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Abstract. We study the duality theory of the weighted multi-parameter Triebel-Lizorkin
spaces Fg’q(w; R™ x R™2). This space has been introduced and the result

(F;zn(w; R™ x R™))* = CMO;O"Q/ (w; R™ x R™?)

for 0 < p < 1 has been proved in Ding, Zhu (2017). In this paper, for 1 < p < 00,0 < ¢ < 00
we establish its dual space Hp ¢ (w;R™ x R™?).
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1. INTRODUCTION

The classical theory of harmonic analysis may be described as centering around
the Hardy-Littlewood maximal operator and its relationship with certain singular
integral operators which commute with the usual dilations on R™, given by d(x) =
(0x1,...,0xm), 6 > 0. If this isotropic dilations are replaced by more general non-
isotropic groups of dilations, then many non-isotropic variants of the classical theories
can be produced, such as the multi-parameter pure product theory, corresponding to
the dilations §: = — (0121, d222), * = (x1,22) € R™ x R™2, § = (41, d2), 01,02 > 0,
which has been developed over the past decades. We refer the reader to [2], [3], [4],
51, 19], [11], [12], [13], [14], (17], [18], [21], [22], [24], [25], [27], [28], [29], [30], [31],
[32], [37].
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and Jiangsu Government Scholarship for Overseas Studies. The third author is supported
by NNSF of China grants (11661061).
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Triebel-Lizorkin spaces form a unifying class of function spaces encompassing many
well-studied classical function spaces such as Lebesgue spaces, Hardy spaces, Lip-
schitz spaces, and the space BMO. For more information see Triebel [35], Frazier,
Jawerth [15] for one-parameter Triebel-Lizorkin spaces, Bownik [1] for anisotropic
Triebel-Lizorkin spaces, Li, et al. [26] for weighted anisotropic Triebel-Lizorkin spaces
and Yuan, et al. [37] for a unified framework.

The pure weighted multi-parameter Triebel-Lizorkin spaces were first introduced
in [31], and reintroduced in [8]. To be precise, let () € S(R™), i = 1,2 with

(1.1) supp ) C {€ € R™: L <] < 2)

and

(1.2) S ORGP =1 V& e R™ N\ {0},
Jjez

From (1.1), one has the moment condition

(1.3) / YD (z)2® dz =0
R™i
for all multi-indices § € N™. Denote

So(R™1H72) = {f € S(R™Hm2); / f@)a®*dz =0 VYla|> o}.
R

nitng
The following discrete Calderdn’s identity is an extension of Lemma 2.1 in [15] to

multi-parameter. One can prove it similarly as in the proof of Theorem 1.3 in [23].

Theorem 1.1. Suppose that 1) € S(R™), i = 1,2 are functions satisfying
conditions (1.1)—(1.2). Then

(14) flrr,m) =Y S Tk % )@, w0) X sk — zr, s — 2),

JREL Ix JeM [t XTI

where the series converges in L?(R™+"2) §y(R™*"2) and S)(R™"2).

Here and after, for ¢ = 1,2 and any j € Z, denote H;L = {I: I are dyadic cubes
in R™ with the side length [(I) = 277, and the left lower corners of I are x; = 2771,
le7™}, Dy, = UH;’ and D =D, x D,,. Set

J

Yik(a,a2) = Y (@) (22),
U () = 2m O @), P (w2) = 2720 (2).
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We now recall some definitions of product weights in two-parameter setting. For
1 < p < o0, a nonnegative locally integrable function w € A,(R™ x R"?) if there
exists a constant C' > 0 such that

1 1 Pt
sup | — | w(x da:) (—/ w(z) /P dx) < 0.
s (177 [ 000) (7 [

We say w € A1 (R™ x R™) if there exists a constant C' > 0 such that
Msw(z) < Cw(z)

for almost every x € R™ x R™2 where Mj is the strong maximal function defined by

M,f(z) = sup ﬁ /R ()] do.

r€RED

We also define M; f, the strong maximal function with respect to measure p, by

s = su L
Mifw) = s — [ 17 duty).

