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ISOTROPIC ALMOST COMPLEX STRUCTURES
AND HARMONIC UNIT VECTOR FIELDS

AMIR BAGHBAN AND ESMAEIL ABEDI

ABSTRACT. Isotropic almost complex structures Js , define a class of Rie-
mannian metrics gs s on tangent bundles of Riemannian manifolds which
are a generalization of the Sasaki metric. In this paper, some results will
be obtained on the integrability of these almost complex structures and the
notion of a harmonic unit vector field will be introduced with respect to the
metrics g5 o. Furthermore, the necessary and sufficient conditions for a unit
vector field to be a harmonic unit vector field will be obtained.

1. INTRODUCTION

Let (M, g) be a Riemannian manifold and 7: TM — M be its tangent bundle.
furthermore, for a vector field X on M, let X X" be the horizontal and vertical
lifts. Using natural lifts of the Riemannian metric g from the base manifold M
to the total space TM of the tangent bundle, some new interesting geometric
structures were studied (e.g. [T, [3 [6]). Maybe the best known Riemannian metric
on the tangent bundle is the Sasaki metric introduced by Sasaki in 1958 (see [13]).

In [4], Aguilar defined a class of almost complex structures Js , on TM, namely
isotropic almost complex structures with definition

J5.0(X") = aX’ +oX", J5.0(X?) = =0 XV —6X",

for functions «, 6, o: TM — R which satisfy ad — 0% = 1. He showed that there
exists an integrable isotropic almost complex structure on an open subset A C T'M
if and only if the sectional curvature of (7(A), g) is constant which is a good result
rather than the classical case. Besides, he introduced special class of Riemannian
metrics g5, constructed by the Liouville 1-form on TM together with the isotropic
almost complex structures. They are generalizations of the Sasaki metric and in
some cases, intersect the class of g-natural metrics.

Aguilar proved the existence part of his theorem for integrable structures in
special cases. These special cases induce a class of g-natural metrics on TM. So, it is
natural to ask the following question: Is there any other integrable structures
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on a space form? The authors asked this question in Mathoverflow and R. Bryant
proved there are many other cases. Bryant characterized the integrable isotropic
almost complex structures on TR™ and T'S™ and then answered to the stated
problem.

In this paper, the authors will represent other equivalents to the integrability of
isotropic almost complex structures on TR™ and T'S™ based on PDE’s.

Let (M, g) be a compact Riemannian manifold and (T'M, gs) be its tangent
bundle equipped with the Sasaki metric. Moreover, suppose (S(M),i*gs) is the unit
tangent bundle of (M, g) where i: S(M) — TM is the inclusion map and i*g; is
the induced Sasaki metric on the unit tangent bundle. Denote by T'(T'M) the set
of all smooth vector fields on M. Moreover, let V be the Levi-Civita connection of
g and Ay X be the rough Laplacian of vector field X with respect to metric g.

Since, every vector field defines a map from (M, g) to (T'M, gs), it is natural to
investigate the harmonicity of maps defined by vector fields.

Nouhaud [9] deduced that a vector field X defines a harmonic map from (M, g)
to (TM, gs) if and only if X is a parallel vector field. She found the expression of
the Dirichlet energy associated to the vector field X as

B(X) = Zvol(M) + 1/ IVX|[2dvol(g),
2 2 S

where vol(M) is the volume of M with respect to the metric g and ||VX|| is the

norm of VX as a (1, 1)-tensor. She proved that parallel vector fields are the critical

points of the Dirichlet energy defined from C*((M, g), (T M, gs)) to RT by using

the stated formula for E(X).

Gil-Medrano [I2] investigated the critical points of the energy functional E':
I'(TM) — RT where E is the restricted Dirichlet energy functional to the vector
fields on a compact Riemannian manifold (M, g). She proved that such vector fields
are again parallel vector fields i.e., VX = 0.

Wood [9] introduced the notion of harmonic unit vector fields on a compact
Riemannian manifold (M, g) by restricting the Dirichlet energy functional to the
unit vector fields and called the critical points of that functional, harmonic unit
vector fields. Recall that when the Dirichlet energy functional is restricted to the
unit vector fields, the vanishing of VX ensures that the unit vector field X is a
harmonic unit vector field. But the inverse is not true; harmonic vector fields need
not be parallel. So, it is natural to investigate the harmonicity of unit vector fields.
Wood demonstrated that a unit vector field X is a harmonic unit vector field if
and only if AjX = [|[VX]?X.

The contributions on the harmonicity of maps defined by vector fields is not
limited to the tangent bundles equipped with the Sasaki metric. Abbassi et al.
[1] and [2] studied the problem of determining of harmonicity of such maps with
respect to the g-natural metrics. They proved that a unit vector field is harmonic
if and only if its Laplacian is colinear with itself which is a similar result to the
Wood’s. Recently, Calvaruso [7), [§] has started investigating the harmonicity of
vector fields on pseudo-Riemannian manifolds and this subject has been continued
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in [I0] and [II]. The generalized metrics gs o is of the form
1
gs,0(X" YY) = 59X, Y)or,

g5,O(XhaYU) = 07
9s.0(X", YY) =dg(X,Y)om,

and so it would be interesting to investigate the harmonicity of vector fields with
respect to these metrics.

