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Abstract. We introduce and study the concepts of weak n-injective and weak n-flat
modules in terms of super finitely presented modules whose projective dimension is at
most n, which generalize the n-FP-injective and n-flat modules. We show that the class
of all weak n-injective R-modules is injectively resolving, whereas that of weak n-flat
right R-modules is projectively resolving and the class of weak n-injective (or weak n-flat)
modules together with its left (or right) orthogonal class forms a hereditary (or perfect
hereditary) cotorsion theory.
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1. Introduction

Throughout this paper, R denotes an associative ring with identity and an

R-module will always mean a left R-module unless stated otherwise. For any

R-module N , pdRN denotes the projective dimension of N . Denote by R-Mod

(or Mod-R), the category of left (or right) R-modules and we use M+ to denote the

character module HomZ(M,Q/Z).

In 1970s, Stenström in [9] extended the injective modules to FP-injective modules

and characterized coherent rings in terms of FP-injective modules. In 2002, Lee in [7]

introduced and studied the notions of n-flat and n-FP-injective (or n-absolutely pure)

modules. Further, Yang and Liu [10] studied these modules well and gave some nice
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characterizations of n-coherent rings in terms of n-flat and n-FP-injective modules.

Recently in [6], Gao et al. introduced and studied the notions of weak injective

and weak flat modules, which are generalizations of FP-injective and flat modules,

respectively. Inspired by the above works, we introduce and study the notions of weak

n-injective and weak n-flat modules, which are generalizations of n-FP-injective and

n-flat modules, respectively. This paper is organized as follows.

In Section 2, we present some known definitions and terminologies in order to use

them in the following sections.

In Section 3, we investigate some homological properties of weak injective and

weak flat modules. Further, we prove that the class of all weak injective R-modules

is injectively resolving, whereas that of weak flat right R-modules is projectively

resolving, and we show that the class of all weak injective (or weak flat) modules

together with its left (or right) orthogonal class forms a hereditary (or perfect hered-

itary) cotorsion theory.

In the last section, we introduce and study the notions of weak n-injective and

weak n-flat modules, which are the generalizations of n-FP-injective and n-flat

modules, respectively. We see that the principal results on weak injective and weak

flat modules remain true for weak n-injective and weak n-flat modules. Further, we

show that the class of all weak n-injective (or weak n-flat) left (or right) R-modules

is closed under direct sums, direct products, direct limits, pure submodules and it

is an injectively (or a projectively) resolving class.

2. Preliminaries

In this section, we first recall some known definitions and terminologies which will

be needed in the sequel.

Let C be a class of R-modules in R-Mod. By a left orthogonal class of C (denoted

by ⊥C) we mean the class of all R-modules F such that Ext1(F,C) = 0 for every

C ∈ C and by a right orthogonal class of C (denoted by C⊥) we mean the class of

all R-modules F such that Ext1(C,F ) = 0 for every C ∈ C. A pair of classes of

R-modules (F , C) is called a cotorsion theory if F⊥ = C and ⊥C = F . A cotorsion

theory (F , C) is said to be complete if for every R-module A there is an exact sequence

0 → C → F → A → 0 such that F ∈ F and C ∈ C. A cotorsion theory (F , C) is said

to be hereditary if the following statement holds: if 0 → F ′ → F → F ′′ → 0 is exact

with F, F ′′ ∈ F , then F ′ ∈ F .

Let C be a class of R-modules in R-Mod. We say that C is projectively resolving

if it contains all projective modules and for any short exact sequence 0 → A → B →

C → 0 with C ∈ C, the conditions A ∈ C and B ∈ C are equivalent. Also we say

that C is injectively resolving if it contains all injective R-modules and for any short
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exact sequence 0 → A → B → C → 0 with A ∈ C, the conditions B ∈ C and C ∈ C

are equivalent.

Recall that an R-module M is called FP-injective if Ext1R(N,M) = 0 for every

finitely presented R-module N .

Definition 2.1 ([7]). Let n be a nonnegative integer. An R-module M is called

n-FP-injective if Ext1R(N,M) = 0 for every finitely presented R-module N with

pdRN 6 n. A right R-moduleM is called n-flat if TorR1 (M,N) = 0 for every finitely

presented left R-module N with pdRN 6 n.