At last we define Ay, = Aso(R™ x R™2) by

AR x R™) = | ] Ap(R™ x R"™2).

1<p<o

If w e Ay, then g, = inf{q: w € A;} is called the critical index of w. Notice that if
w € Ay, then ¢, < .

With the discrete Calderdn’s identity, the following weighted multi-parameter
Triebel-Lizorkin space was introduced in [8], [31].

Definition 1.1. Let 0 < p, ¢ < 00, a = (a1,) € R?, w € Ay, and ¥ €
S(R™), ¢ = 1,2 satisfying conditions (1.1)-(1.2). The weighted multi-parameter
Triebel-Lizorkin space Fg"q = F;’q(w; R™ x R™2) is defined by

Fpi(w; R™ x R™) = {f € Sy(R™*"2): |||

F;LLI(M;Rnl xR"™2) < OO},

where

HfHF;"“(w;R"l xR72)

1/q
= H < Z 9—(jaatkaz)q Z Wj,k * f(xl,xJ)|qXI($1)XJ(x2))

J,kel Ix JEI; ! T2

LP(w).

765



The corresponding discrete weighted multi-parameter Triebel-Lizorkin space
fz‘,’ 4 = fg’q(w; R™ x R™2) is defined to be the set of all complex-valued sequences
s = {sr}r satisfying

< 00,
Lr(w)

1/q
5 stz = | ( S0/ sl

ReD

where xgr(z) = |R|_1/2XR(J:).

This weighted multi-parameter Triebel-Lizorkin type space is well defined, since
it has been proved in [8] that F;’q is independent of the choice of the functions ()
and ¢(?). This space also can be characterized by its continuous form [8], that is

1/q
H ( Z 9—(jartkaz)q Z Wj,k « f(xr, $J)|qXI($1)XJ($2))

jkez Ix JEN X112 L (w)
1/q
~ § : —(jar+k
s H< 2 (jou az)qw)j,k % f|Q> .
jkeZ Lr(w)

Though there have been extensive works on dual spaces of multi-parameter Hardy
spaces (see [3], [14], [19], [20], [23], etc.), the duality of Triebel-Lizorkin spaces has
almost been studied in the one-parameter settings started in [15], [35], see also [1]
for anisotropic Triebel-Lizorkin spaces, [26] for weighted anisotropic Triebel-Lizorkin
spaces. Recently, there has been some progress in the dual of multi-parameter
Triebel-Lizorkin spaces. One can see [7] for the dual of multi-parameter Triebel-
Lizorkin spaces associated with the composition of two singular integral operators,
and see [8] for the dual of weighted multi-parameter Triebel-Lizorkin spaces. We
want to point out that in [8], the dual of F;’q(w; R™ x R™) was only discussed

when 0 < p < 1. Hence, our goal is to complete this work.

Definition 1.2. Let 0 < p < 00, 0 < ¢ < 00, a = (a1,02) € R?, w € A,
and ¢ € S(R™), i = 1,2 satisfying conditions (1.1)-(1.2). The weighted multi-
parameter Triebel-Lizorkin-type space Hg’q = Hg"q(w; R™ x R™2) is defined to be
the set of all f € S{(R™*"2) such that

HfHHg’q(w;[Rnl xR"2)

- H < § o Gerthons  §7

J,kel IxJEI} ! x11;2

q
. f(xf,m% .

Lr(w)

1/q
Xf(x)xJ(y)>

The corresponding discrete weighted multi-parameter Triebel-Lizorkin-type space
hyd = hg’q(w; R™ x R™2) is defined to be the set of all complex-valued sequences
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s = {sr}r such that

< 00,
Lr(w)

6 sl = | (3 (it sal >zR<x))q>1/q

ReD

where Ygr(z) = |R|’1/2XR(x).

Let ¢’ denote the conjugate of g, such that 1/g+ 1/¢' = 1 when 1 < ¢ < oo; if
0 < g < 1, it is also convenient to let ¢ = co. One of the main theorems of this
paper is the following.

