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Abstract. The Wiener index of a connected graph is defined as the sum of the distances
between all unordered pairs of its vertices. We characterize the graphs which extremize the
Wiener index among all graphs on n vertices with k pendant vertices. We also characterize
the graph which minimizes the Wiener index over the graphs on n vertices with s cut-
vertices.
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1. INTRODUCTION

Throughout this paper, graphs are finite, simple, connected and undirected. Let G
be a graph with vertex set V(G) and edge set E(G). For a vertex v € V(G), Ng(v)
denotes the set of all neighbours of v in G. A vertex of degree one is called a pendant
vertex. A vertex v of G is called a cut-vertez if G \ v is disconnected. The distance
between two vertices u,v € V(G), denoted by dg(u,v) or d(u,v) (if the context is
clear), is the number of edges in a shortest path joining w and v. The eccentricity of
a vertex v, denoted by e(v), is defined as e(v) = max{d(u,v): v € V(G)}. The dis-
tance of a vertex v € V(G), denoted by D¢ (v), is defined as Dg(v) = Y. da(u,v).
We refer to [18] for undefined notations and terminologies. uev(e)

The Wiener index of G, denoted by W (G), is defined as the sum of distances

between all unordered pairs of its vertices, i.e.,

WE = Y dawo)=5 Y Dal).

{u,0}CV(G) VeV (G)
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Different names such as graph distance (see [6]), transmission (see [12]), total
status (see [3]) and sum of all distances (see [7], [21]) have been used to study the
graphical invariant W (G). Apparently, the chemist Wiener was the first to point
out in 1947 (see [19]) that W(G) is well correlated with certain physio-chemical
properties of the organic compound from which G is derived. The mean distance
(see [5], [20]) or the average distance (see [1], [4]) between the vertices is a quantity
closely related to W(G). By considering G as an interconnection network connecting
many processors, the average distance of G between the nodes of the network is
a measure of the average delay for traversing the messages from one node to another.

In mathematical literature, the Wiener index was first studied by Entringer et al.
in [6]. This gave an important direction to the researchers to characterize the graphs
with extremal Wiener index in certain classes of graphs. In the last 20 years a lot of
studies for the optimal graphs associated with Wiener index have been done. For ex-
ample, characterization of trees with bounded maximum degree (see [9]), with fixed
diameter (see [11]), with given degree sequence (see [17], [23]) and characterization of
unicyclic graphs with fixed diameter (see [15]), with given girth (see [22]) associated
with Wiener index have been studied. Apart from trees and unicyclic graphs, some
other classes of graphs are also studied for the characterization of graphs having ex-
tremal Wiener index. Wiener index of graphs with fixed maximum degree is studied
n [14]. The graphs with maximum and minimum Wiener index among all Eulerian
graphs on n vertices are characterized in [8].

Wiener index of unicyclic graphs with fixed number of pendant vertices or cut-
vertices is studied in [16]. In this paper, we characterize the graphs having maximum
and minimum Wiener index over all connected graphs on n vertices with £ pendant
vertices. We also obtain the graph which minimizes the Wiener index among all
connected graphs on n vertices with s cut-vertices.

1.1. Main results. We first construct some classes of graphs. Let k be a positive
integer and let G be a graph. By kG we mean the graph consisting of k copies of G.

n — g vertices

-~
Q o)

0 0 ——— —0——o0
|
P,y

’
U’”yg Un,g

Figure 1. The graphs Upn 4 and UJW.
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We denote the cycle on g vertices by Cy. For 3 < g < n—1, let U, 4 be the graph
obtained by attaching n — g pendant vertices at one vertex of the cycle Cy and U,’l’ g
be the graph obtained by joining an edge between a pendant vertex of the path P,_,

!

and a vertex of Cy, see Figurel. Note that U, n—1 2 Uj, ,,_;.

Let ), denote the class of all connected graphs on n vertices with k£ pendant
vertices. Let T, ; be the subclass of £, ; containing all trees on n vertices with &
pendant vertices.

The path [v1v2...v,] on n vertices is denoted by P,,. For positive integers k, [, d
with n = k + 1+ d, let T(k,l,d) be the tree obtained by taking the path P, and
adding k pendant vertices adjacent to v; and [ pendant vertices adjacent to vy. Note
that T'(1,1,d) is a path on d + 2 vertices.

n=mij+msy—1 n>mi;+mo—1

Figure 2. The graphs C7},; m,.

We define a specific subclass of graphs in ), o as follows. Let m;, mg and n be
positive integers with mi,ms > 3 and n > my + me — 1. If n > my + mo — 1,
take a path on n — (m; + ma) + 2 vertices and identify one pendant vertex of the
path with a vertex of C,,, and another pendant vertex with a vertex of C,,,. If
n = mq + mg — 1, then identify one vertex of C,,, with a vertex of C,,,. We denote
this graph by C7

m1,msy» See Figure 2.

In this paper, we prove the following results:

Theorem 1.1. Let 0 < k <n—2 and let G € §,, ;. Then:
(i) For2<k<n-2, W(G)<W(T(|%],[%],n—k)) and equality happens if and
only if G =T(|%],[%],n — k). Furthermore,

w(r (|5} [5]n-w)

n—k+1 k2
k 2 P
+§((n—k‘) +n—k—2) if k is even,

n—k+1 k2 —1
( 3 )—l— 1 (n—k+3)

k
+5((n=k)?+n—k=2)+1 ifk is odd.
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(ii) For k = 1, W(G) < W(U,

n

3) and equality holds if and only if G = Uj, 5
Furthermore,

nd —Tn+12
|/|/ / - = ——-:
( n,&) 6

(iii) For k = 0 and n > 7, W(G) < W(C%3) and equality holds if and only if

G = C% 5. Furthermore,

n®—13n+24

W(C?T,Lg) = 6

For 0 < k <n—3and n > 4, let K¥ be the graph obtained by adding k pendant
vertices to one vertex of the complete graph K,,_g.