Definition 2.2 ([5]). An R-module M is said to be super finitely presented if

there exists an exact sequence of R-modules

. . . → Pn → . . . → P1 → P0 → M → 0,

where each Pi is finitely generated and projective.

Remark 2.1. (See [1].) Note that every super finitely presented R-module is

finitely presented but the converse is not true in general. Also, every finitely pre-

sented R-module is super finitely presented if and only if R is a coherent ring.

Definition 2.3 ([8], Definition 6.3.1). A cotorsion pair (A,B) in an Abelian

category C is said to be cogenerated by a set of objects S ⊆ A if B = S⊥.

Theorem 2.1 ([8], Theorem 6.3.8, (Eklof and Trlifaj Theorem)). Let (A,B) be a

cotorsion pair in a Grothendieck categoty C with (functorially) enough projectives.

If (A,B) is cogenerated by a set S ⊆ A , then (A,B) is (functorially) right complete.

3. Weak injective and weak flat modules

In this section, we investigate some homological properties of weak injective and

weak flat modules, and we show that the class of all weak injective (or weak flat)

modules together with its left (or right) orthogonal class forms a hereditary (or per-

fect hereditary) cotorsion theory.

Definition 3.1 ([6]). An R-moduleM is called weak injective if Ext1R(N,M) = 0

for every super finitely presented R-module N . A right R-module M is called weak

flat if TorR1 (M,N) = 0 for every super finitely presented R-module N .

Remark 3.1 ([6]).

(1) It is clear that every FP-injective left R-module is weak injective and every flat

right R-module is weak flat. Further, over a left coherent ring R, the class of all
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weak injective modules coincides with that of FP-injective modules as well as the

class of all weak flat right R-modules coincides with that of flat right R-modules.

(2) Note that the class of all weak injective R-modules is closed under direct limits

by [6], Proposition 2.6. The fact that the class of all weak flat right R-modules

is closed under direct limits follows from the standard isomorphism:

TorR1 (lim−→Mi, N) ∼= lim−→TorR1 (Mi, N)

for any left R-module N .

The following results have been obtained from [4], Proposition 2.6.

Proposition 3.1. Let 0 → M1 → M2 → M3 → 0 be an exact sequence of

R-modules. Then the following hold.

(1) If M1 and M2 are weak injective, then M3 is weak injective.

(2) If M1 and M3 are weak injective, then M2 is weak injective.

Proposition 3.2. The class of all weak injective R-modules is injectively resolving

and closed under direct summands.

P r o o f. Since every FP-injective R-module is weak injective by Remark 3.1, the

class of all weak injective modules contains all injective R-modules. Hence, the class

of all weak injective R-modules is injectively resolving by Proposition 3.1 and it is

closed under direct summands by the additivity of the bifunctor Ext1R(·, ·). �

The following results have been obtained from [4], Proposition 2.6.

Proposition 3.3. Let 0 → M1 → M2 → M3 → 0 be an exact sequence of right

R-modules. Then the following hold.

(1) If M2 and M3 are weak flat, then so is M1.

(2) If M1 and M3 are weak flat, then so is M2.

Proposition 3.4. The class of all weak flat right R-modules is projectively re-

solving and closed under direct summands.

P r o o f. Since every flat rightR-module is weak flat by Remark 3.1, the class of all

weak flat right R-modules is projectively resolving by Proposition 3.3. On the other

hand, it is closed under direct summands by the additivity of the bifunctor TorR1 (·, ·).

�
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We denote by WF (or WI) the class of all weak flat (or weak injective) right

(or left) R-modules.

Proposition 3.5. The following statements are equivalent for any ring R.

(1) Every weak flat right R-module is flat.

(2) Every cotorsion right R-module belongs to WF⊥.

(3) Every weak injective left R-module is FP-injective.

(4) Every finitely presented left R-module belongs to ⊥WI.

P r o o f. (1) ⇔ (2) Suppose every weak flat right R-module is flat. Let C be

a cotorsion right R-module. Then Ext1(F,C) = 0 for all F ∈ F , where F is the

class of all flat right R-modules, and hence Ext1(F,C) = 0 for all F ∈ WF . Thus,

C ∈ WF⊥. Conversely, we suppose that F⊥ ⊂ WF⊥. Notice that the last inclusion

is an equality since F ⊂ WF .

