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Abstract. Given a graph G, let f(G) denote the maximum number of edges in a bipartite
subgraph of G. Given a fixed graph H and a positive integer m, let f(m,H) denote the
minimum possible cardinality of f(G), as G ranges over all graphs on m edges that contain
no copy of H. In this paper we prove that f(m,0 ) > %m + Q(m(2k+1)/(2k+2)), which
extends the results of N.Alon, M. Krivelevich, B.Sudakov. Write K} and Kj ; for the
subdivisions of Kj and K¢s. We show that f(m,K},) > %m + Q(m(5k78)/(6k710)) and
fim,K{ ) > $m + Q(m®*=D/(61=2)y “improving a result of Q.Zeng, J.Hou. We also
give lower bounds on wheel-free graphs. All of these contribute to a conjecture of N. Alon,
B. Bollobas, M. Krivelevich, B. Sudakov (2003).
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1. INTRODUCTION

The Max-Cut problem asks for the largest bipartite subgraph of a graph. This
problem has been widely studied in both computer science and combinatorics. Given
a graph G, let f(G) denote the maximum number of edges in a bipartite subgraph
of G. Given a positive integer m, let f(m) denote the minimum value of f(G), as G

ranges over all graphs with m edges. In combinatorics, it is an important problem

to estimate lower bounds on f(m) in terms of m. It is well-known that f(m) > %m.

Answering a conjecture of Erdés, Edwards in [8], [9] proved that

1) flmy > 5+ 2
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for every m and noted that equality holds for complete graphs with the odd order.
More information on f(m) can be found in [1], [3], [5], [6], [17].

One class which has drawn most of the attention is that of H-free graphs. Given
a graph H, let f(m, H) denote the minimum possible cardinality of f(G), as G ranges
over all graphs on m edges that contain no copy of H. The problem of estimating the
error term more precisely is not easy, even for the relatively simple graph H = Cs.
After a series of papers by various researchers (see [16], [18]), Alon in [1] proved that
f(m,C3) = tm + ©(m*®) for all m. Furthermore, Alon, Krivelevich and Sudakov
in [4] studied the case that H is an even cycle and showed that for any integer k > 2,
there is a positive constant c(k) such that

(2) f(m, Cap) > % + o(k)m 2R/ (2k+2)

for all m, and that this is tight up to the value of ¢(k) for k € {2,3,5}. The authors
also studied f(m, H) when H is a complete bipartite graph K s, showing that for
any integer s > 2, there is a positive constant ¢(s) such that

(3) f(m, Kz ) > % + c(s)m‘w6

for all m and that this is tight up to the value of ¢(s).

Throughout, all graphs are finite, undirected and have no loops or parallel edges.
All logarithms are with the natural base e, unless otherwise indicated. We write 6y, ,
for the (k,s)-theta-graph, obtained by joining two vertices by s internally vertex-
independent paths of length k. Our first result is an extension of (2) and (3)
to Ok s-free graphs, by noting that 8 2 = Cy; and 03 s = Ky 5.

Theorem 1.1. For any positive integers k and s and for all m, there is a constant
c(k,s) > 0 such that

m
f(m, 9k,s) > o) + c(k, S)m(2k+1)/(2k+2).

In addition, Alon, Bollobas, Krivelevich and Sudakov in [2], [4] made a number of
intriguing conjectures.

Conjecture 1.2 ([2]). For any fixed graph H and all m, there exists a positive
constant € = e(H) such that

+ Q(m3/4+€).

fm.H) > 5

Conjecture 1.3 ([4]). For any integers s >t > 2 and all m,

m _ _
flm Ko > 5 + Q(mBt-D/4t=2)),
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We also consider the above conjectures. Note that the ¢-subdivision of a graph H
is the graph obtained from H by replacing the edges of H with internally disjoint
paths of length ¢+ 1. When ¢ = 1, we simply talk about the subdivision of H. Our
second result is the following theorem.

