)llBemx) < (5 + lullBowy) + VlBo@y)) v —vlBom,y) for
u,v € WPAA(X, o).

Our following result shows the existence of a unique weighted pseudo almost au-
tomorphic solution to the equation (4.1) on WPAA(X, o).

Theorem 4.2. Assume that Assumptions 3.2 and 4.1 hold with K < 1 and
L(K + k) < 1. Let 6 € (0;1) be given such that 1 = (1 — ) + 6az. There exists
a unique weighted pseudo almost automorphic mild solution 4 to the equation (4.1)

in the Banach space WPAA(X, o).

Proof. Denote by B(0, K) the ball centered at 0 with radius K > 0 in the
space WPAA(X, o) and let S be the solution operator of the linearized equation (3.1)
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defined as in (4.3). Then, we define the mapping ® by
v S(G(v)).
Next, we prove that ® maps B(0,K) into itself and is a contraction mapping

on B(0, K). Indeed, we have

t
(Du)(t) = S(Gu)(t) = / e~ =DABG(u)(0) do.

Then, applying Lemma 3.4 and using the conditions (i) and (ii) in Assumption 4.1

we can estimate:

[@(w)| pom,y) < LIGW)l por,x) = LIG(0) + G(u) — G(0)]| pogwr,x)
< L(IGO)]Bow,x) + (5 + [ull Be@ )l e v))
<L %— (/<;+K)K+(/<;+K)K)
=K.

Therefore, ® maps from B(0, K) into itself.
We now show that ® is a contraction mapping. Let u and v belong to the
ball B(0, K). It follows from ||S|| < L and Assumption 4.1 that

[(®@u) — (Pv) || por,y) < LIGW) — G(0)|| L= x)

<
< L(k + [Jull Bew vy + vl Bo®y)llu —vlBor,y)
<

7
L(k+ K)u— vl|Bor,y)
for all u,v € B(0,K). Since L(k + K) < 1, we obtain that ® is a contraction
mapping. Then, the contraction principle yields the existence of a unique fixed point
4 € B(0,K) C WPAA(X, o) of ®. By the definition of ®, @ is a weighted pseudo
almost automorphic mild solution of the equation (4.2) in WPAA(X, o).

In order to prove the uniqueness, we assume that u,v € WPAA(X, o) are two
weighted pseudo almost automorphic mild solutions to (4.2). Then

v — vl Bomy) = [IS(G(u) — G(v))| Ber:v)
< L|G(u) = G(v)||Bow.y)

< L(k + K)||u = v||Bo®w:y)-

By assumption E(/@ + K) < 1, hence the uniqueness of the WPAA solution follows.
U

944



5. STABILITY
To obtain the stability of the solution in the previous section, we need some more
conditions on B’e~*4" and G which are stated in the following assumption.
Assumption 5.1. Assume that there exist the Banach space T' with the dual 7",

the interpolation space (Q1, Q2); ; with the dual (Q1, Qg)’(a~ = @, and the positive

numbers 0 < 51 <1< f2,0 < M such that

IB'e~ ||z < Mt |¢]lq,, t>0,

|B'e™ e < Mt |9l g, ¢ >0,

le™lle < CEWlly, t>0,0<y<1,
<

G(v1) — G(v2) |l L,y < (K + |l1llBer,y) + v2llBo@y)) V1 — v2]BO(R,Q)-

Now, we state and prove the polynomial stability of the WPAA mild solutions
to (4.1) in the following theorem.

Theorem 5.2. Let 4 be the WPAA mild solution to (4.1) obtained in the pre-
vious section. For any other bounded solution u € BC(R,Y) of the semilinear
equation (4.1) we put u(0) = ug, @(0) = to. If ||| pc(r,y) and ||ug — to|ly are small
enough, then we have

(5.1) lu(t) = a(t)lg < Dt ¥t >0,

where D is a positive constant independent of u and .