(1) ⇒ (3) Let M be any weak injective left R-module. Then M+ is weak flat

by [6], Proposition 2.10, and so M+ is flat by (1). On the other hand, for any

finitely presented R-module N , there is an exact sequence

TorR1 (M
+, N) → Ext1R(N,M)+ → 0

by [2], Lemma 2.7 (1). Thus, Ext1R(N,M) = 0 and hence M is FP-injective.

(3) ⇒ (1) is clear from the notion of orthogonal classes.

(3) ⇔ (4) We denote the class of all FP-injective left R-modules by FP . If

WI ⊂ FP, then we obtain that every finitely presented R-module is in ⊥WI. Con-

versely, if every finitely presented R-module belongs to ⊥WI, then by the definition

of FP-injective R-module, we deduce that WI ⊂ FP. �

Proposition 3.6. The following statements hold for any ring R.

(1) If M is a weak injective R-module and A is any pure submodule of M , then

M/A is weak injective.

(2) If M is a weak flat right R-module and A is any pure submodule of M , then

M/A is weak flat.

P r o o f. (1) Since the class of weak injective modules is closed under pure quo-

tients, the result can be obtained from [6], Proposition 2.9 (2) and [4], Proposi-

tion 2.6 (1).

(2) is trivial. �

Theorem 3.1. The following statements are true for any ring R.

(1) (⊥WI,WI) is a hereditary cotorsion theory.

(2) (WF ,WF⊥) is a perfect hereditary cotorsion theory.
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P r o o f. (1) It follows directly from the definition of cotorsion theory and the fact

that WI is the right orthogonal class of the super finitely presented modules.

(2) Let Card(R) 6 ℵβ and F ∈ WF . Then we can write F as a union of

a continuous chain (Fα)α<λ of pure submodules of F such that Card(F0) 6 ℵβ

and Card(Fα+1/Fα) 6 ℵβ whenever α + 1 < λ. If N is an R-module such

that Ext1(F0, N) = 0 and Ext1(Fα+1/Fα, N) = 0 whenever α + 1 < λ, then

Ext1(F,N) = 0 by [3], Theorem 7.3.4. Since Fα is a pure submodule of F for any

α < λ, we have Fα ∈ WF by [6], Proposition 2.9. Further, Fα is a pure submodule

of Fα+1 whenever α + 1 < λ, and so Fα+1/Fα ∈ WF by Proposition 3.6. Let X

be a set of representatives of all modules C ∈ WF with Card(C) 6 ℵβ . Then

X⊥ = WF⊥. Hence, (WF ,WF⊥) is a cotorsion theory and it is cogenerated by the

set X ; see Definition 2.3. Therefore, by Theorem 2.1, (WF ,WF⊥) is a complete co-

torsion theory. Since WF is closed under direct limits by Remark 3.1, the cotorsion

pair (WF ,WF⊥) is perfect by [3], Theorem 7.2.6. On the other hand, (WF ,WF⊥)

is hereditary by Proposition 3.3. �

4. Weak n-injective and weak n-flat modules

In this section, we introduce the notions of weak n-injective and weak n-flat mod-

ules, which are generalizations of n-FP-injective and n-flat modules. We see that

the principal results on weak injective and weak flat modules remain true for weak

n-injective and weak n-flat modules.

Definition 4.1. Let n be a nonnegative integer. An R-moduleM is called weak

n-injective if Ext1R(N,M) = 0 for any super finitely presented R-module N with

pdRN 6 n. A right R-module M is called weak n-flat if TorR1 (M,N) = 0 for any

super finitely presented R-module N with pdRN 6 n.

Remark 4.1.

(1) Because every super finitely presented R-module whose projective dimension at

most n is a finitely presented R-module with projective dimension at most n,

every n-FP-injective (or n-flat right) R-module is weak n-injective (weak n-flat).

(2) Over a left coherent ring R, the class of all super finitely presented R-modules

coincides with that of finitely presented R-modules and so the class of all

weak n-injective (or weak n-flat right) R-modules coincides with that of

n-FP-injective (or n-flat right) R-modules.