Theorem 1.4. Let K (K|
respectively).

respectively) denote the subdivision of Kj (K,

Exd

(i) For any integer k > 3 and all m, there is a constant c(k) such that
m
K> Iy, (5k—8)/(6k—10)
f(ma k) 2 + C( )m
(if) For any integers s >t > 2 and all m, there is a constant c(s,t) such that

f(m, K{ ) > % + (s, t)mOt=1/(61=2)

Remark 1.5. Both (i) and (ii) slightly improve the result of Zeng and Hou
in [21]: f(m,H) > 2m + Q(m®°) for the bipartite graph H = H[X,Y] with the
vertex degree at most 2 for each vertex in Y.

Our last result gives some small progress towards Conjecture 1.2 for wheel graphs.

Theorem 1.6. Let W, denote the wheel graph obtained by connecting a single
vertex to all vertices of a cycle of length r.
(i) For any even integer r > 4 and all m, there is a constant c¢(r) > 0 such that

f(m, W) > % + e(rym3/4.
(ii) For any odd integer r > 3 and all m, there is a constant ¢’(r) > 0 such that
Flm, W) = % + Cl(r)mQT/(Br-H)(logm)(r+1)/(3r+1).

2. PRELIMINARIES

In this section we collect some lemmas that will be needed. Given a graph G,
let x(G) and «(G) denote the chromatic number and independence number of G,
respectively. The following lower bound on f(G) using the chromatic number plays
the key role in our proofs.

Lemma 2.1 ([2]). Let G be a graph with m edges and the chromatic number at
most x. Then
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Lemma 2.1 implies that graphs with small chromatic number must have large
bipartite subgraphs. In the proof of Theorem 1.6 (ii), we mainly show that the
chromatic number of a Way1-free graph is relatively small. Indeed, the chromatic
number of a graph is closely related to its independent number. A graph property
is called monotone if it holds for all subgraphs of a graph which has this property.
The next lemma on monotone properties, presented by Jensen and Toft (see [14]),
gives an upper bound on the chromatic number of G with respect to a(G).

Lemma 2.2 ([14]). For s > 1, let 9: [s,00) — (0,00) be a positive continu-
ous nondecreasing function. Suppose that P is a monotone class of graphs such
that a(G) = ¢Y(|V(G)|) for every G € P with |V(G)| = s. Then for every such G
with |V(G)| > s,

© Vel 4
X <s+ / ——dx.
s ¥(z)

In order to bound x(G) through Lemma 2.2, we need to bound «(G). Follow-
ing well-known Turdn’s lower bound and another two lemmas from [15], [19] are
crucial to us.

Lemma 2.3 (Turdn’s lower bound, [20]). Let G be a graph on n vertices with
average degree at most d. Then

>
o(G) = 1+d

Lemma 2.4 ([15]). Let G be a graph on n vertices with the average degree at
most d. If the average degree of the subgraph induced by the neighbourhood of any
vertex is at most a, then

a(G) = nFaya(d),

B (1= p)t/e log(x/a) — 1
Fa(x)f/o a+(x—a)tdt> . (x > 0).

where

Lemma 2.5 ([19]). For any fixed integer k > 1, let G be a Kajy1-free graph
with n vertices and the average degree d > e. Then there exists a constant ay, € (0, i)
such that

arnlogd
> sl o
&) 2 Joglogd

We also need the following two lemmas, which establish the lower bounds on f(G)
for graphs G in terms of different parameters.
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Lemma 2.6 ([11]). Let G be a graph on n vertices with m edges and a positive
minimum degree. Then

1G) =5+

m.,n
2 6
Lemma 2.7 ([1]). Let G = (V, E) be a graph with m edges. Suppose U C V and
let G’ be the induced subgraph of G on U. If G’ has m’' edges, then
m—m/

1(6) > 16 + ™5

We end this section with a result of Alon, Krivelevich and Sudakov (see [4]), which
provides a useful lower bound on the size of a maximum bipartite subgraph in a graph
each vertex of which has a sparse neighbourhood.