Theorem 1.2. Let 1 < p < o0, 0 < g < o0, a = (a1,a2) € R?, w € A. Then

Sogyk T —(X,q/
(Fged)™ = H, " .
Namely, if g € H;“’ql, then the map l, given by l4(f) = (f,g) and defined initially
for f € So(R™ x R™), extends to a continuous linear functional on F;”q with
gl < llgll j-a.0r- Conversely, every | € (Fe-9)* satisfies | =, for some g € Hl;a’ql

P

with [|ly[| = [|g]]

. ’
—a,q .
H,
P

In order to prove the above duality theorem, following Frazier and Jawerth in
the one-parameter case [15], we should first do these in the corresponding discrete
weighted multi-parameter sequence spaces.

Theorem 1.3. Suppose 1 < p < 00, 0 < ¢ < 00, @ = (a1, a2) € R%, w € An..
Then

(Froy =iy

More precisely, | is a bounded linear functional on f;j"q if and only if | is of the form

I(s) = (s,t) = Z sptrp Vs= {sr}rep € f;’q
ReD

for some sequence t = {tg} rep with

||lH(f}()‘~“:11)* ~ ||t||h;lu,q/ .
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The organization of the paper is as follows. In Section 2, we introduce the multi-
parameter ¢-transform S, and its inverse t-transform T%. We prove that Sy, Ty
are all bounded. In Section 3, we establish the duality of the sequence space fpa’q
and obtain (f;,“l)* = /.z;,“’q/. In Section 4, we obtain the dual of the space F;”.
In Section 5, we concern the imbedding theorems which are used in Section 3 to
establish the duality of the sequence space fl‘f’q inthecase 1 <p<oo,0<q<1.

Finally, we make some conventions. Throughout the paper, C' denotes a positive
constant that is independent of the main parameters involved, but whose value may
vary from line to line. Constants with subscript, such as C7, do not change in
different occurrences. We denote f < Cgby f <g. If f g < f, we write f =~ g.

2. MULTI-PARAMETER %-TRANSFORM

For any R € II}" x II}'* set ¢r(z) = |R|Y24p; k(21 — 21,29 — 7). Then by (2.2),
it is easy to have

(2.1) f@) =" (f,vr) ¥r(x).

ReD

Definition 2.1. Suppose that 9 € S(R™), i = 1,2 are functions satis-
fying condition (1.3) and set (x1,22) = M (z1))® (29). Define the multi-
parameter i-transform Sy as the map taking f € S{(R™7T"2) to the sequence
Sy f = {(Syf)r}r, where (Syf)r = (f,¥r). Define the inverse multi-parameter
i-transform T, as the map taking a sequence s = {sr}r to Tys = > sgr¥r(z).

R

By (2.1), for f € So(R™ x R™), g € §§(R™ x R™) one has
(2.2 (1.9) = { 3 (Suf nn(a).5) = (501, 505)
ReD
For a sequence s = sg one also has the following identity:
(2.3) (Sufrs) =D (f,vr)sr= <f7 > SR¢R> = (f,Tys).
RED RED

The following generalization of the fundamental result of Theorem 2.2 in [15] holds.

Theorem 2.1. Suppose 0 < p < o0, 0 < ¢ < o0, a = (a1,a2) € R?, w € A,
and ¢ € S(R™), i = 1,2, are functions satisfying condition (1.3). The operators
Sy Fg’q — f;)”q(Hg’q — hg’q) and Ty : f;,”q — Fpa’q(hg’q — Hg’q) are bounded
and Ty, o Sy is the identity on F"9(H?).
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Before proving Theorem 2.1, we need the following two lemmas. The following
almost orthogonality estimates can be seen in Appendix K of [16].

Lemma 2.1. Let 1 ¢ € S(R™), i = 1,2 be functions satisfying condi-
tion (1.3). Then given any positive integers L, M there exists a constant C' =
C(L, M) such that

9(ing" )1 9 (kAK )12

R < 02~ li=d'lLg—|k=K'|L _
s,k * Gjr e (w1, 22)| < (14 297" |31 [)M (1 + 284K 5] )M

where t A s = min{t, s}.