From the definitions of weak n-injective and weak n-flat modules, we immediately

get the following proposition.
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Proposition 4.1. Let R be any ring and {Mi}i∈I be any family of R-modules.

Then the following statements hold:

(1)
∏

Mi is weak n-injective if and only if each Mi is weak n-injective.

(2)
⊕

Mi is a weak n-flat right R-module if and only if each Mi is a weak n-flat

right R-module.

(3)
⊕

Mi is weak n-injective if and only if each Mi is weak n-injective.

P r o o f. (1) and (2) follows from the standard isomorphisms

Ext1R

(

N,
∏

Mi

)

∼=
∏

Ext1R(N,Mi) and TorR1

(

⊕

Mi, N
)

∼=
⊕

TorR1 (Mi, N),

respectively.

(3) Since the isomorphism

Ext1R

(

N,
⊕

Mi

)

∼=
⊕

Ext1R(N,Mi)

is true for every finitely presented R-module N , the result follows. �

Proposition 4.2. Let n be a nonnegative integer and R be any ring. Then:

(1) The class of all weak n-injective R-modules is closed under direct limits.

(2) The class of all weak n-flat R-modules is closed under direct limits.

P r o o f. (1) Let {Mi}i∈I be a family of weak n-injective R-modules and N be any

super finitely presented R-module. Then by [6], Lemma 2.4, we have the following

isomorphism:

Ext1R(N, lim−→Mi) ∼= lim−→Ext1R(N,Mi).

Since Mi is weak n-injective for every i, we have Ext1R(N,Mi) = 0 for all super

finitely presented R-modules N with pdRN 6 n. Hence, {Mi}i∈I is closed under

direct limits.

(2) It follows from the isomorphism

TorR1 (lim−→Mi, N) ∼= lim−→TorR1 (Mi, N)

for any family of right R-modules Mi and any left R-module N . �

The relationship between weak n-injective and weak n-flat modules is the

following:

Proposition 4.3. A right R-moduleM is weak n-flat if and only ifM+ is a weak

n-injective left R-module.

P r o o f. It follows from the standard isomorphism Ext1R(N,M+) ∼= TorR1 (M,N)+

for any left R-module N . �

919



Proposition 4.4. Let R be any ring. Then the following statements hold:

(1) The class of all weak n-injective R-modules is closed under pure submodules.

(2) The class of all weak n-flat right R-modules is closed under pure submodules.

P r o o f. (1) LetM be a weak n-injective R-module andM1 be any pure submod-

ule of M . Then there exists a short exact sequence

0 → M1 → M → M/M1 → 0,

which induces the exact sequence:

HomR(N,M) → HomR(N,M/M1) → Ext1R(N,M1) → 0

for any super finitely presented R-module N with pdRN 6 n. Since M1 is a pure

submodule of M , we have the following exact sequence:

HomR(N,M) → HomR(N,M/M1) → 0.

Hence, Ext1R(N,M1) = 0 and hence M1 is weak n-injective.

(2) Let A be any pure submodule of a weak n-flat right R-module M . Then there

exists a pure exact sequence

0 → A → M → M/A → 0,

which induces a split exact sequence

0 → (M/A)+ → M+ → A+ → 0.

By Proposition 4.3, M+ is a weak n-injective R-module. Since A+ is isomorphic to

a direct summand of M+, A+ is weak n-injective by Proposition 4.1 (2). Therefore,

A is weak n-flat by Proposition 4.3. �

Proposition 4.5. An R-moduleM is weak n-injective if and only ifM+ is a weak

n-flat right R-module.

P r o o f. The proof is similar to that of [6], Theorem 2.10. �

Proposition 4.6.

(1) An R-module M is weak n-injective if and only if M++ is weak n-injective.

(2) A right R-module M is weak n-flat if and only if M++ is weak n-flat.

P r o o f. It follows from Propositions 4.3 and 4.5. �

In [7], Theorem 5, it is proved that the direct product of n-flat right R-modules

is n-flat if and only if R is a left n-coherent ring. Over an arbitrary ring R, we have

the following proposition for weak n-flat right R-modules.
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Proposition 4.7. Let R be any ring. Then the following statements hold:

(1) Any direct product of weak n-flat right R-modules is weak n-flat.