Theorem 1.2. Let 0 < k< n—2 and let G € §,, ;. Then:
(i) For 0 < k<n—3, W(KF¥) < W(G) and equality holds if and only if G = KF.
Furthermore,

W(KF) = (”;k> F R+ 2%k(n—k—1).

(if) For k = n —2, W(T(1,n — 3,2)) < W(G) and equality holds if and only if
G =T(1,n — 3,2). Furthermore,
W(T(1,n—3,2)) =n?—n—2.
Let T, € %,k be the tree that has a vertex v of degree k and T, \ v =

rPyy1 U (k —r)P,, where ¢ = |1 | and r = n — 1 — kq. Here, we have 0 < r < k.

Theorem 1.3. Let 2 < k< n—2and T € %, ;. Then W(T, ) < W(T) and
equality holds if and only if T' = T;, .

Let €, s be the set of all connected graphs on n vertices and s cut-vertices. For

2 <m < n, let v1,vg,...,v, be the vertices of a complete graph K,,. For ¢ =
1,2,...,m consider the paths P, such that I; +l2+ ...+, = n. Identify a pendant
vertex of the path P, with the vertex v;, for i =1,2,...,m, to obtain a graph on n

vertices and denote it by K7 (I1,la,...,Ln).

Theorem 1.4. Let 0 < s < n—3 and i,j € {1,2,...,n — s}. Then the graph

Kl (1,1, .., ln—s) with |l; — [;| < 1 has the minimum Wiener index over €, ;.

In the next section we will discuss some results related to Wiener index of graphs
which are useful to prove our main theorems.
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2. PRELIMINARIES
We start this section with the following lemma.

Lemma 2.1. Let G be a graph and u,v € V(G) are nonadjacent. Let G’ be
the graph obtained from G by joining the vertices u and v by an edge. Then
W(G") < W(G).

It follows from Lemma 2.1 that among all connected graphs on n vertices, the
Wiener index is minimized by the complete graph K, and maximized by a tree.
Among all trees on n vertices, the Wiener index is minimized by the star K; ,—1
and maximized by the path P,, see [18], Theorem 2.1.14. It is easy to determine the
Wiener index of the following graphs, see [18]:

(i) WK, = (2),
(i) W(P) = ("3"),
(iii) W (K1 p-1)=(n—1)%
The Wiener index of the cycle C,, is (see [12],Theorem 5)

én?’ if n is even,
(2.1) ST
gn(n2 —1) ifnisodd.
Also for u € V(Cy,)
n? o
< if n is even,
(2.2 D=1 ",
if n is odd.

The following lemma is very useful.

Lemma 2.2 (2], Lemma 1.1). Let G be a graph and u be a cut-vertex in G.
Let G and G2 be two subgraphs of G with G = G1 UGz and V(G1) NV (G2) = {u}.
Then

W(G) = W(G1) + W(G2) + (V(G1)] = 1)Da, (w) + (IV(G2)| = 1) Da, (u)-

Corollary 2.3. Let G and H be two connected graphs having at least 2 vertices
each. Let u,v € V(G) and w € V(H). Let Gy and G2 be the graphs obtained
from G and H by identifying the vertex w of H with the vertices u and v of G,
respectively. If Dg(v) > Dg(u), then W(G2) > W(G1) and equality happens if and
only if Dg(v) = Dg(u).
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Proof. By Lemma 2.2,

W(G1) = W(G) + W(H) + ([V(G)] = )Dp(w) + (|V(H)| = 1)Dg(u)

and
W(Gz) = W(G) + W(H) + ([V(G)| = 1)Du(w) + ([V(H)| = 1)Da(v).
So
W(Gz) = W(G1) = ([V(H)| = 1)(De(v) — Dg(u))
and the result follows. O

Let G be a connected graph on n > 2 vertices and v € V(G). For I,k > 1,
let G, be the graph obtained from G by attaching two new paths P: vvjvs... v
and Q: vujus...u; at v, where uy,uso,...,u; and vy,vs,...,v; are distinct new
vertices. By Gp,; we mean attaching a path of length [ at v. Let ék,l be the graph
obtained from Gy, by removing the edge {vgy—1,v;} and adding the edge {u;, vx}.
Observe that the graph ék,l is isomorphic to the graph Gy_1,4+1. We say that ék,l
is obtained from Gy ; by grafting an edge.

Consider the path P, : vivy...v, on n vertices with v; adjacent to v;—1 and v;41
for2<i<n—1. Then fori=1,2,...,n,

(n—i)n—i+1)+i(i—1)

Dp, (v;) = Dp, (Un—it1) = 5 .

So, if n is odd, then

DP,,, (Ul) > DPn (’Ug) >0 > Dpn (U(n+1)/2)
< Dpn (’U(n+3)/2) < ... < DP,,, (Un—l) < DP,,, (Un)

and if n is even, then

DP,,, (Ul) > DP,,, (Ug) > 0> DP,,, (Un/g)
= Dpn (U(n+2)/2) <...< Dp" (’Unfl) < Dp" (Un)

The next result follows from the above observation and Corollary 2.3.

Corollary 2.4 ([11], Lemma 2.4). If1 < k <, then W(Gg—1,+1) > W(Gk,1)-

The following result compares the Wiener index of two graphs, where one is ob-
tained from the other by moving one component from a vertex to another vertex.
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Lemma 2.5 ([10], Lemma 2.4). Let H, X and Y be three connected pairwise
vertex disjoint graphs having at least 2 vertices each. Suppose u,v € V(H) with
u#v,z€V(X)andy € V(Y). Let G be the graph obtained from H, X and Y
by identifying w with x and v with y, respectively. Let G} be the graph obtained
from H, X, Y by identifying vertices u, x, y and let G be the graph obtained from
H, X, Y by identifying vertices v, x, y, see Figure 3. Then W(G7}) < W(QG) or
W(G3) < W(G).