Lemma 2.2. Let I,1’;J,J" be dyadic cubes in R™ and R"2, respectively, such
that [(I) =277,1(J) = 2%, and I(I') = 27", I(J') = 27¥". Then for any u,u* € I,
v,v* € J we have

Q(j/\j/)m 2(kAk’)n2 |I’| |J/|

— i etk ’ ’
2 T T fa—an L+ 2 o=zt o )

r 1/r
< Cl{Ms (ZZ | s f(fUI',yJ/)|XI/XJ/) (U*av*)} ;

g

where Cy = 2(-1/Mn1 (AT =i")+n2(kAK' =K] and (0 < < 1, which can be arbitrarily

small if M is big enough.

The proof of Lemma 2.2 can be found in [23], [34].

Lemma 2.3 (Theorem 1.12 in [6]). Suppose that 1 < p,q < 00, w € A,(R").
Then

{M (fi)}ille oy < Cnpgwl{fitille oy

where M denotes the Hardy-Littlewood maximal operator and

2207 = {7 = (£:}: Il = H (Z w)l/q

< oo}.
Lr(w)

Remark 2.1. Since product weighted w € A,(R™ x R"™2) implies w(-,y) €
Ap(R™), w(z,-) € Ap(R™), and the strong maximal operator My < M o M, by
iteration, Lemma 2.3 also holds for M.

769



Proof of Theorem 2.1. The identity is obvious and the boundedness of Sy is
also immediate since

180l gze = 1171

from the definitions.

F;’L“ HSw(f)Hh;JI = H‘fHHsﬂ

We now outline the proof of Tj’s boundedness. Details can be seen in [7], [23].
For a sequence s = {sr}rep let f(z) = Tys = srYyr(z). Then by Lemma 2.1,
R

|wj,k * wj’,k’(xl’ — X, Ty — J)J)|
9 (AT Yn1 (kAR ns

< 027 1i=i Ly~ k=KL — .
= (1+27A]’|£L']/ —£L']|)M(1+2k/\k/|$Jl—$]|)M

Hence, using Lemma 2.2 for any v’ € I’,v' € J' one has

|f*¢j’,k’($l’va’)|
r 1/r
< Zz—U—j |Lo—[k—k |L01{MS< Z |R|_1/2|SR|X1XJ> (u’,v/)}
jk REHj,k

for » > 0 which can be sufficiently small if one chooses M big enough. Summing
over j', k" and R € II}" x II;*, one has

1/q
<Z prUentlona % 7 |wj/,k«*f(xp,m«)ﬁxf/(x’)m(y'))

Jjk'ez Rl xII'2
j k

<C( Y g Gertkang [ng'|L2|kk'|L
J.k

3k €T
T 1/rq9\ 1/q
X Cl{MS( > |R|1/2|sR|X1XJ> (u',v')} ] ) :
ReI ! <11}
Then by the inequality (E al)q <Y af, if 0 < ¢ <1, or the Cauchy inequality with
1 ]
exponents ¢q,¢',1/qg+ 1/¢' =1, if ¢ > 1, we obtain

1/q
(Z prUentiana 7 |wj/,k/*f(xp,xj/>|qXp<x’>xJ/<y'>)

J' k€T R’} <1177
j k

, r a/r\1/a
N (Z 2_(ml+ka2)q{Ms< > |R|_1/2|5R|XIXJ> (U’,v’)} ) :
= Rem™ I

Applying Lemma 2.3 provided r < min{p/q., ¢, 1}, we complete the proof of T’s
boundedness from f;7 to Fpa’q. Since the proof of T}’s boundedness from h;"? to
Hl‘f’q is similar, we omit it. (I
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3. DUALITY OF fod

Proof of Theorem 1.3. For any s € f*4, ¢ € 24" e have
P P

Z SRt_R

ReD
R
< [ S DL sl DL el o) do
ReD
1/q
< [(Z oo lslintoy

ReD

1/q
X(Z(Mal/<ml>|J|a2|t3|%>23<x>>q’) w(z) da

ReD

< lsllggealflly oo

by duality if 1 < ¢ < oo, or by imbedding £¢ < ¢! if 0 < ¢ < 1. This yields that ¢ is

a continuous linear functional on fpa’q, and
||t||(f';}vq)* < ||t||h;/mq’-

For the converse direction, we spilt its proof into 2 cases: (p,q) € (1,00) x [1, 00),
(1,00) x (0,1).