Lemma 2.8 ([4]). There exists an absolute positive constant € such that for every
positive constant C' there is a § = §(C) > 0 with the following property. Let G be
a graph on n vertices (with positive degrees) with m edges and the degree sequence
di,ds,...,d,. Suppose, further, that the induced subgraph on any set of d > C
vertices, all of which have a common neighbour, contains at most ed®/? edges. Then

f(@) > 5 +3y V.
=1

3. BIPARTITE SUBGRAPHS OF SPARSE GRAPHS
In this section, we present proofs of Theorems 1.1 and 1.4 using the idea from [1].

3.1. Theta-graph. To prove Theorem 1.1, we employ the following upper bound,
obtained by Faudree and Simonovits (see [12]), on the maximum number of edges in
0y, s-free graphs.

Lemma 3.1 ([12]). Let k and t be two positive integers and let G be a graph
on n vertices. If G is 0y, s-free, then there exists a constant b(k, s) such that
e(@) < b(k,s)n' Tk,
Proof of Theorem 1.1. Let G be a 0, ,-free graph with n vertices and m edges.
We assume that m is sufficiently large in view of (1). Note that a graph is

D-degenerate if every subgraph contains a vertex of degree at most D. Now let
D = pum"* 1) where = p(k, s) > 1 will be chosen later.

Claim 3.2. G is D-degenerate.
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Proof. Otherwise, suppose that G contains a subgraph G’ with the minimum
degree greater than D. Note that the number of vertices of G’ is N < 2m/D =
2DF /1k+1. Thus, the number of edges of G is

1 1 14+1/k
e(G') > =DN > (—MN) .
2 2
Since G’ is 0, s-free, by Lemma 3.1, there is a constant b = b(k, s) such that e(G’) <
(N )”1/ k. which is a contradiction by choosing x > 2b. This completes the proof
of Claim 3.2. 0

Claim 3.3. There exists a positive constant ¢ such that the neighbourhood of
any vertex of degree d > ({/¢)? in G induces a subgraph with at most ed*/? edges,
where ¢ is a constant defined as in Lemma 2.8.

Proof. Note that a spider is a rooted tree in which each vertex has degree one
or two, except for the root. A leg of a spider is a path from the root to a vertex
of degree one. Since G is 0 -free, the neighbourhood of any vertex of degree d
in G cannot contain a spider of s legs such that every leg has length k£ — 1. As is
well-known, there is a constant ¢ = ¢(k, s) such that the induced subgraph of G on
the neighbourhood of any vertex with degree d can span at most ¢d edges, which is
smaller than ed?/? for all d > (£/€)?. This completes the proof of Claim 3.3. O

By Claim 3.2, it is easy to see that there exists a labelling vy, vs,...,v, of the
vertices of G such that d;." < D for every i, where d;." denotes the number of neigh-
bours v; of v; with j < ¢ in G. (Indeed, let v, be the vertex of the minimal degree
in G. Thus, the degree of v,, is at most D. Delete it from G and repeat the process.)

Clearly, > dj' = m. Let d; be the degree of v; in G for each 1 < i < n. Then
i=1

Z \/_ Z df > Z i1 4 _m _ Lm(2k+1)/(2k+2).
Ve N

This, together with Lemma 2.8 by choosing C' = (¢/¢)? and Claim 3.3, implies that

m
S s s m (2k+1)/(2k+2)
(@) = 3 Z Vd; > + \/ﬁ :

where § = 6(k, s) is a constant, as required. This completes the proof of Theorem 1.1.
O

3.2. The subdivision of K; and K. In this short section, we prove Theo-
rem 1.4. The following two lemmas are needed.
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Lemma 3.4 ([13]). Let k > 3 be an integer and let G be a graph on n vertices.
If G is K} -free, then there exists a constant b(k) such that

6(G) < b(k)nB/Q—l/(Mc—G).