T QY L)
¢/ 2

G G} G

Figure 3. Movement of a component from one vertex to another.

Corollary 2.6. Let G be a connected graph onn > 2 vertices and let u,v € V(G).
For ni,ns > 0, let Gy, (n1,n2) be the graph obtained from G by attaching ny pendant
vertices at u and no pendant vertices at v. If ny,no > 1, then

W(Gup(n1 + n2,0)) < W(Guy(n1,n2)) or W(Gyuy(0,n1 + n2)) < W(Guyp(ni,n2)).

In [22], the authors have proved the following in Lemma 2.6:

Let Gy be a connected graph of order ng > 1 and ug,vg € V(Go) be two distinct
vertices in Gy. Ps = ujus...us and P, = viva...v; are two paths of order s
and t, respectively. Let G be the graph obtained from Go, Ps and P; by adding
edges uguy, vov1. Suppose that G = G — uguy + viug and Go = G — vov1 + Ugvy .
Then either W(G) < W(G1) or W(G) < W(G2) holds.

If we take Gy = P,, and up and vy as two distinct pendant vertices of Gg, then
Go 2 G 2 Ga. So, W(Gy) = W(G1) = W(G2) and hence the statement is not true.
In the following result, we give a proof of the corrected version of it.

Lemma 2.7. Let G be a connected graph on n > 3 vertices and u,v € V(G).
For I,k > 1, let G?,(l,k) be the graph obtained from G by identifying a pendant
vertex of the path P, with u and identifying a pendant vertex of the path P, with v.
Suppose 1,k > 2. If G is not the u-v path and Dg(u) > D¢ (v), then

WG+ k —1,1)) > W(GE, (L, k).
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Proof. First consider the graph GE , (I,1) as H and let w be the pendant vertex

u,v

of H corresponding to P;. Then by Lemma 2.2,
W(GY (k) = W(H) + W(P:) + ([V(H)| = 1)Dp, (v) + (k — 1) D (v)
and
W(GE (I +k=1,1)) = W(H) + W (P) + (IV(H)| = 1)Dp,(w) + (k — 1) Dp (w).
As Dp,(v) = Dp,(w), we get
WG, (L + k= 1,1)) = W(G}, (1K) = (k = 1)(Du(w) — Du(v)).

Now
Dp(w) = Dp_, (w) + (I = 1)|V(G)| + D¢ (u)

and
DH(U) = DG(u) + (l - 1)(dc(u,1}) + 1) + DP171(’U’/))

where v’ is the vertex on the path P, adjacent to u. Since Dp,_,(w) = Dp,_, (u'),
Dy(w) — Dy(v) = (1 - 1)(|V(G)| — dg(u,v) — 1) + Dg(u) — Dg(v).

As 1> 2 and G is not the u-v path, (I — 1)(|]V(G)| — dg(u,v) — 1) > 0. Hence, the

result follows from the given condition Dg(u) = Dg(v). O

The Wiener index of Uy, 4 and U, , is useful for our results and can be found
in [22], see Theorem 1.1.

g9’ g’

g—i—(n—g)(I—f—n—l) if g is even,
(2.3) W(U,,4) = oe— 1) o1

T+(n—g)< 1 +n—1) if g is odd,

3 2 3g—1 2

%+(n—g)(n +ng6—|— J —%) if g is even,
2.4) W(U, )=
) 7g(g2—1)+(n_ )<n2+ng+39—1_g_2_1) if g is odd

8 g 6 12 1) %Y '

We next calculate the Wiener index of some other trees, which we need for the
extremal bounds in some of our results. Let Sy be the tree obtained by identifying
a pendant vertex of the path P; with the central vertex of the star K ;. By using
Lemma 2.2, it is easy to see that

d+1
3

d(d — 1)k

(2.5) W(Sax) = ( ) + k24 (d— 1Dk + 5
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Using the value of W(Sg ) and W (K1 ;) in Lemma 2.2, we get

d+1
3

(d? +d—2)(k+1)
2

(2.6) W(T(l,k,d)) = ( ) + 12+ k* + + (d + 1)KL

For | > 2 and ¢ > 1, let T}' be the tree on lg + 1 vertices with [ pendant vertices
having one vertex v of degree | and T)! — v = [P, (I copies of P;). Note that T} is
the path P,11. Then

la(g +1)

(2.7) Dra(v) =1+2l+...+ql = 5

Now by Lemma 2.2,
W(T) =W (TL,) + W(TH) + (1 - 1)gDra(v) + qDra (v)

q+2
—wir )+ (T37) + - D+,
Solving this recurrence relation we get

(2.8) W(T}) = l<q —; 2) + w

3. PrROOFS OF THEOREM 1.1, THEOREM 1.2 AND THEOREM 1.3
We first recall three known results related to Wiener index of graphs.

Theorem 3.1 ([13], Theorem 4). For 2 < k < n — 2, the tree T(|£],[£],n — k)
uniquely maximizes the Wiener index over %, j.

Theorem 3.2 ([22], Corollary 1.2). Among all unicyclic graphs on n > 4 vertices,
the graph U}, 5 uniquely maximizes the Wiener index.

Theorem 3.3 ([12], Theorem 5). Let G be a two connected graph with n vertices.
Then W(G) < W(C,,) and equality holds if and only if G = C,,.

We now compare the Wiener index of the graphs C3'5 and Cj,.