(2) Any direct product of copies of R is a weak n-flat right R-module.

P r o o f. The proof is similar to that of [6], Theorem 2.13. �

Proposition 4.8. Let R be any ring. Then every right R-module has a weak

n-flat preenvelope.

P r o o f. LetM be any right R-module. By [3], Lemma 5.3.12, there is an infinite

cardinal ℵα such that for any R-homomorphism f : M → L with L weak n-flat, there

is a pure submodule K of L such that Card(K) 6 ℵα and f(M) ⊆ K. Since K is

weak n-flat by Proposition 4.4,M has a weak n-flat preenvelope by Proposition 6.2.1

of [3] and Proposition 4.7. �

Proposition 4.9. The following statements are equivalent for a ring R.

(1) R is weak n-injective as a left R-module.

(2) Every right R-module has a monic weak n-flat preenvelope.

(3) Every injective right R-module is weak n-flat.

(4) Every flat left R-module is weak n-injective.

P r o o f. (1) ⇒ (2) Let M be a right R-module. By Proposition 4.8, M has

a weak n-flat preenvelope f : M → L. Since (RR)+ is a cogenerator in the category

of right R-modules, there is an exact sequence 0 → M →
∏

(RR)+. Since RR

is weak n-injective left R-module by assumption, we have that (RR)+ is a weak

n-flat right R-module by Proposition 4.5. It follows that
∏

(RR)+ is weak n-flat by

Proposition 4.6. Thus, f is monic and henceM has a monic weak n-flat preenvelope.

(2) ⇒ (3) Let I be any injective right R-module. By (2), there exists an exact

sequence 0 → I → F → N → 0, where I → F is a weak n-flat preenvelope with F

weak n-flat. Since I is injective, the short exact sequence splits and hence I is a direct

summand of F . Therefore, I is weak n-flat by Proposition 4.1.

(3)⇒ (4) LetM be a flat left R-module. ThenM+ is an injective right R-module.

Thus M+ is weak n-flat by hypothesis. This implies that M is weak n-injective by

Proposition 4.5.

(4) ⇒ (1) Since RR is flat, RR is weak n-injective by hypothesis. �

Proposition 4.10.

(1) An R-module M is weak n-injective if and only if ExtiR(N,M) = 0 for all i > 1

and for any super finitely presented R-module N with pdRN 6 n.
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(2) A right R-module M is weak n-flat if and only if TorRi (M,N) = 0 for all i > 1

and for any super finitely presented R-module N with pdRN 6 n.

P r o o f. The proof is similar to that of [6], Proposition 3.1. �

The following proposition is a direct consequence of Proposition 4.10.

Proposition 4.11. Let 0 → M1 → M2 → M3 → 0 be an exact sequence of

R-modules. Then the following statements hold.

(1) If M1 and M2 are weak n-injective, then M3 is weak n-injective.

(2) If M1 and M3 are weak n-injective, then M2 is weak n-injective.

Proposition 4.12. The class of all weak n-injective R-modules is injectively re-

solving and closed under direct summands.

P r o o f. If we denote by A the class of super finitely presented modules with

projective dimension at most n, then we have thatWIn, the class of weak n-injective

R-modules, is equal to

A⊥∞ := {N ∈ R-Mod : Exti(A,N) = 0 for every A ∈ A and every i > 0}.

Such orthogonal classes are always injectively resolving and closed under direct sum-

mands. �

Proposition 4.13. Let 0 → M1 → M2 → M3 → 0 be an exact sequence of right

R-modules. Then the following statements hold.

(1) If M2 and M3 are weak n-flat, then so is M1.

(2) If M1 and M3 are weak n-flat, then so is M2.

P r o o f. (1) Suppose 0 → M1 → M2 → M3 → 0 is an exact sequence of right

R-modules. Then for any left R-module N we have the following long exact sequence:

. . . → TorR2 (M3, N) → TorR1 (M1, N) → TorR1 (M2, N) → TorR1 (M3, N) → . . . .

