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Abstract. We provide combinatorial interpretations for three new classes of partitions,
the so-called chromatic partitions. Using only combinatorial arguments, we show that these
partition identities resemble well-know ordinary partition identities.
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1. INTRODUCTION

We use the following standard notation:

(@.q) 1-a)(1—-aq)(1 —ag?®)...(1—ag™ 1) ifn>0,
a,q)n =

1 1 if n=0,
(a,q9)oc = lim (a,q), for a complex number ¢, where |g| < 1.

n— oo

The theory of partition identities began with Euler (see [6]) and has been well-
developed ever since. Bijective proofs, as described in [3] and [7], arise every year.
The necessity for simple generalizations of the integer class of partitions generates
new classes such as the overpartitions of integers instituted by Lovejoy in [5].

Our objective is to find combinatorial interpretations for hypergeometric series

which involve terms such as (1 — kg")~! and to obtain new partition identities.

To combinatorially interpret the terms 1 — k¢™ in the series as in the following:
ﬁ 1
PR
oute 1—kqn
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we will use the concept of the chromatic partition of an integer n. We will assume that
if we change the color order of equal parts in a partition, this generates a different
partition. For example, for the two colors, black and white, 1y, + 1y is different
from 1y, + 1, where the subscripts b and w indicate that the part 1 is colored by
black and white, respectively. In this case, the number of partitions of n in colored

o0

parts with two colors is given by the coefficient of ¢" in [] (1—2¢")~!. For example,
n=1

the number of partitions of n = 4 in colored parts with two colors is given by the

coefficient of ¢* in the product above, which is equal to 34.
In the last theorem, we work with a special case of a well-known result. For |¢| < 1,

n

)
Z M = (—¥;¢)oo, Where a = <n>
"0 (@ D)n 2

We consider y = —zqk to obtain a demonstration of this identity in terms of
super-chromatic partitions.

The definition of super-chromatic partitions is related to products such as
(kq; kq)>!. Using these concepts with a modified graph from the Ferrers graph,
we obtain a generalization of an important identity involving the Durfee squares of
a partition, as defined in Theorem 2 in [2].

We emphasize the fact that these demonstrations are not just made from variable
changes. In fact, we get new proofs by using combinatorial arguments that generalize
well-known identities.

2. DEFINITIONS AND GENERATING FUNCTIONS

Definition 1. A (n, k)-chromatic partition is an integer partition of n in which
every part receives an index, ranging from 0 to k£ — 1, referring to colours. The order
of appearance of coloured parts should be considered, i.e., equal parts associated to
different colours are considered distinct.

Definition 2. For positive integers n and k, an (n, k)-super-chromatic partition
is a chromatic partition of n, where each part j can appear with up to k7 different

colours.

Definition 3. An (n, k)-semi-chromatic partition is a partition of n in which
the greatest part \p, receives a color in {0,...,k* — 1} and the others appear non-
colored.

Example 1.
> 5g+ 53+ 31 + 37 + 25 + 1g is a (19, 9)-chromatic partition distinct from 53 + 5g +
31+ 37+ 25 + 1g.
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> 531 + B30 + 415 + 37 + 23 + 1 is a (20, 2)-super-chromatic partition different from
930 + 531 + 415 + 37 + 23 + 1o.

> Forn =%k =4, 4., 3¢ + 1p, 24 + 2,20 + 1p + 1¢, 14 + 1p + 1. + 14 are indexed
partitions, and taking colours a, b, ¢ and d, where 0 < a,b, c,d < 3, there are 356
(4,4)-chromatic partitions.

In this paper, we will denote the number of integer partitions of n by p(n), the
number of (n, k)-chromatic partitions by py(n), the number of (n, k)-semi-chromatic
partitions by my(p), and the number of (n, k)-super-chromatic partitions by spy(n).

For |kq| < 1, the infinite products (kq,q)z! and (kq,kq);} are the generating

functions for the number of chromatic partitions and super-chromatic partitions

with k colours, respectively.

Definition 4. A k-chromatic Ferrers graph of a partition is a Ferrers graph of
its partition in which every dot receives an index ranging from 0 to k — 1, referring
to k distinct colors.

Example 2. The graph below is a 4-chromatic Ferrers graph of the partition
44+3+2+24+1. See

9 ©2 ©O1 O3

©3 %0 ©O1

O2 ©O2
©1 ©3
02

We will see in the next section that this representation is associated with (12,4)-

super-chromatic partitions.