Lemma 3.4. Forn > 6, W(C,) < W(C%3) and equality happens if and only if
n = 6.
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Proof. By (2.4), we have W(U), 3) = #(n® — 7Tn +12). If u is the pendant
vertex of Uy, 5, then

— -2 2_n-2
(n—=3)(n )+2n_4:n n-2

Dy (u) = Dp, ,(u) +2(n—2) = 5 2

For n > 6, let u be the cut-vertex common to C3 and U),_, 3 of C35. Then by
Lemma 2.2,

(3.1) W(C5s) =W(C5) + W(U,_23) +2Du;_, (u) +2(n - 3),
(n—2)3—7(n—-2)+12
6
n® — 13n + 24
—

=3+ +(n—22%-(n—-2)—2+2n-6

By (2.1) and (3.1), we have

2
— 52
% +4 if n is even,
W(C33) = W(Cn) = )
M +4 if nis odd
24 '
Hence, the result follows. ([

Lemma 3.5. Let mi,mo > 3 be two integers and let n = mq + mo — 1. Then
w(C,) > W(Cn ).

miy,ma2

Proof. Let v be the vertex of degree 4 in C

iy .me- FIISt suppose n is even.
Then one of m; or mso is odd and the other is even. Without loss of generality,

suppose my is odd and mg is even. Then by Lemma 2.2, (2.1) and (2.2) we have

wi(r ) =W(Cny) +W(Cp,) + (ma —1)D¢

mi,ma
3 _
mi —mq

3

ma
[ — = _1
) +8+(m2 )

(v) + (m1 —1)De,,, (v)

my

2
mi —1

2
m
(m —1)7E

1
g(m? +mi 4 2m2my + 2mymi — 2m3 — 2m3 — my — 2my + 2)

1 )
W(Cn) = g(ml —+ mo — 1)3
1
=—(m3+md+ 3m2m2 + 3m1m§ — 3mf — 3m§ — 6mims + 3mq +3mg — 1).
g\ 2 1

420



The difference is

2

w(C,) — W(Cﬁll’mz) = (m%mg + mlmg —mj — m% — 6mymsg + 4mq + 5mg — 3)

((mg — 1)m3 + (my — 1)m3 + 4my + 5mg — 6mymsa — 3).

| — of =

An easy calculation gives

—_

W(Cn) — W(C:;Lth) = —mg(mg — 2) >0 ifmp = 3,

—

W(Cn) = W(CR, my) = <(3(m1 —ma)? +4my +5ma — 3) >0 if my > 5.

oo

Now suppose n is odd. Then there are two possibilities.

Case 1: Both m; and mqy are even.

WG, mz) =W (Crmy ) + W(Crmy) + (m2 — 1) D, (v) + (m1 = 1) D, (v)

3 3 2 2
my | My my ma
8+8+(m2 )4+(m1 )4
1, . .
= g(m‘f +m3 4 2mom? + 2mim3 — 2m? — 2m3),
1
W(Cn) =W (Cons gy —1) = 3 (M1 +mp = 1)7 = (my +my — 1))

1
= g(m? +m3 + 3m3ma + 3mym3 — 3m3 — 3m3 — 6myms + 2my + 2my).
The difference is
W(Cn) = W(Ch, m,) = 5((m1 — 1)m§ + (mgo — 1)m% — 6mymsa + 2mq + 2ms)

> (3(7711 — m2)2 +2mq + 2m2) > 0.

oo — 0o =

Case 2: Both m; and mqy are odd.

m3 —m ms —m m2—1 m2—1
W(Ch, m,) = 18 L 28 2—|—(m2—1) L +(my — 1) 24

1
= g(mi’ +m3 + 2mam? + 2mym3 — 2m3 — 2m3 — 3m; — 3my + 4)

and the difference is

1
W(Chn) = W(Ch,y my) = g((ml — 1)m§ + (mg — 1)ym?2 — 6mimy + bmy + 5mg — 4).
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An easy calculation gives

W(Co) = W(Cy ) > 5By = ma)? + 5my + 5y —4) >0 iy, ma > 5,
W(Cr) = W(Ch, my) = %(ng —4dmo +2) >0 if my =3,
W(C) = W (O ) = 523 — s +2) >0 if ms = 3,

and this completes the proof. O

Lemma 3.6. Let u be the pendant vertex and v be a nonpendant vertex of the
unicyclic graph Uy, ;. Then Dy, (u)> Dy, (v).

Proof. Let v, be the vertex of degree 3 in U, ,. Then

(3.2) Dy, (u) = Dp,_,,,(u) + (g —1)(n — g) + D¢, (vg)-
If v is a vertex on the cycle Cy of U,’L,g, then

DU”/L’g (U) = ch (U) + d(v, Ug)(n — g) + DP7L—g+1 (U!])'
Since Dp, ., (u) = Dp,_,.,(vg),

Dy, (u) = Doy, (v) = (n—g)(g —1 = d(v,vg)) > 0.

n,g

If v is not on the cycle Cy of U], , then

n,g’
Dy, (v) =Dp,_,.(v) +d(v,05)(g — 1) + Dc, (vg).
Since Dp,_,.,(u) > Dp,_,.,(v) and D¢, (vy) = Dg, (v),

DU,’%Q(U) — Dy (’U) > (g - 1)(n —9— d(U,Ug)) > 0.

hg
This completes the proof. O
The next corollary follows from Lemma 3.6 and Corollary 2.3.
Corollary 3.7. Let G be a connected graph with at least two vertices and
u € V(G). Suppose v is the pendant vertex of U;, , and w is a nonpendant ver-

tex of Uy, ;. Let Gy and Go be the graphs obtained from G and Uy, , by identifying u
of G with the vertices v and w of U, ,, respectively. Then W (G1) > W(G2).
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Lemma 3.8. Let u be a vertex of a connected graph G. For m > 4, let G1 be the

/
m—+1,m

graph obtained by identifying the vertex u of G with the pendant vertex of
and Gy be the graph obtained by identifying the vertex u with the pendant vertex
of U}, 11 3. Then W(Gz) > W(Gh).