Case 1: (p,q) € (1,00) x [1,00). This case is elementary. Take any [ € (fpa’q)*.
Then there exists a sequence ¢ = {tr}r such that l(s) = >, sgrtg for any s =
{sr}r € fz‘f’q. Now we need a well-known result that

(3.1) (LP ()" = L¥ (1)

(19) with the pairing (f,g) =

ifl <p< oo, 0< g < oo, where LP({7) = L
' (see, e.g. [35]). Let I: f;j"q —

I, fo@)go(@)w(@) de for f € LP(7), g € L7 (17
LP(17) be defined as

)

I(s) = {fjx}jnez where fip= > [I|*/0"V][*255¥R(x).
REI

Clearly, the map I is a linear isometry onto a subspace of LP({?). By the Hahn-
Banach Theorem, there exists [ € (LP(19))* such that [ o I = [ and ||I|| = 121l ooy
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By (3.1), I(f) = (f, g) for some g € L? (19') with gl e oy < Nl fay~- Hence

1) = 1U) = [ 3 fralogss(e)o(e) da

Jik

-/ Z( S D sntn(o) ) gi(o)e o) da

REH],k

=>. > 3R<|I|a1/(m1)|J|a2|R|I/Q/Rﬁj,k(x)w(x)dx)

4.k REIL;

:Z Z sptr = (t, )

j,k REIL; k

forall s € f;‘,’”, where t = {tp} g with tg = |[I|*+/(m=1)|Jjoz|R|~1/2 Jr Gk (@)w(z) dx
for R € II . Then

= (5,5 (s o) i)

J,k REIl;

LY (w)

S MM (@) ae (95,003 Lo oy S N9l ooy < WUy

So we complete the proof of Case 1.

Case 2: (p,q) € (1,00) x (0,1). In this case, LP(1?) is not a normed space, hence,
we can not use the Hahn-Banach theorem.

Take | € (f;j"q)*. Then there exists a sequence ¢ = {tr} such that for any s =

{sr}r € £,

(3-2) l(s)] =

< Cllsll g

ZSR{R
R

1/q
=C (Z(Nlal/(m1)|JIQQISRI>ZR(9E))") ~
RED LP(w)
If we prove the estimates
[t = || sup 7=/ Do )| <o,
v ReD w(R) L¥' ()

we can complete the proof.
Define I = {R € D, tgr # 0} and let

. 7]/ tm=1)| 7o
= spt == !
B N e
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for R € II. We may assume that sgtg > 0 for all R € D by choosing proper sg,
moreover we can assume sg = 0 if R ¢ II. Then (3.2) can be rewritten as

(§j|uRW@waij

Rell

[ullr <c

Lpr

for all u = {ur}rem. Then (ii) of Theorem 5.1 with 0 < ¢ <r =1 < p < oo yields

/sup((cR)w(R))p/(l_p)XRw(a:) dx < oo,

Rell
that is,
R| p/(p—1)
sup (|[I|7e/(m=D|g|=e2 ¢ |—~ ) w(zx)dx < oo,
[ s (11 T el (@)
which completes the proof. O

4. DUALITY OF F;’q

In this section we derive the dual Theorem 1.2 using Theorem 1.3 and Theorem 2.1.
It is known from Proposition 6 in [31] that So(R™ x R™?) is dense in Fpa’q for 0 < p,
q < oQ.