Lemma 3.5 ([7]). Lets >t > 2 be two integers and let G be a graph onn vertices.
If G is Kj -free, then there exists a constant b(t, s) such that

e(G) < b(t,s)n3/271/(20),

The proof of Theorem 1.4 is similar to that of Theorem 1.1.

Proof of Theorem 1.4.  Let /# = {K,, K/ }. For every H € J, let G be
an H-free graph with n vertices and m edges. Define D = pm® for some fixed
real a € (0,1), where pn = u(H) > 1 will be chosen later. In the case of (i), we
set a = (k —2)/(3k — 5), while in the case of (ii), we set « = (¢t — 1)/(3t — 1).
As before, we can claim that G is D-degenerate. If not, suppose that G contains
a subgraph G’ with the minimum degree greater than D. It follows that the number
of vertices of G’ is N < 2m!'~®/u. But this is impossible; in view of Lemma 3.4
(or Lemma 3.5), proceed as in the proof of Claim 3.2 for a suitable chosen value
of p = p(H). Note that the neighbourhood of a vertex in G is also H-free. Thus,
by Lemma 3.4 (or Lemma 3.5), the induced subgraph of G on any set of common
neighbours of a vertex with degree d can span less than ed®/2 edges. We apply, again,
Lemma 2.8 and conclude that

1G> 2+ 6Zf

m 6 _
2 2 5_’_ ml Ot/27

f
where 6 = §(H) is a constant, as required. This completes the proof of Theorem 1.4.
O

ﬂ\

4. BIPARTITE SUBGRAPHS OF GRAPHS WITHOUT WHEELS

In this section, we prove Theorem 1.6. The lower bound for Theorem 1.6 (ii)
appears in Section 4.1 and the lower bound for (i) appears in Section 4.2.

4.1. Odd wheels. Here we study the maximum bipartite subgraphs in graphs
without odd wheels. Let P; stand for a simple path with ¢ vertices. The following
two results are needed. The first one is the well-known upper bound of Erd6s and
Gallai (see [10]) and another one is from [22].
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Lemma 4.1 ([10]). Let t 2 be an integer and let G be a graph on n vertices.
If G is P,-free, then e(G) < in(t — 2).

Lemma 4.2 ([22]). Let k > 2 be an integer and let G be a graph on n vertices.
If G is Cogy1-free, then

! (n* log n)/(++1),

oG) = 53

First, we apply Lemmas 2.3 and 2.4 to give a lower bound on the independence
number of a Wa1-free graph.

Lemma 4.3. For any integer k > 2, let G be a Woy1-free graph on n vertices.

Then
1

>
o) 2 15
Proof. Let G be a graph with m edges and the maximum degree A. Let G’

(n* loght? n)l/(%“).

be the subgraph of G induced by the neighbourhood of any vertex of G with the
maximum degree A, and let G” be the subgraph of G’ induced by the neighbourhood
of any vertex of G’ with the maximum degree A’ in G’. Clearly, G’ is Caiy1-free
and G is Pyj-free.

Claim 4.4.
A < (nk-i-l logk n)l/(2k+1).

Proof. Otherwise, suppose that A > (n**! logk n)Y/(2k+1) By Lemma 4.2,

a(G) = a(G) = (Ak log A)Y/ D) > L) /2hD),

k k
52 15k2 (n”log

This gives the desired result and completes the proof of Claim 4.4. O

Claim 4.5.

1
A < — 1 1/(2k+1).
3% —(n"log"*! n)

Proof. Otherwise, suppose that A’ > (1/3k)(n* log"** n)1/(2+1)  Note that G
is Poi-free. By Lemma 4.1, e(G”) < (2k—2)A’/2 and hence the average degree of G”
is at most 2k — 2. It then follows from Lemma 2.3 that

A’ 1

1 k. k+1\1/(2k+1)
1 .
@)zl 2 557 > oo 8
Hence, we get the desired result and complete the proof of Claim 4.5. O
Claim 4.6. 1 1
1 log(A'+1) —1> 1
ok osn los(AT+ 1) T5k2 8™
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Proof. It is trivial when A’ < 1, so assume that A’ > 2. It follows that A’ +1 <
3A’. Thus, it suffices to show that

log n(FHD/Ck+1) _ 160 1/ (15K7) > log(;eA’)