Proof. By Lemma 2.2, we have

W(G1) =W(G) + WU 1,m) + (V@) =)Dy, (u) +mDe(u)

m+1m
and
W(Gz) = W(G) + W(Up,113) + (IV(G)| = 1)Dyy ,,  (w) + mDe(u).

By Theorem 3.2, W(Uy,,,, 3) > W(U,

tnt1,m)- S0, the difference is

W(Gs) - W(Gh) > (IV(G)| - 1)(Dur ., ,(w) = Doy, . (w).

By (3.2), we have Dy (u) = 3(m — 1)(m + 2) and

m+1,3
m? e
m + e if n is even,
DU;n+1,m (u) = m2 _
m + 1 if n is odd.
So,
m2—2m—4 .
— if m is even,
DU:,L+1,3 (’U,) - DU;n+1,m (u) = m2 —2m —3
——  if mis odd,
4
which is greater than 0 and this completes the proof. (|

Corollary 3.9. Let mi,ms > 3 be two integers and let m1 + ms < n. Then
W(C%3) = W(C},, ,n,) and equality happens if and only if m; = mg = 3.

m1,m2

Proof of Theorem 1.1. (i) Let G € $,,5. Suppose G is not isomorphic to
T(|%],[£], n—k). If G is a tree, then by Theorem 3.1, W(G) < W (T(| 4], [4],n—k)).

Suppose G is not a tree. Then construct a spanning tree G’ from G by deleting
some edges. Then by Lemma 2.1, W(G’) > W(G). The number of pendant vertices
of G’ is greater than or equal to k. Suppose G’ has more than k¥ pendant vertices.
Since k > 2, G’ has at least one vertex of degree greater than 2 and at least two
paths attached to it. Consider a vertex v of G’ with d(v) > 3 and two paths P, P,
l; > Iy attached at v. Using grafting of edge operation on G/, we get a new tree G
with number of pendant vertices one less than the number of pendant vertices of G’
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and by Corollary 2.4, W(G) > W(G"). We continue this process untill we get a tree
with k£ pendant vertices from G. By Lemma 2.4, every step in this process increases
the Wiener index. So, we will reach at a tree T of order n with k£ pendant ver-
tices. By Theorem 3.1, we have W (T'(|£],[%],n — k)) > W(T) > W(G). Hence,
T(|%], %7, n — k) uniquely maximizes the Wiener index over £y, j.

Now by replacing d, [ and k with n — k, L%J and f%], respectively, in (2.6), we get
the value of W(T'(|£],[£],n — k)) as in the statement. This completes the proof.

(ii) Let G € $p,1. Suppose G is not isomorphic to Uy, 5. Since G is connected and
has exactly one pendant vertex, it must contain a cycle. Let Cy be a cycle in G. If G
is a unicyclic graph, then by Theorem 3.2, W (U, 3) > W(G). If G has more than one
cycle, then construct a new graph G’ from G by deleting edges from all cycles other
than Cj so that the graph remains connected. Then by Lemma 2.1, W(G’) > W(G)
and G’ is a unicyclic graph on n vertices with girth g. By Theorem 3.2, W(U,, 3) >
W(G") > W(G). Hence, U}, 5 uniquely maximizes the Wiener index over £, 1. We
get the value of W (Uj, 5) from (2.4) and this completes the proof.

(iii) Let n > 7 and let G € $,,,0. Suppose G is not isomorphic to C';. Then we
have two cases:

Case 1: For some integers mi,ms > 3 with n = mj + mo — 1, C’ﬁlhmz is a
subgraph of G.

Since C7! is a subgraph of G, by deleting some edges (if required) from G we

mi,ma

get C! € $n,0 and by Lemma 2.1, W(G) < W(C}, ). Again by Lemma 3.4

mi,ma mi,mz
and Lemma 3.5, we have

W(G) < W(CH, 1) < W(Ch) < W(CFy).

miy,ma2

Case 2: There are no integers my, mo > 3 with n = my +msy — 1 such that C’ﬁllymz
is a subgraph of G.

If G is a two connected graph, then by Theorem 3.3 and Lemma 3.4, W(G) <
W(Cpn) < W(C33). So let G have at least one cut-vertex.

Since G has a cut-vertex and no pendant vertices, so G contains two cycles with
at most one common vertex. Let Cy and Cy, be two cycles of G with at most
one common vertex. Since Cp, .. with mj +mg —1 = n is not a subgraph of G,
g1 + g2 < n. Clearly G has at least n + 1 edges.

If G has exactly n+1 edges, then there is no common vertex between Cy, and Cl,
and G = Cy, .. As G is not isomorphic to C¥ 3, by Corollary 3.9, W(G) < W(C%3).

Now let |E(G)| = n + 2. Suppose |E(G)| = n + k, where k > 2. Choose k — 1
edges {e1,...,ex—1} C E(G) such that e; ¢ E(Cy,) UE(Cy,), i =1,...,k—1 and
G\{e1,...,ex—_1} is connected. Let G; = G\{e1, ..., ex—1} (G1 may have some pen-
dant vertices). Then by Lemma 2.1, W(G1) > W(G). If G; has no pendant vertices,

then Gy = C} ,, for some g1, g2 > 3. By Corollary 3.9, W(G) < W(G1) < W(C%3).

91,92
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Suppose G1 has some pendant vertices. Then for some p < n, C¥ _ isa subgraph
of G1. By grafting of edges operation (if required), we can form a new graph Gs
from G1, where G5 is a connected graph on n vertices obtained by attaching some
paths to some vertices of C¥ . Then by Corollary 2.4, W(Gg) > W(G1). If more
than one path are attached to different vertices of C}, / in G2, then using the graph
operation as mentioned in Lemma 2.7, form a new graph G3 from G2, where G3 has
exactly one path attached to C% . Then by Lemma 2.7, W(Gs3) = W(Ga).