Proof. We can see that both u(t) and 4(t) satisfy the integral equation
¢
u(t) = e ug + / e~ "IAB(G(u)(r)) dr,
0
¢
a(t) = e g —I—/ e~ TAB(G(a4)(7)) dr.
0
Therefore, putting v := u — 4 we obtain that v satisfies the equation
t
(5.2) v(t) = e ug — 1io) + / e~ UIAB(G(u) () — G(4)(7)) dr.
0
Next, we set M := {v € BC(R4,Y): sup ¢"||Ju(t)||q < oo} endowed with the norm
teRy

[vllar = lvll Bo@.,v) + sup 7o)l q-
teERL
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Now we prove that if ||i| o, ,y) and [|ug — dolly are small enough, then the
equation (5.2) has a unique solution on a small ball of M. Indeed, for v € M, we
consider the mapping v — ®(v) defined by

D(v)(t) := eftA(uo —Gig) + /0 ef(th)AB(G(v +a)(7) — G(a)()) dr.

We set B, :={ve M: |v]|m < o}. We now prove that ® acts from B, to itself and
is a contraction mapping. Clearly, ®(v) € BC(R4,Y’). Moreover,

() (1) =t"e M ug — @) + 7 /0 e"DAB(G(v + 4) (1) — G(a) (7)) dr

:tveitA(uO — ﬁo) +t7 /0 eiTAB(G(U(t - 7—) + ﬁ(t - T)) - G(ﬁ(t - T))) dr

=tTe M (ug — tg) + 7 /0 F(r)dr
where
F(r):= e*TAB(G(v(t —71)+a(t —71)) — Ga(t — 1))).

Using Assumption 5.1 (iii) we have
(5:3) [£7e™ (uo — do)llq = #"lle™* (uo — o)l @ < Clluo — dolly-

For ¢ € (@1, Qg)(@l) we have

o) |( [Fo) arv)|< | 1tF) i dr< [ e aart [ 1EE). 0l

t

|
t/2
From Assumption 5.1 and using the interpolation theorem in the same way as in
Lemma 3.3 we can establish the inequality

o0
—TA’ AT
| 1B bl ar < Rl ang, -

Now, the first integral in (5.4) can be estimated as
t/2 t/2 ’
| 1E@ < 1660 - 1)+ it - 1) - Glate - )l Be A Gl dr
0 0
/2 )
< /0 (5 + ol + 2llallBe@y) vt =)l B'e™™ 4|l2 dr

t\ Y ) 00 Y
S (5) (k+ HUHM+2||U'||BC(R,Y))HUHM/O |B'e™ "4 |7 dr

SN2 (5 + ol + 2lldll sey) vl ¥l @r@e ) -
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From Assumption 3.2 we have || B'e ™4 ¢ < Ot MYl (@1,02)0.1> C > 0 by inter-
polation. Therefore, the second integral in (5.4) can be estimated as

(5.5) /W (F(r), )] dr

< / IG(w(t = 7) + it — 7)) = Gla(t — 7))||7|| B'e™ ™|l 7 dr
t/2

t
< (k4 vl + 2]lall se@ay) vl m // (t=7)(|B'e ™ g dr
t/2

t

< -+ ol + 2Nl s ol | = a7 19l @1 2000,
t

N 2 [t _
< C'(w+ lollar + 20l eyl //Qa—ﬂ 7 Ar¥l@u@a)
t

c2v .
R Y(k A+ [lvllar + 2/l Be@y) Il @1.00) .1, -
Hence,
t
(5.6) / efTAB(G(v(t —71)+a(t—71)) - Ga(t —7)))dr
0 Q

!

C ~ _ N
< (725 + M) 247 (s + el + 2l socey) ol

for all ¢ > 0. Combining (5.3) and (5.6) we obtain that
[@()llar < Clluo = diolly + D'(k + [[vllar + 2]l &l 5o,y [0l ar
for D' = (C"/(1 — )+ N)27 > 0. Therefore, if ||uo— @]y and 4|l o (r,y) are small

enough, the mapping ® maps the ball B, with a small enough radius into itself.
Similarly as above we have the estimate

[@(v1) = @(v2)llmr < D'(26 + [loallar + o2l ar + 4lll Bow,y)) v = vallar,
hence, ® is a contraction mapping. As the fixed point of ®, the function v = u — @

belongs to M. Inequality (5.1) hence, follows and we obtain the stability of the small
solution 4. The proof is completed. Il
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6. APPLICATIONS
6.1. Navier-Stokes equations on exterior domains. We consider the Navier-
Stokes equations on exterior domains Q C R? with C3-boundary 0€2:
ur+ (uV)u — Au+ Vp=divF in Q x R,
(6.1) u=0 in 00 x R,
Vu=0 in Q x R.