Proof of Theorem 1.2. Let g € Hz;a’ql, f € S(R™ x R™) and 1 < p < o0,
0 < ¢ < oco. Firstly, by identity (2.2) one has (f,g) = (Syf, Syg) . Hence

| | < ISyl pgallSuglly-ewr Sl ggallgll o
P P

by Theorem 2.1. This proves that [|Ig|| < [lg]l ;—a.a-
p’ .
Conversely, suppose [ € (F;#?)*. Then l; =10Ty € (f;?)*, so by Theorem 1.3,
there exists t = {tr}r € h;a’q/ such that

l(s) = (s,t) =Y srlr
R

for all s = {sgp}r € fz‘f’q. Moreover, [|t||; oo = [[li]| < [|I]| for the boundedness
p/

of Try. Note that [0Sy, =0T, 08y = [ since Ty 0.5y is the identity by Theorem 2.1.
Then letting g = T, (¢) and f € Sp(R™ x R™), one has

1) =1(Sp(f) = (Sp(f), ) = ([, Ty(t)) = (f.9)
by (2.3), which implies that [ = [, and by Theorem 2.1 again, one has

191l - = ITw Ol g-esor S NEll a0 S MI21I-
p p p

’

This completes the proof. O
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5. IMBEDDING THEOREM

In this section we give a characterization of imbedding ¢" spaces into fl‘f’q and
imbedding f;"'? into ¢ spaces. This result was first established by Verbisky [36] in
the dyadic cubes with respect to an arbitrary positive locally finite measure on the
Euclidean space, and was generalized by Bownik [1] to discrete anisotropic Triebel-
Lizorkin sequence space.

Theorem 5.1. Assume that Il is any subfamily of D, {cr}ren is any positive
sequence, and w € A,,.
(i) Suppose 0 < p <r < ¢ < 0o. Then the inequality

(5.1) H (R}% |sR|q<cR>qu)1/q
S

holds for all scalar sequences s = {sg}ren if and only if

Lr(w)

(5.2) / sup ((cr)"w(R))Y Py p(z)w(z) de < .

Rell

(ii) Suppose 0 < ¢ < r < p < oo. Then the inequality

(53) (= |sR|q(cR>qu)1/q

Rell

Lr(w)
holds for all scalar sequences s = {sg}remn if and only if (5.2) holds.
To establish Theorem 5.1 we will follow the original approach of Verbitsky [36].

Thus, we invite the following known results.

Lemma 5.1 (Theorem 1 (i), (ii) of [36]). Let 0 < p <r < ¢ < co. Then

1/q

| ()

Lr(w)
holds if
[ sup(6 7 @)161] ) Pist) d < o,

Suppose 0 < ¢ <7 < p < oco. Then

1/q
H (Z |si|qsaz) > Ollsller
i Lp(w)

holds if
[ sup(er @)1 i) d < .
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Lemma 5.2 (Theorem 1.1 of [33]). Let 0 < p < r < oo, I be any index set, and
let {@;}icr be a family in LP(w). Then the inequality

< Cllsller

Sup |S;|Pi
Hz‘6?| Wil

holds for all scalar sequences s = {sz}le 1 € {7 if and only if there exists a non-negative
measurable function F > 0 with [ F(z)w(z)dz < 1 such that

sup || F =P 0;| e ) < 00,
iel

where L™ (u) is a weak-L" with respect to the measure du(z) = F(z)w(z)dx de-
fined as
I = supta({e € R™ x B |f()] > )" < o

for f € L™ ().

Lemma 5.3 (Remark 2 of [36]). If 0 < ¢ =r < p < o0, then

1/q
(5

i€l

LP(w)

holds if and only if there exists F' > 0 such that
/ F(zr)w(z)de <1, and inf||[F~YP¢;|| 10 >0,

where du(z) = F(z)w(x) dz.

Proof of Theorem 5.1. Let pr(x) = crxr(z).