Let u be the vertex on C¥  of G3 at which the path is attached. Then again, we
have two cases:

Case 1: u € V(Cy, )UV(Cy,). Without loss of generality, assume that u € V(Cy, ).
Then the induced subgraph of G'3 containing the vertices of Cy, and the vertices of
the path attached to it, is the graph U,g,gl for some k > ¢;. Let v be the pendant
vertex of U, ,’€ g1+ Since the two cycles Cy, and Cy, have at most one vertex in common,
we have two subcases:

Subcase 1.1: V(Cy4,) NV (Cy,) = {w}. Let H; be the induced subgraph of G3
containing the vertices {V(G3) \ V(Uy_, )} U{w}. Clearly Hi is the cycle Cy,. Then
identify the vertex v of U,’W1 with the vertex w of H; to form a new graph Gjy.
By Corollary 3.7, W(G4) > W(G3) and Gy is the graph Cy. . By Corollary 3.9,
W(G) < W(Gs) < W(CE3).

Subcase 1.2: V(Cy,) NV (C,y,) = 0. Let Hy be the induced subgraph of Gj
containing the vertices V(G3)\V(Uy ,, ). In G there is exactly one vertex wy € Uy |
adjacent to exactly one vertex wy of Hy. Form a new graph G5 from Gg by deleting the
edge {w1,wz} and adding the edge {v, w2}. By Corollary 3.7, W(G5) > W(G3) and
G5 is the graph C} . Again, by Corollary 3.9, we have W(G) < W(G5) < W(C%3).

Case 2: u ¢ V(Cy,) UV (Cy,). Let w be the pendant vertex of Gz and let ws be
avertex on C? of G3 adjacent to u. Form a new graph G from G'3 by deleting the
edge {u, w3} and adding the edge {w, w3 }. By Corollary 3.7, W(Gs) > W (G3) and Gg
is the graph C3' . Again, by Corollary 3.9, we have W(G) < W(Gs) < W(C%3).
Hence, C% 5 uniquely maximizes the Wiener index over $),,,0 for n > 7.

We have W (C¥3) = (n® — 13n + 24) by (3.1) and this completes the proof. [

It can be checked easily that for 3 < n < 5, the cycle (), has the maximum
Wiener index over $),, 0 and for n = 6, the Wiener index is maximized by both the
graphs Cs and C’gg.

Proof of Theorem 1.2. (i) Let G € $ %, 0 <k <n — 3 and let vy,vs,..., 05—k
be the nonpendant vertices of G. Suppose G is not isomorphic to K¥. If the induced
subgraph Glvy,va,...,vn—k| is not complete, then form a new graph G’ from G by

joining all the nonadjacent nonpedant vertices of G with new edges. Then G’ € £, x
and by Lemma 2.1, W(G’) < W(G). If G’ = KE, then W(KF) < W(G).
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Otherwise, G’ has at least two vertices of degree greater than or equal to n — k. (If
the induced subgraph G[vy,ve, ..., v,—| is complete, then G[vy,va,. .., v,—k] has at
least two vertices of degree greater than or equal to n — k.) Form a new graph G”
from G’ by moving all the pendant vertices to one of the vertex vi,va,..., vp_p.
Then G” = K¥ and by Corollary 2.6, W(KF) = W(G") < W(G") < W(G). Hence,
for0<k<n-3, K,’j uniquely minimizes the Wiener index over £, j.

Let u € V(KF) be a vertex of degree n — 1. Then by Lemma 2.2, we have

W(KR) = W(EKn-r) + W(E1r) + (|V(EKn-r)| = Dk + kDx,_, (u)

_ (n;k>+k2+2k(n—k—1).

(ii) Let G € $p n—2. Suppose G is not isomorphic to T(1,n — 3,2). Then G
is isomorphic to a tree T'(k,l,2) for some k,I > 2. Now form a tree T'(1,n — 3,2)
from G by moving pendant vertices from one end to another. Then by Corollary 2.6,
W(T(1,n—3,2)) < W(G) and by taking d = 2,1 =1and k = n — 3 in (2.6), we
have W(T(1,n — 3,2)) =n? —n — 2. O

Proof of Theorem 1.3. We first prove that for & > 3, if T" € T, ;, has mini-
mum Wiener index, then there is a unique vertex v € V(T) with d(v) > 3. Let
there be two vertices u,v € V(T) with d(u) = n; = 3, d(v) = n2 > 3. Let Np(u) =
{u1,ug, ..., up, } and Np(v) = {v1,v2,...,Vn, }, where uy and v; lie on the path join-
ing u and v (u; may be v and v may be u). Let T} be the largest subtree of T' contain-
ing u,ug,us, . .., Un,—1 but not ui, u,, and Ty be the largest subtree of 7" containing
V, V2,3, - .., Un,—1 but nOt v1, v,,. We rename the vertices v € V(T) and v € V(T3)
by u' and v’, respectively. Let H = T \ {uz2,us,...,Un,—1,V2,03,...,Vp,—1}. Con-
struct two trees 7' and T" from H, T7 and T3 by identifying the vertices u, u’, v’
and v, v/, v/, respectively. Clearly, both 7', 7" € %, ;, and by Lemma 2.5, either
W(T") < W(T) or W(T") < W(T), which is a contradiction.