By Claim 4.5, it suffices to verify

pl/(2k+1)—1/(15k%) > i(log71)(1%1)/(21%1)7
2k
which is equivalent to logn < [zn%, where I = (2k/e)FH+D/F+D) and ¢, =

(15k% — 2k — 1)/(15k%*(k + 1)). Let g(x) = logz — lxz%. Obviously, g(1) < 0.
Assume that z > 2. Note that ¢’(z) = 271(1 — lxgrz?). So we obtain the stationary
point z(k) = (lgqr)~'/9%. If k = 2, then one can get the value of 2(2). It yields that
the maximum value of the function g(z) < 0. If k > 3, then we have x(k) < 2. It
follows that the function g(z) is monotonically decreasing over the interval [2,00)
and thus g(x) < 0. Hence, we have logn < lxn? for all n and complete the proof of
Claim 4.6. O

By Claim 4.4, the average degree of G is at most (n**! 1ogk n)/(2k+1) " Combining
with Lemma 2.4 and Claim 4.6, we have

(k+1)/(2k+1)logn — log(A"+1) -1

a(G) = nFarp (! logh n)/CHHD) > (nk+11og" n)1/(2k+1)

k. ktl n)l/(2k+1).

(n

This completes the proof of Lemma 4.3. 0

Next, we use Lemmas 2.2 and 4.3 to obtain an upper bound on the chromatic
number of a Wayy1-free graph G in terms of |V(G)|.

Lemma 4.7. For any integer k > 2, let G be a Woyy,1-free graph with n vertices.
Then

n )(k+1)/(2k+1)

X(G) < 50k (logn

Proof. It is trivial if n < e2, so we assume that n > e. Let

k+1 1
(zF logh Tt )Y/ k1) and  7(2) + (1 )

V(=) T 2k+1\ log

= 15k2
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Then a(G) > ¢(n) by Lemma 4.3. Note that ¢(x), 7(x) are continuous non-
decreasing functions and 7(x) > % for x > e2. Thus, by Lemma 2.2,
"ol 15k /" 7(x)

< e? — dz <é?
X(G) < e+ dx <e” + ) (J,‘k 1ng+1 x)l/(2k+1)

o2 Y(x) 7(e?)

(k+1)/(2k+1) |™ (k+1)/(2k+1)
< 450K <50k () .
log 2 logn
This completes the proof of Lemma 4.7. O

However, we need the upper bound on the chromatic number of a Wsy1-free
graph G in terms of e(G). Finally, we establish the following theorem, which plays
a key role in the proof of Theorem 1.6 (ii). The approach we take is an extension of
that by [16].

Theorem 4.8. For any integer k > 2, let G be a Waj41-free graph with m > 1
edges and let a be an integer described as in Lemma 2.5. Then

_1. /mloglog m\(k+1)/(3k+2)
X(G) < 100(k2+ak1)(72> -
log®m

Proof. Let G be a Wy 1-free graph on n vertices with m > 1 edges and let

. ((m log log m)2k+1 >1/(3k+2).

logk m
We prove it by a sequence of claims.

Claim 4.9. n > n'.

Proof. For otherwise, suppose that n < n’. It follows from m > 1 that n >
3 > e. Note that the function g(z) = z/logx is monotonically increasing over the
interval (e, 00). Thus, by Lemma 4.7,

(k+1)/(2k+1) n \(k+1)/(2k+1)
4 G) < 50k% ( — < 50>
(4) X(@) (1ogn) (logn’)
(k+1)/(3k+2)
< 10%2(%210%) ,
log”m
We get the desired result and complete the proof of Claim 4.9. O

We can delete all the vertices with degree zero or one in G, that is, we can assume
that m > n. Now we construct a graph sequence {G;};>0 on G according to the
following greedy iterative procedure. Start with i = 0, Go = G and ng = |V(Gy)].
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If n; > n' we do the following iterative procedure, otherwise we stop. Choose S; to
be the maximum independent set of G;. Then set G;11 = G; \ Si, niy1 = |V(Git1)l,
and an increment i. Let G be the graph in the end of the process. Clearly, x(G) <
x(Gy) + t.