Applying the Helmholtz projection P we obtain the equation
(6.2) us + Au=Pdiv(—u®@u+ F) in Q xR,

where A := —PA denotes the Stokes operator on L3 (). The L™?— LP*? smoothing
properties of the Stokes semigroup on an exterior domain with C®-boundary are well-
known (see, e.g., [26], Theorem 2.2 and [7], Proposition 6.6). Therefore, we can see
that Assumptions 3.2 and 5.1 are fulfilled for all » > 3 and

B=Pdiv, X =LY% Y=L (Q, Q=L ,(Q), T=LIfY5(Q).
Then, for a second-order tensor F' € BC(R, X), we consider the linear problem
(6.3) us+ Au=PdivF(t) on QxR
and the semilinear problem
(6.4) us + Au = PdivG(u)(t) on Q x R,
where G(u)(t) = —u(t) ® u(t) + F(¢).
By using Holder’s inequality, we have the estimate
[G(u) = G)llBom,x) < [[u®@u—v®@v|Bomx)
< [(u —v) @ ullpow,x) + v @ (u — V)| Bor.x)
< (luller,yy + vl Be@y)llu —vlBor,y)-
Furthermore,
IGO)l Lo (r,x) = [[F'll oo (®,x)-
This shows that for || F[| e, x) < K/L — K? we obtain that G(-) satisfies Assump-
tion 4.1 with £ = 0. Next, we have
[G(u) — GO)|lBowr) = lu®@u—v&@V|Bo®T)
< (u—v) ®ullpomr) + [[v® (u—v)||Bo®,T)
< (lullBew,yy + vl Be@y)) v — vl Bor,q)-

Hence, G(-) satisfies the condition for G in Assumption 5.1.
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Considering the solution operator

t

S(F)(®) ::/ o~ -DApdiy P(s)ds, € R,

—0o0

we have
IS(G)lsey) < L(lu® ull so@.x) + 1Pl Bo.x))
< E(K2 + = - KQ) =K for [lulporx) < K.

Applying Theorems 4.2 and 5.2 with the ‘connection’ operator

B = Pdiv, X =L¥*Q**, Y=L%,(9),
1 3
=L" (), T=LU+3)/3Q =- -
Q o',w( )5 o,w ( )5 Y 2 27’7
we obtain the following results on the existence and polynomial stability of the
WPAA mild solutions of the Navier-Stokes equations on exterior domains.

Theorem 6.1. Let F € BC(R, LY/?(Q)3*3).
(a) If F is weighted pseudo almost automorphic function, then there exist a WPAA
mild solution & € WPAA(L} (), 0) of (6.3) and a constant L > 0 such that

il Ber,yy < LIF|lo®,x)-

(b) If F € WPAA(LY?(Q)*3, o) satisfies
K
1F|| oo (r, x) < 7 K?

for positive constants K, L satisfying LK < 1, then the equation (6.4) admits
a unique mild solution « € WPAA(Y = L} (), ¢) such that ||i| por,x) < K.

(¢) The small WPAA solution 4 of (6.4) is stable in the sense that for any other
bounded mild solution v € BC(R; L% ,(Q)) of (6.4), if the [[u(0) — a(0)[|y is
small enough, then we have

u(t) — a(t)|| o < Ct=(/273/Cm)
forr >3 andt > 0.

An example of a driving force F' which is WPAA can be taken as follows: Let
H € BC(R, L¥? (£2)3%3), then a (second-order) tensor function of the form

1
F(t) = [sin(
®) 2+cost—|—cosx/§t

(with a # 0) is a WPAA function.

) +e el H ()

949



We would like to remark that, since almost periodic functions or (pseudo) almost
automorphic functions are also WPAA functions, our results cover previous results
obtained for almost periodic or (pseudo) almost automorphic functions in [13], [14],
[15], [22], [23], [26]. Moreover, our results pave the way for complicated driving forces
to come into the play.