Part (i): Firstly, (5.2) = (5.1) is a direct consequence of the first part of Lemma 5.1
since [(crxr(x))Pw(z)dz = (cgr)’w(R). Now suppose that (5.1) holds for p < r. By
imbedding ¢? — ¢*° and Lemma 5.2, there exists a non-negative measurable function
F >0 with [ F(z)w(z)dz < 1 such that

(5.4) sup ||F71/pcRXRHLT,x(M) = sup CRHF*UPXRHLT,OOW) < 00,
Rell ReTI

where dp = F(z)w(z)dz. Let f = F~YPxg, then ||f|lrr(.) = w(R)/?. Suppose
p<s<r,and 1/s =t/p+ (1 —t)/r with 0 < t < 1. Applying the well-known
interpolation inequality (see [16], Proposition 1.1.14)

< Ol ooy 1117

L oo(u))
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one has for any R € 11,

1-t
L ()

1/s
( / Fs/p+1w(a:)da:> < Cw(R)P| P17y p|
R

Letting 6 = s/p — 1 and combining the above inequality with (5.4), we obtain

1/6
(crw(R)Y/TyPr/(r=p) <ﬁ /RF*‘sw(x) dx> < C < o0

On the other hand, by the Holder inequality with exponents (0 4 €)/e, (§ +£)/0 one

- L F~%w(z)dz . L Féuw(z)dx 1/621
w(R) Jr w(R) Jr

for all 6,e > 0. Hence

1/e
(ena R0 < O i [ Fula)dr) < OOz auF9))

for # € R. It is known that Mg, is bounded on LY#(w) for 0 < ¢ < 1 when
w € A (see [10]), hence we have

/sup((CR)”"w(R))”/(”"_”)XRw(x) de/( Sy da(F9) (@) w(@) da
Rell

< /F(x)w(x) dz < oo.

This completes the proof (i) of Theorem 5.1.

Part (ii): It is easy to see that (5.2) = (5.3) is a direct consequence of the
second part of Lemma 5.1. Now suppose that (5.3) holds. We first prove (5.2)
for ¢ = r following the original argument of Verbitsky [36]. By Lemma 5.3, there
exists F' € L'(w), F > 0, such that

. 1-r/p r _ r 1-r/p
ég%/F (crxr) w(z)dx }}2161%(03) /RF w(z)dz > 0.
It follows from the above inequality that

[ s (Geny (R P s(a) da
< /;g(ﬁ/}zf’l_””w(y)dy)p/(pT)XRW(QT) dx

< [0 e o < € [ Flaule) di < oc.
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When ¢ < r, we use the argument of Bownik [1] by taking advantage of the already
established duality of f-pavl, p > 1 in Section 3. Note that by duality

a|¢pl0)1/a
b sy Zlsalltal

[E
i—tny I

¢ra/(r—a)

Hence, equation (5.3) is equivalent to the inequality

59 (X |sR|Q|tR|q)l/q < cH » |sR|Q<cR>qXR)1/q

Rell Rell

[

gra/(r—a) -

Lr(w)

On the other hand, since 1 < p/q < 0o, by the already established duality ( fa’l)* =

) p/q
h_ > |, one has for a = (n1/2,n2/2),

p/(p—q)’
66) s =l Ll
u={ur} H ZURXR”LP/LI(W) u={ur} ||U f:‘/’; hp/(k'fq)
- R—l} .
sup bl
Let
[tr|?(cr)™?, ReIL
VR —
0, ReD\II
and

0, ReD\IL

Then (5.6) may be rewritten by taking the gth roots in the form
(5.7)

{ |SR|q(CR)q7 R e H;
UR =

1/q
| % Isrlltal’
Rell

— -1 —1/q
H;g%nm(cm w(R) XR\W@,Q)(W).

sup 1/q
= (S Jsal(en)ixn) |
Rell

Lr(w)

Let p1 = pg/(p — q), r1 = rq/(r — q) and ég = (CR)*lw(R)’l/q. Combining (5.5)
with (5.7) yields

<Ot

| sup [tr](@r)xr| o
Rell

Lr1(w)
for all t = {tgr}r. Using the facts that pyri/(r1 — p1) = pr/(p — ), p1 < 71, and
applying (i) of Theorem 5.1, we get from the preceding inequality

/ sup ((ér) " w(R))PY/ (=P y pw(z) de = / sup ((crxr) w(R))P/ P dz < .
Rell ReT

Hence, (5.2) holds for ¢ < r. We complete the proof. O

T
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