Since M2 and M3 are weak n-flat right R-modules, by Proposition 4.10 (2), we

have that TorRi (M2, N) = 0 = TorRi (M3, N) for any i > 1 and any super finitely

presented R-module N with pdRN 6 n. This implies that TorR1 (M1, N) = 0 for

any super finitely presented R-module N with pdRN 6 n. Therefore, M1 is a weak

n-flat R-module.

(2) is trivial. �

Proposition 4.14. The class of all weak n-flat right R-modules is projectively

resolving and closed under direct summands.
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P r o o f. Since every flat right R-module is weak n-flat by Remark 4.1, the class

of weak n-flat right R-modules is projectively resolving by Proposition 4.13. On

the other hand, it is closed under direct summands by the additivity of the bifunc-

tor TorR1 (·, ·). �

We denote by WFn (or WIn) the class of all weak n-flat (or weak n-injective)

right (or left) R-modules. Recall from [3] that an R-module M is called cotorsion if

Ext1(F,M) = 0 for all flat R-modules F .

Proposition 4.15. The following statements are equivalent for any ring R.

(1) Every weak n-flat right R-module is flat.

(2) Every cotorsion right R-module belongs to WF⊥

n .

(3) Every weak n-injective left R-module is FP-injective.

(4) Every finitely presented left R-module belongs to ⊥WIn.

P r o o f. The proof is similar to that of Proposition 3.5. �

Proposition 4.16. The following statements hold for any ring R.

(1) If M is a weak n-injective R-module and A is any pure submodule of M , then

M/A is weak n-injective.

(2) If M is a weak n-flat right R-module and A is any pure submodule of M , then

M/A is weak n-flat.

P r o o f. The proof is similar to that of Proposition 3.6. �

In [10], Theorem 2.1, it is proved that the class of all n-FP-injective modules

(or n-flat modules) together with its left (or right) orthogonal class forms a complete

cotorsion (or perfect cotorsion) theory. For the classes of weak n-injective and weak

n-flat modules we have the following theorem.

Theorem 4.1. The following statements hold for any ring R.

(1) (⊥WIn,WIn) is a hereditary cotorsion theory.

(2) (WFn,WF⊥

n ) is a perfect hereditary cotorsion theory.

P r o o f. (1) It is clear that WIn ⊆ (⊥WIn)
⊥. Now let X ∈ (⊥WIn)

⊥ and N

be any super finitely presented R-module with pdRN 6 n. Then N ∈ ⊥WIn. This

gives that Ext1R(N,X) = 0, and henceX ∈ WIn. Thus, (
⊥WIn,WIn) is a cotorsion

theory. On the other hand, consider the short exact sequence

0 → A → B → C → 0

with B and C in ⊥WIn. Then for any R-moduleM we have the following long exact

sequence:

. . . → Ext1R(C,M) → Ext1R(B,M) → Ext1R(A,M) → Ext2R(C,M) → . . . .
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Since ExtiR(C,M) = 0 = ExtiR(B,M) for all i > 1 and for all weak n-injective

R-modules M by Proposition 4.10, we have Ext1R(A,M) = 0 for all weak n-injective

R-modules M . This gives that A ∈ ⊥WIn. Therefore, the cotorsion pair

(⊥WIn,WIn) is hereditary.

(2) The proof is similar to that of Theorem 3.1 (2). �

Proposition 4.17. The following conditions are equivalent:

(1) every left R-module is weak n-injective;

(2) every cotorsion left R-module is weak n-injective;

(3) every right R-module is weak n-flat;

(4) every cotorsion right R-module is weak n-flat;

(5) every right R-module in WF⊥

n is injective;

(6) every left R-module in ⊥WIn is projective.

P r o o f. (1) ⇒ (2) and (3) ⇒ (4) are obvious.

(2) ⇒ (3) Let M be any right R-module. Then M+ is a cotorsion left R-module

by [3], Lemma 5.3.23. Thus, M+ is weak n-injective by (2). Therefore, M is weak

n-flat by Proposition 4.3.

(4) ⇒ (1) Let M be a left R-module. Then M+ is a cotorsion right R-module

by [3], Lemma 5.3.23 and so M+ is weak n-flat by (4). Hence, M is weak n-injective

by Proposition 4.5.

(3) ⇔ (5) and (1) ⇔ (6) follow from Theorem 4.1 �
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