Claim 4.10. losl (1) /(3k42)
x(Gy) < 100/&(%) .

log“m
Proof. Note that Gy is Wagy1-free and ny < n'. It is trivial for n; < 2. Ifngy > 3,
then by Lemma 4.7 and (4), the desired result follows. This completes the proof of

Claim 4.10. O

In the following, it is sufficient to bound the value of t. We first bound the value
of |S;]. Let [ = [17]. By Claim 4.9, 1> 2. Let I = {0,1,...,t —1}. For each i € I,
we have n; > n’ > n/l by the definition of I. Let vy,...,v,, be a labelling of the
vertices of G such that S; = {vp: n;11 <p < n;} foreachi € I. Let S be the union

of S; for all i € T and let J = {2,3,...,1}. Thus for each j € J, put
n n n
V»:{v 65’:—,<p<,—} and I-:{ief:ni>—_}.
J P j i-1 J j

Observe that S\ S;—1 C |J V; € Sand I, C I3 C ... C I;. Hence for each v € V},
jeJ
there exists an ¢ € I; such that v € S;. In addition,
n n 2n
5 Vil < [— — —.—‘ < =
5) i< 2= < 5

Claim 4.11. For each i € I; # 0,

2 .
axn 2jm
Si| > Q(—),
| 252m n

where Q(x) = (logz)/(loglog ) for x > e.

Proof. Foreachi € I, we let d; denote the average degree of G;. For each ¢ € I,
observe that d; < 2m/n; < 2jm/n. If d; > e, the function Q(z)/x is decreasing over
the interval (e, 00). Note that G; is Wog41-free, so G is also Kok 1-free. Thus, from
Lemma 2.5 and the fact d; < 2jm/n, we have

agniQ(d;) - apn? (2jm).

Si| = 2
| d; 25%m n

Otherwise, d; < e. By Lemma 2.3, |S;| = n;/(1 +e) > in; > n/(4j). This, together
with the fact that z > Q(z) for z > e and aj, < %, implies the required lower bound
as well. We complete the proof of Claim 4.11. (]
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Then, for each v € S; and i € I, let w(v) = |S;|~!. Hence for each v € S; C V,
Claim 4.11 gives that

27%2m < 25%mloglog m

=19;"' <
wlv) =157 < axn2Q(2jm/n) ~ apn?log(2jm/n)’

where the last inequality holds because j < | < %n by the definitions of [ and n’.
Combining the above inequality, the definition of w(v) and (5), we have

(6)
l loglogm
S Y €T < L < 5 3

iel\{t—1} veS, jEJ vEV; j=2
Claim 4.12.
48 /mlog log m\(k+1)/(3k+2)
t—1< — (7) .
ag log®m

Proof. Recall that | = [5],s0 [ —1 < n/n’ <I. Thus, by the definition of n’,

we have

m _m (mk"'llogkm )1/(3k+2)
- :

(7) I

m._n
= > — (= e T
n = on n log>* 1 logm

It follows that max{l,m/n} > m*+1/2Ek+2) and hence

m k+1 log
log— ¢t > ———1 —.
(8) max{logl, og n} 303k T 2) ogm > 6

If I < m/n, then combining (6), (7), (8) and the fact [ — 1 < n/n’, we have

4m Z loglogm 4m(l —1) loglogm
akn < log(m/n) S agn  log(m/n)

dm 1oglogm < 2_4(mloglogm)(k+1)/(3k+2)
= agn’ log(m/n)  ay log® m .