6.2. Navier-Stokes flows around rotating obstacles. In this subsection we
consider the Navier-Stokes flows around a rotating obstacle in R? described by the
equations

u+ (uV)u—Au— (( x z)Vu+(xu+Vp=divF in Q x (0,00),
(6.5) Vu=0 in  x (0, 00),
u=¢xz ondNx (0,00),
where ( = (0,0,a) is a constant vector representing the angular velocity of the

rotation around the xs-axis of an obstacle D C R? with the complement Q = R3\ D.
As in [21], to handle (6.5) we consider the stationary problem

WV —Av—((xz)Vv+{(xv+Vp=0 in 2 x (0, 00),
Vv =0 in €,
(6.6) v=_(xxz on 0L,
lim v(z) =0.
|| =00

Next, by putting © = z + v where v is the solution of (6.6) (the existence of v was
proved in [11]), we obtain that « fulfills (6.5) if and only if 2 satisfies

22+ (2V)z —Az— (( xz)Vz 4+ x 2
+(wV)z+ (2V)r+Vp=divF in Q x (0,00),

Vz=0 in Q x (0, c0),
(6.7) 2=0 on 08 x (0, 00),
Zlt=0 = up — v in £,
lim z=0.
x| —o00

We define the operator A by

D(A) :={u e LL(Q) NW?"(Q): ulpg =0 and (¢ x 2)Vu € L"(Q)},
Au = —P[Au+ (w x 2)Vu — ¢ x u] for u € D(A).
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Applying the Helmholtz projection to this equation we obtain

21+ Az=Pdiv(—2®@z—vRz—2Qv+F),
(6.8)

’U,lt:o =20 € Lg’w(ﬂ).

Weset G(z) ' = —202z—v®z—2Qv+F. Putting X := LE’,/Q(Q)3X3 andY = Lg}w(Q),
by Holder’s inequality we have

1G(21) = G(22)llBer.x) < ([21lloo,d0 + (221000 + 2C1CD 121 = 22|00,

Furthermore,

IG(0)|| oo r,x) = [IFll oo (r, x)-
Therefore, for ||F|[f®,x) < K/L — (2C|¢| + K)K we have that G satisfies As-
sumption 4.1 with k = 2C|(|. Similarly, G satisfies the corresponding condition in
Assumption 5.1. Next, the solution operator

S(F)(®) ::/ o~ -DAp iy P(s)ds, € R,

— 00

satisfies

1S(G())lBew.y)
L(||z ® 2|l e, x) + [V @ 2|l Bom,x) + |12 @ V| Bew,x) + | FllBo®,x))
L

<
< L(K? 4+ 2KC[¢| + | Fllpor,x)) < K

for KL < 1 and |F|pow.x) < K/L — K? —2KC|(|.
The L™? — LP4 estimates are valid for (e=*4),cp, , see [16]. Then the conditions

in Assumptions 3.2 and 5.1 are valid with

B = Pdiv, X =L¥*Q**, v=L%,9Q),
. 1 3
— I 9) T = L(r+3)/3r 9) - - _ 2
Q=1I5.(®) CEIQ), y =5 -
Applying Theorems 4.2 and 5.2, we obtain the following results on the existence
and polynomial stability of the WPAA mild solutions to the Navier-Stokes equations
around rotating obstacles in R3.

Theorem 6.2. Let F € BC(R, L¥/?(Q)3<3).
(a) If F is a WPAA function, then there exist a WPAA mild solution 4 €
WPAA(L} (), 0) of (6.3) and a constant L > 0 such that

Il Ber,yy < LIF|o®,x)-
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(b) If F €e WPAA( 3/2(9)3%, o) satisfies

K
1Fl oo (r,x) < 7 K? —2KC|(|

for the constants K, L and |¢| fulfilling L(K +2C|(|) < 1, then the equation (6.4)
admits a unique mild solution & € WPAA(L3 (), 0) such that |4 < K.
Moreover, this small WPAA solution 4 is stable in the sense that for any other
bounded solution u € BC(R; L () to (6.4) if |[u(0) —@(0)||y is small enough,
then we have

Ju(t) = t) I < CE=/23/C0D)

forr >3 andt > 0.