Let T be the tree which minimizes the Wiener index in ¥, ;. For k = 2, the only
possible tree is the path P,, which is isomorphic to T, 2. So assume 3 < k < n — 2.
Then there exists a unique vertex v € V(T') with d(v) > 3 and d(v) number of paths
are attached to v. Suppose P and P’ are two paths attached at v in T of length [
and ', respectively, with [ — I’ > 2. By grafting of edge, form a tree T from T such
that the lengths of paths corresponding to P and P’ in Tarel—1and '+ 1, respec-
tively. Then by Corollary 2.4, W(f) < W(T), which is a contradiction. Hence, the
difference of the lengths of any two paths attached at v in 7" is at most one. There-

fore, T' uniquely minimizes the Wiener index over ¥, ;, and T is isomorphic to 15, .
O
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For r = 0, the tree T}, ;, is isomorphic to the tree T} and hence by (2.8),

wir=k("3%) + ¢*a+ Dh(k—1)

3 2

For 1 <r < k, by Lemma 2.2, we have
W (L) = W(TE) + W(T_,) + (¢ +1)Dyg_ (v) + (k = r)gDpas (v),

where v is the vertex of T,  with T, 1 \ v = rPyy1 U (k — r)P;. Thus, by using (2.7)
and (2.8), the value of W(T,, 1) can be obtained.

4. PROOF OF THEOREM 1.4

Any graph on n vertices has at most n — 2 cut-vertices. The path P, is the only
graph on n vertices with n—2 cut-vertices. Hence, for €, ; we consider 0 < s < n—3.
Let €},  be the set of all trees on n vertices with s cut-vertices. In a tree, every vertex
is either a pendant vertex or a cut-vertex. So €} ; = %, ,s. Hence, the next result
follows from Theorems 1.3 and 3.1.

Theorem 4.1. For 0 < s < n — 3, the tree T(| "53], [%52], s) maximizes the

Wiener index and the tree T, ,,—s minimizes the Wiener index over Qﬁfl .
,

A block in a graph G is a maximal connected component without any cut-vertices
in it. Let Bg be the graph corresponding to G with V(Bg) as the set of blocks
of G and two vertices u and v of Bg are adjacent whenever the corresponding blocks
contain a common cut-vertex of G. A vertex of G with minimum eccentricity is
called a central vertez. We call a block B in G a pendant block if there is exactly one
cut-vertex of G in B. The block corresponding to a central vertex in B¢ is called
a central block of G. Two blocks in G are said to be adjacent blocks if they share

a common cut-vertex.

Lemma 4.2. Let G be a graph which minimizes the Wiener index over €, 5. Then
every block of G is a complete graph.

Proof. Let B be ablock of G which is not complete. Then there are at least two
nonadjacent vertices in B. Let v and v be two nonadjacent vertices in B. Form a new
graph G’ from G by joining the edge {u,v}. Clearly G’ € €, ; and by Lemma 2.1,
W(G') < W(G), which is a contradiction. O

Lemma 4.3. Let G be a graph which minimizes the Wiener index over &, ;. Then
every cut-vertex of G is shared by exactly two blocks.
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Proof. Let ¢ be a cut-vertex in G shared by more than two blocks, say

B1,Bs,...,By, k > 3. Construct a new graph G’ from G by joining all the non-
2

adjacent vertices of |J B;. Then G’ € €, and by Lemma 2.1, W(G') < W(G),

i=2
which is a contradiction. O

Lemma 4.4. Let m > 3. Fori,j € {1,2,...,m}, if |; <l; — 2, then

W(K:Ln,(ll7---7li+1,--.,lj—1,...,lm,)) <W(K:;L(ll,...,li,...,lj,...,lm)).

Proof. Let u be the pendant vertex of K7 (l1,...,l;+1,...,l; —1,...,1,) on
the path P, 1 and v be the pendant vertex of K (I1,...,0,...,l;,...,Ly,) on the
path Pj,. Let w; and wy be the vertices adjacent to u and v, respectively. Then
using Lemma 2.2 we have

WD (L, o i+ 1, =1, ly) = WD (e Ly e Ly ln)
= DK:;*(l1,...7l,z,...7lj—1,...,zm>(wl) - DK:;,”(117...717:7...71.7-—1,...,lm)(w2) <0,
since [; < l; —1 and m > 3. O

Let G be a graph in which every cut-vertex is shared by exactly two blocks.
Then Bg is a tree. So, Bg has either one central vertex or two adjacent central
vertices and hence G has either one central block or two central blocks with a common

cut-vertex.

Lemma 4.5. Let G be a graph which minimizes the Wiener index over €, 5. If
s > 2, then every pendant block of G is K.

Proof. Allthe blocksin G are complete by Lemma 4.2. Suppose B is a pendant
block of G which is not Ks. Let V(B) = {v1,v2,...,0n} with m > 2. Assume v;
is the cut-vertex of G in B which is shared by another block B’ with V(B’) =
{v1 = uy,uqg,...,u,} and r > 2. Construct a new graph G’ from G as follows: Delete
the edges {v2,v;}, j = 3,4,...,m and add the edges {v;,u;}, j = 3,4,...,m and
1= 2,3,...,7. When G changes to G’, the only type of distances which increase
are d(ve,v;), j = 3,4,...,m. Each such distance increases by one and hence the
total increment in distances for v;, j = {3,...,m} is exactly m — 2. The distance
d(vj,w;), 7 = 3,4,...,m, i = 2,3,...,r decrease by one. Since r > 2, the total
distance decreased by such pair of vertices is at least m — 2. Since s > 2, there
exists a vertex w belonging to another block B” such that d(vj,w), j = 3,4,...,m
decreases by one. So W(G') < W(G), which is a contradiction. O

Lemma 4.6. Let G be a graph which minimizes the Wiener index over €, 5. If
s > 2, then all noncentral blocks of G are K.
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Proof. Since G minimizes the Wiener index over €, 5, by Lemmas 4.2 and 4.5,
all blocks of G are complete and all pendant blocks are K,. Assume that G has
a nonpendant and noncentral block. By Lemma 4.3, every cut-vertex of G is shared
by exactly two blocks. Let B be a central block in G. Then there exist a noncentral,
nonpendant block B; and a cut-vertex (of G) ¢; € V(By) such that a path P is
attached to B; at ¢;. Since B; is a nonpendant block, so there is a cut-vertex (of G)
co € V(By) different from ¢y, shared by another block Bs such that the vertices corre-
sponding to the blocks By, B2 and B (starting from B;) in the tree Bg lie on a path.