Otherwise, [ > m/n. Delete the second term of the denominator in (6) and obtain

t—1< 4m zl: loglogm < 8mloglogm 48 (M)(kﬂ)/(gkﬂ)
apn

= logj = apn’logl ap N logZm

Note that the second inequality holds due to the fact that
l l
1 1 2(1—-1 2
g < / dr < ( ) < o
—~ logj log z log! n'logl

and the last inequality follows from (7) and (8). This completes the proof of
Claim 4.12. O
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Combining Claims 4.10 and 4.12 and noting that x(G) < x(Gi) + t, we get the
desired result and complete the proof of Theorem 4.8. O

Proof of Theorem 1.6 (ii). Let r > 3 be a fixed integer and let G be a W,-free
graph with m edges. Note that W3 = K. Thus, the lower bound for the case r = 3
was already proved in [21]. So we assume that r > 5. Set r =2k+1, ax = aand ¢/(r) =
= (r? +4a=1)7'. The desired result follows from Lemma 2.1 and Theorem 4.8. [

4.2. Even wheels. In this subsection, we prove Theorem 1.6 (i). We need a result
of Shearer, see [18].

Lemma 4.13 ([18]). For any graph G with m edges and vertex degrees dy, . .., d,,
we have Y v/d; = m>/*.
i=1

The following fact is also needed. See, e.g., [4] for a proof.

Lemma 4.14. Let G = (V, E) be a graph with m edges and the minimum de-
gree at least m? for some fixed real § € (0,1). Suppose that m is sufficiently large
and the induced subgraph on the neighbourhood of any vertex v € V of degree d
contains fewer than sd®/? edges for some positive constant s. Then for every con-
stant n € (0,1), there exists an induced subgraph G' = (V', E’) of G satistying the
following properties:

(i) G’ contains at least $n*m edges.
(ii) Every vertex v of degree d in G that lies in V' has the degree at least $nd in G'.
(iii) Every neighbourhood of the vertexv in V' contains at most 2n?sd>/? edges in G'.

Proof of Theorem 1.6 (1). Let r = 2k > 4 be a fixed integer. Let G be
a Wyi-free graph with m edges and vertex degrees di,ds,...,d,. If & > 2, then
note that Ca = 0y,2, and the neighbourhood of any vertex of G contains no copy
of Cyy. By Lemma 3.1, there is a constant b = b(k) such that the neighbourhood of
any vertex of degree d in G spans at most bd' T/ edges. Combining Lemmas 2.8
and 4.13, the desired result follows.

If £ = 2, we aim to employ Lemma 2.8 to get the desired result, but there is an
extra twist. We tacitly assume that m is sufficiently large. If n > %mg’/ 4. then by
Lemma 2.6, we are done. So assume that n < %m3/4. As long as there is a vertex of
the degree smaller than m'/* in G, delete it. Note that n < %m‘g/ 4, hence this process

Vip < %m edges. It then terminates with an

terminates after deleting fewer than m
induced subgraph G* = (V*, E*) of G with at least %m edges and the minimum
degree at least m'/4. Clearly, G* is Wj-free. Hence, the induced subgraph (of G*)

on the neighbourhood of any vertex v of degree d in G* is Cy-free. By Lemma 3.1,

633



there exists a constant ¥’ > 1 such that this induced subgraph spans at most b'd>/?
edges. Now we apply Lemma 4.14 on G* by choosing n < £2/32b"?, where ¢ is the
constant from Lemma 2.8. Therefore, we obtain an induced subgraph G’ = (V', E’)
of G* (and hence of G) with n’ vertices and at least n?m edges such that the
induced subgraph on all the neighbours of any vertex of degree d’ in G’ contains at
most £(d’')%/? edges in G’. From Lemmas 2.8 and 4.13,

160> 29 1 6% iz S sy » A9y 5N s,
=1

where § = 6(G’) is a constant, as needed. Thus, by Lemma 2.7, we conclude that

!
£(G) > £(0) + MmXED S T s
where ¢ = §(17?)3/4. This completes the proof of Theorem 1.6 (i). O
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