Definition 5. For positive integers n, k and m, a k-chromatic Gaussian poly-
nomial is obtained from a Gaussian polynomial by changing the variables g to kgq.
With the same notation,

n B (1—kq)(1 - Kk%¢?)...(1 — k"q")

m] i, (1= kq)(1 —k2¢2)... (1 — kn—mgn=—m)(1 — kq)(1 — k2¢?) ... (1 — kmqm)’

Example 3. For n =5 and m = 2,

[5} _ (1 —kq)(1 —k%¢®)...(1 —k5¢%)
kq

2 (1= kq)(1 = k2¢2)(1 — kq)(1 — k2¢2)(1 — k3¢%)

Making simplifications,

5 f
M =14 kq+2K%¢® + 2K3¢3 + 2k q* + k5¢° + k545,
kq
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3. REsSuLTS

The next result shows a bijection between (n,k)-chromatic and (n,k)-semi-
chromatic partitions. The main tool used in this proof is a transformation that
transposes the colored Ferrers graph representation of a (n, k)-chromatic and recol-
ors in a way that obtains a (n, k)-semi-chromatic partition. This transformation can
be understood through the following example.

Example 4. Let 41 + 32 + 22 + 29 + 17 be a (12, 3)-chromatic partition, whose
3-colored Ferrers graph representation is

01 ©°1 ©01 ©O1

02 02 O3
O2 02

% ©o

01

If we take the transpose of this graph representation, we have

©01 02 ©O2 ©Op Of
07 O9 O9 Op
o1 02

o1

Note that this is not a (12, 3)-semi-chromatic partition, but if we take a suitable
color to the major part and color by 0 the others, we will have

° ©°3 98 ©°8 95
% ©p ©0 ©o
% 90

%0

If we take 8 € {0,1,...,3%}, then 55+ 49+ 29+ 1o will be a (12, 3)-semi-chromatic
partition. A way that we surely will take this is if we concatenate the colors of each
part of the original (12, 3)-chromatic partition and interpret this as written in 3-base,
that is, (12201)3 = 1.3% +2.3% +2.3%2 + 0.3 + 1.3° = 154.

Theorem 1. The number of (n, k)-chromatic partitions is equal to the number
of (n, k)-semi-chromatic partitions.

Proof. Let (A)ay + .-+ (Am)a,, With Ay + ...+ A, =n, sothat \y > ... >
Am 2 1,and o; € {0,...,k—1} is a (n, k)-chromatic partition. Taking the transpose
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of its colored Ferrers graph representation and recoloring its parts, we obtain (\;) 8+
m

(A2)o+- ..+ (Ax, o with B = >~ ;K™% and we have \; = m and 8 € {0,...,k™—1}.

i=1

So, (A1)g+(X2)o+- ..+ (Ax, )o is a (n, k)-semi-chromatic partition associated with the
(n, k)-chromatic partition original (A1)a, +. ..+ (Am)a,,. Because the representation
in a k-base is unique, we obtained a 1-1 association between the (n, k)-semi-chromatic
and (n, k)-chromatic partitions. O

For n = 3 and k = 2, the next table shows the chromatic partition and the corre-
spondent semi-chromatic partition under the transformation described in Theorem 1.

chromatic semi-chromatic  chromatic  semi-chromatic

30 lo+10+ 10 31 11 +10+ 10
20+ 1o 20+ 1o 20+ 14 21+ 1o
21+ 19 2+ 1o 21+ 14 23+ 1p

lo+ 19+ 19 30 lo+ 19+ 14 31
1o +11 + 1 32 1. +1g+ 1 34
lo+1:+14 33 1:+1g+ 14 35
Li+11+1 36 L+ +1 37

Table 1. Bijective association between (3,2)-chromatic and semi-chromatic partitions

In the next theorem we provide a generalization of a partition identity that may be
proved using the concept of Durfee squares. Since a part j of a (n, k)-super-chromatic
partition can appear in k7 ways in a chromatic partition, the colored Ferrers graph
may be a useful tool to prove results.

Lemma 1. For positive integers M, N and k,

{N+M]
N

is a generating function for (n, k)-super-chromatic partitions with at most M parts,
with each part j < N.

Proof. Considering a part j of a partition of n, represented as a row of
a k-colored Ferrers graph, there are k7 ways of coloring the points of this row.

Considering a part j of a generic k-colored Ferrers graph representation of a par-
tition of n, there is k7 ways to color a row representing j. It is known that, without

COlOI‘S,
q
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is a generating function of partitions of n > 1, at most M, parts, where each part
does not exceed N. Adding the fact that each dot can appear colored in k ways,
a k-colored graph of at most N columns and M rows represents a (n, k)-super-
chromatic partitions at most M parts and each part j < N. Thus, in the set of
(n, k)-super-chromatic partitions of at most M parts, each part j < N is enumer-
ated by

{N+M}
N kq'

Theorem 2. For |kq| < 1,

S o (i
(3.1) (kq: kq)oo n;) (kg; kq)7,

Proof. Considering the Ferrers graph of a partition of n like in the diagram
below, it is easy to understand that if the partition has a Durfee square j X j then
the square is generated by the term ¢/ *. The term (kq)j2 generates the Durfee square
7 x j with k colors. The upper right portion of a chromatic partition is generated by