6.3. Navier-Stokes equations in Besov spaces. We now consider the Navier-
Stokes equations on R? in the framework of Besov spaces:
(6.9) ug + (uV)u — Au+Vp=divF in R? x R,
' Vu=0 in R? x R.

From [1], Lemmata 2.3, 2.4 we have the smoothing estimates.

Lemma 6.3. Let 1 < p < 00,1 < g < oo ando, ™€ R such that o > 7. Then
there is a C > 0 such that

(6.10) 164l qgay < O 2 g,
Ve fllg, (RY) < OO £l 5, (RY).
By [1], Proposition 2.20 we have the following embedding result: Let s € R,

g € [1,00] and p1, p2 € [1,00] such that p; < ps. Then there is a constant C' > 0
such that

||u| B;;Z(l/m—l/m) < CHU'HB;H .

»d

Moreover, from [15] we have the following lemma.

Lemma 6.4. Let p € [2,d) and s = d/p— 1. Then there is a constant C' > 0 such
that

(6.11) |lu® ’UHB;; < Cffu| B;WHW B

More generally, for o € (1,00), u € BS’OO([Rd), v E BZ’OO(R‘I) it holds

(6.12) @ vll sy < C'llull sy _ ol _ oo

;00
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Using the Helmholtz projection, the equation (6.9) may be rewritten as

u'(t) + Au(t) = PG(u), te Ry,
013 () + Au) = PG(u), 1€ R,
u(0) = wuy,
where A := —PA and G(u) := div(v® u) + F. As previously, by a mild solution

of (6.13) we mean a function u satisfying the integral equation
t
u(t) = e Hug + / e~ DAPdiv Gu)(r)dr, t > 0.
0

Put X = B;;g([Rd)dXd, Y = B;OO([Rd). Then, for s = d/p — 1 from Lemma 6.4 and
the fact that the operator div maps B;,q continuously to B;;Il it follows that

[G(u1) — G(uz)||Bor,x) < Cd,p)(|urll Bow,y) + luzll Bewy))llur — vzl Bor,y)-

Moreover,
1G(0) Bem,x) = |FllBo®,x)-

Thus, for [|F| pomr,x) < K/L—C(d, p)K? we obtain that G satisfies Assumption 4.1
with k = 0. Similarly, putting T = B;fog([Rd), Q = B’

.00 (RY) and using again

Lemma 6.4 we have

G (u1) — G(u2)”BC(R,T) < C/(dap)(”ul”BC(R,Y) + ||U2||BC([R,Y))||U1 - u2||BC([R,Q)~

Hence, the corresponding condition on G in Assumption 5.1 is satisfied.
As previously, the solution operator

t
S(F)(®) ::/ o~t=DAp iy F(s)ds, € R,

—00

fulfills

[S(G ()l Bor,y) (lu ® ullper,x) + IFllBo®,x))

<L
< L(C(d,p)K* + ||F || por,x)) < K

for KLC(d.p) < 1 and |[F|lpeqe ) < K/L - C(d,p)K*.
Applying Theorems 4.2 and 5.2 for
B=P, X=B2RH)™ y=5B5 _(RY), Q=B (RY), T=B5B_2R%,

we obtain the following result on the boundedness, stability, and weighted pseudo
almost automorphy of mild solutions to the equation (6.13).
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Theorem 6.5. Let F € BC(R, BsZ2(R%)4x4).
(a) If F is a WPAA function, then there exists a WPAA mild solution @ €
WPAA(B;OO(Rd, 0) to the equation (6.13) such that

lall or,y) < Z||F||BC(R,X) for some constant L > 0.

(b) If F € WPAA(B;Z2(R4)4%4, p) satisfies
K
1F|l e x) < 7 C(d,p)K*

for the constants K, L fulfilling EKC’(d,p) < 1, then the equation (6.13) admits
a unique mild solution & € WPAA(B;OO(Rd), o) such that ||4|| < K. Further-
more, this WPAA solution 4 is stable in the sense that for any other bounded
solution u € BC(R; B;’W(Rd)) of (6.13) if ||u(0) — @(0)||y is small enough, then

||U’(t) - ﬁ(t)”Q < Ct7(1/2*5/(2r))

forr > s andt > 0.
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