Let V(B1) = {c1 = u1,u2,...,Up, = c2} and V(B2) = {v1,v2,...,0m, = C2}.
Construct a new graph G’ from G as follows: Delete the edges {ci,u;} for all
u; € V(B1) \ {c1,c2} and add the edges {u;,v;} for all u; € V(By) \ {c1,c2} and
v € V(BQ) \ {CQ}.

Fori=2,...,m;—1, let H; be the maximal connected component of G containing
exactly one vertex u; of By. Let P;: tits...%; be the path with ¢; identified with c;.
When G changes to G’, the only type of distances which increase in G’ are d¢- (u, t;),

my—1
whereu € |J V(H;)and j=1,2,...,l. Each such distance increases by one in G'.
i=2

=
For any other pair of vertices, the distance between them either decreases or remains

the same. Since B, is not a central block, for each ¢;, j = 1,2,...,[ there exists a ver-
my1—1
tex t. € V(G) \ ( AUQ V(H;) Ul{tl,tg, oot v, v, . .,vm2}) such that dgr(u,t})
1= mq—
decreases by one, where uw € |J V/(H;). So, the increment in distance by the pairs u,
i=2

t; is neutralized by the pairs ui t’.. Apart from this, at least the distances dg-(u;,v;)
fori=2,3,...,m —1land j =1,2,...,ma— 1 decrease by one. So W(G') < W(G),
which is a contradiction. Hence, for s > 2, all noncentral blocks of G are Ks. (]

Proof of Theorem 1.4. Let G be a graph, which minimizes the Wiener in-
dex over €, ;. We first claim that G is isomorphic to K7 (l1,...,l,—s) for some
li,lay oy lp—s.

By Lemmas 4.2 and 4.3, every block of G is complete and every cut-vertex of G
is shared by exactly two blocks. If s = 0, then G has exactly one block. So G = K,
and K, is isomorphic to K]7(1,1,...,1).

For s = 1, G has exactly two complete blocks with a common vertex w (say).
Let By and B be the two blocks of G. If any of By or By is K3, then G is iso-
morphic to K" 1(2,1,...,1). Otherwise, let V(B1) = {u1,us,...,uUn, = w} and
V(B2) = {v1,v2,...,Um, = w} with mi, ms > 2. Construct a new graph G’ from G
as follows: Delete the edges {u1,u;}, 4 =2,3,...,m; — 1 and add the edges {u;,v;},
i=23,...,m —1,j=12,...,mg — 1. Clearly G’ € &, ;. Then the only type
of distances which increase are d(u1,u;), j = 2,3,...um,—1 and each such distance
increases by one. So, the total increment in distance is exactly m; — 2. Also each
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distance d(u;,vj), i = 2,3,...,m; — 1, j = 2,3,...mg — 1 decreases by one. The
total decrement is (mq — 2)(mg — 1). Since mq1,mq > 2, W(G') < W(G), which is
a contradiction. Hence, G is isomorphic to K" _1(2,1,...,1).

Now suppose s > 2. Then G has s+1 blocks and also G has either one central block
or two adjacent central blocks. By Lemma 4.6, all noncentral blocks of G are K.

If G has exactly one central block, then G is isomorphic to K7 (I1,...,lh—s)
for some ly,ls,...,ls. Suppose G has two central blocks and G is not isomorphic
to K" (li,...,ln—s) for any ly,l2,...,ln—s. Then each of the central blocks of G
has at least 3 vertices. Let By and B be the two central blocks with a common
vertex w. Let V(By) = {u1,ug,...,Um, = w} and V(Bz) = {v1,v2,...,0m, = w}
with my,ma > 2. Let Hy(Hz) be the maximal connected component of G containing
exactly one vertex w of By(B1). Let P: wujts...¢; be the longest path in H
starting at w containing u; such that none of the vertices t3,...,t¢; belongs to Bj.
Take w as t; and u; as ty in P,. Since By and B, are central blocks, so there
exists a path P/: tit5 ...t on [ vertices in Hy starting at w = t} and containing
exactly two vertices of By. Construct a new graph G’ from G as follows: Delete the
edges {u1,u;}, 1 =2,3,...,m; — 1 and add the edges {u;,v;}, ¢ =2,3,...,m — 1,
j=1,2,...,mg—1. Clearly G’ € €, ;. The only type of distances which increase in G’
are dg(u,t;), where u € V(H1) \ V(P) and j = 2,...,1 also each such distance in-
creases by one. The distance dg- (u, t};) decreases by one, where u € V(H1)\V(F)) and
j=2,...,1. So, the increment in distance by the pairs {u,t;} is neutralized by the
pairs {u, t’}. Since ma > 3, there exist at least one vertex w’ in By which is not in P
For each u € V(Hy) \ V(P,), the distance d¢ (u, w") decreases by one. So, W(G’) <
W (G), which is a contradiction. Hence, G is isomorphic to K]’ (l1,...,ln—s) for
some l1,lo,...,l,_s. Now the result follows from Lemma 4.4. O

5. CONCLUSION

In this article, we obtained the graphs which extremize the Wiener index over all
connected graphs on n vertices with k pendant vertices. We also obtained the tree
which minimizes the Wiener index over all trees on n vertices with k£ pendant vertices.
In [13], the author has characterized the tree which maximizes the Wiener index over
all trees on n vertices with fixed number of pendant vertices. We further obtained
the graph which minimizes the Wiener index over all connected graphs on n vertices
with s cut-vertices. It will be nice to obtain the graph which maximizes the Wiener
index over all connected graphs on n vertices with fixed number of cut-vertices.

Acknowledgement. The authors wish to sincerely thank the referees for their
detailed comments which significantly improved the submitted version of the paper.
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