{n] _ 1-q)(1-¢*...(1—¢")
g =91 =¢*)...(01=q )1 -q)(1-¢%)...(1—¢)’

J

and the lower portion by

{ n ] _ 1-g(1-¢*...(1-¢")
n—7jly, (1-91-¢)...0-¢")(1-q)(1-¢*)...(1-¢)

See the graph below:

Oaq; ©ay; ©%az Oay | Cas Cas Car Cas Cas Caio
Obl Ob2 Ob3 Ob4 ob5 ObG ob7 ObS
Oc;y  Ocy Ocy Ocy | ©c5 Ocg  Ocr

Ody  ©Ody ©d3 ©dy | Cds

[¢]

€1 €2 €3

Ofi ©Of2 ©fs ©f

Og 92 g3
Oh1 th

Oil

Oj1

Oll

550



Here, we used the identity

R

The generating function for chromatic partitions into at most n colored parts, each
of them at most n of a j x j Durfee square is

“[LGL

Taking the limit as n — oo, we have:
2
i (kq)"
— (ka:kq)3’
which is the generating function for super-chromatic partitions with % colors. O

In order to prove Theorem 3, we will consider the term

Antekn) = (722) (T5) - (F05)

The coefficient of a term 2™k"¢' in the expansion of A,(x,k,q) is the number of
partitions of [ in which:

> the partition has m parts,
> there is a part multiple of s for 1 < s < m.

We denote the set of these partitions by A, , that is, a kind of non-gap chromatic
partition. For example, if n = 8, we have that the partitions in Agj enumerated
by A (z,k,q), 1 <n < 3for ji,j2,j3 € {0,1,2,...k — 1}, are the following:

1, +1; +1; +1; +1; +1; +1; +1;,

2, + (1, + 1, + 1, +1;, + 1, +1;,),

(2j1 + 2]'1) + (1j2 +15 + 1, + 1j2)7

(2j1 +25 + 2]'1) + (1j2 + 1j2)7

3j0 25, + (15 + 155 + 155),

35, + (2j2 + 2]'2) + 1.

v VvV vV vV VvV V

The next theorem provides a identity between k-super-chromatic partitions gener-
ated by > A, (x,k,q) and super-chromatic partitions in distinct parts. We will use
the k-colored Ferrers graph to obtain a bijective proof involving partitions in A, j
and k-super-chromatic partitions in distinct parts.
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From a partition of n in A, ;, we can describe its representation in a colored
Ferrers graph. Using the conjugate operation in a Ferrers graph of its partition, we
obtain a unique k-super-chromatic partition in distinct parts, due to the fact that
the conjugation is a bijection. We consider that the transformation from a parti-
tion in A, 1, to where should take in a super chromatic partition in that the colors
of this partition are written in k base. From this bijection we have the following
theorem.

Theorem 3. The number of (n, k)-super-chromatic partitions into distinct parts
is equal to the number of A, j partitions.

Example 5. The following diagram is the graphical representation of 414+ 429 +
374254+ 26 + 11 + 19 + 15 a 3-super-chromatic partition of 18. See

9 ©1 02 ©O1
©1 %0 ©p ©2

Op O9 o1

01 ©O2
02 ©Op
01
%0
02

The conjugate operation in the Ferrers graph takes this partition in a super-chromatic
partition in distinct parts as following. Notice that we wrote the color numbers
in base 3. See

°p ©1 09 ©O1 ©O2 O ©Ogp O3

01 ©p 02 ©O2 Og

©2 ©Op ©O1

01 ©O2

This graph represents the super-chromatic partition 8g75 + 5105 + 319 + 25.

We conclude this article by citing some possible applications of some chromatic
partition classes, as well as some contemporary results obtained with similar math-
ematical tools.

In [1], with similar ideas to those discussed here, for classes of chromatic over-
partitions, the author found identities involving g-hypergeometric series such as the
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following;:

s l—ng? = 1-¢)(1—-2¢%)...(1 —ng") ’
(1+%wﬂ—'II<§:%Oﬁf>v
n=1 7 odd “n=0

where

1 if r =0,
Cl(’r) = onitnet..Ans+l  if . om 49Nz 4 49

and for j > 2,

1 if r=0,
cj(r) — js(2n1+nz+...+ns+1) if j | r, 7”/] =M 4 on2 4 4 O
0 ifjtr

so that terms like 1/(1 — ng™) can be easily interpreted in terms of the numbers of
some chromatic partition classes.

We believe that due to the simple nature of the chromatic Ferrers diagrams, many
identities, such as Pak in [7] and Bressoud in [4], can be obtained in a bijective way.
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