The rest of the paper is organized as follows: In Section [2| some propositions
on integrability of isotropic almost complex structures are resulted. It is notable
that one of them is based on R. Bryants answer on Mathoverflow! 2. Section [3|is
devoted to achieve the necessary and sufficient conditions for a unit vector field
to be a critical point of the Dirichlet energy functional when the variations pass
through the unit vector fields.

2. ISOTROPIC ALMOST COMPLEX STRUCTURES

Assume (M, g) is an n-dimensional Riemannian manifold and V represents the
Levi-Civita connection of g. Moreover, let m: TM — M be its tangent bundle
and K: TTM — TM be the connection map with respect to V. The tangent
bundle of TM(TTM) can be split to vertical and horizontal vector sub-bundles V
and H, respectively, i.e., for every v € TM, T,TM =V, ® H,.

If we denote the vertical and horizontal lifts of X € I'(TM) by XV and X" then
the Lie bracket of the horizontal and vertical vector fields at u € T'M are expressed
as follows

(1) [Xh7 Y}L](u) = [X7 Y]Z - (R(X7 Y)U)Z )
(2) (X", Y)(u) = (VxY)y,
(3) (X", Y] (u) = 0(u),

where 0 is the zero vector field on T M. Moreover, if we consider the vector field
X: M — TM as a map between manifolds, its derivative X, at a point p in M
is given by

(4) Xp(V) =V + (Vv X) %) VYV eT(TM).
Moreover, we have the following useful equations

(5) X"(g(Y, Z)or) = (Xg(Y, Z))or,

(6) XY (g(Y, Z)omr) = 0.

Now, let (M, J) be an almost complex manifold and T (M) be the Complexification
of TM. For x € M, define the spaces ngo’l)(M) and Tél’o)(M) of T (M) as

ngo’l)(M) _ {Xa: + V1L X, | X(2) € Tz(M)}7

Hink: |solutions of equations characterizing a complex structure
2link: lexistence of non constant solutions for this equations


http://mathoverflow.net/questions/230574/solutions-of-equations-characterizing-a-complex-structure
http://mathoverflow.net/questions/234772/existence-of-non-constant-solutions-for-this-equations
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and
T&MO(M) = { X, — V=1, X, | X(z) € T,(M)}.

Now, let TOD (M) = U, TV (M) and TEO (M) = U, T8 (M), Tt is a well
known fact that J is an integrable structure if and only if for all sections A,
B € T(T©V(M)) we have [A, B] € T(T®1(M)); equivalently, for an arbitrary
1-form ¢ of the dual space of 79 (M) (where denoted by T (M)*) we have

d¢ e A2THO (W)™,

Definition 1. Let 7,7',...,7" be 1-forms on a differentiable manifold M. We
say that dn = 0 mod {n',..., 7"}, if and only if dn = 3=, . fin’ A1, for some
functions f;; on M.

So, if ¢',...,¢™ are locally (1,0)-forms generating T'(T(0)(M)*), then J is
integrable if and only if d¢ = 0 mod {¢*,...,("}, V¢ € T(TMO(M)*).

Isotropic almost complex structures are a generalized type of the natural almost
complex structure Jy o: TTM — TTM given by

Jio(X") =X, Jio(XY) = —X", VX e I(TM).

It is a well-known fact that the necessary condition for integrability of J; o is that
the base manifold is flat. Aguilar proved [4] that there is an integrable isotropic
almost complex structure on an open subset A C TM if and only if (7(A), g) is of
constant sectional curvature.

Definition 2 ([4]). An almost complex structure J on T'M is said to be isotropic
with respect to the Riemannian metric g on M, if there are smooth functions «, ¢,
o: TM — R such that aé — 02 = 1 and

(7) JX"=aX"+oX", JX'=-0X"-6X" VXeI(TM).

Hereafter, we will represent the isotropic almost complex structure associated
to the maps «, 0 and o by Js .

Suppose (M, g) has constant sectional curvature k. Aguilar [4] proved that Js .
is an integrable structure on an open subset A C T'M if and only if the following
equation holds

(8)  do+kéO — V—1(1—/—1o)d 1ds =0 mod {¢%,...,¢"},

where ¢!, ..., (" are 1-forms generating the space of (1,0)-forms induced by Js,,
on A C TM and © is the Liouvill 1-form on TM. When «, § and o are functions
of E(u) = £g(u, u) then the above equation gives the following solutions for § and
o Ml

(9) S =V2kE +b, o=0,
1
(10) 62 = S 12KE +b+ V (2kE + b)? + 4a2k?} o=aké?*, a#0,

where a, b € R.
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Remark 3. When we work with ©, it is convenient to work with a locally ortho-
normal frame field on (M, g) like X7, ..., X,,. Because, if we suppose that 7, K are
the natural projection from TM to M and the connection map, respectively and if
we suppose 0 is the dual 1-forms of X; then

dO =) ("0 K) A (x*0"),
i=1

where {0° o K, 7*0%} is the dual basis of {X?, X/}

When k£ = 0 we prove that the equation is equivalent to the n-complex
equations in the following proposition.

Proposition 4. Let (R™,(-,-)) be the Euclidean space. Suppose (z',... z™) and
(x',....2™ g, ..., y") are the natural coordinate systems for R™ and R*" = TR",
respectively. Suppose Js , is an almost complex structure and let z = u +iv be a
complex function on R*™ = TR™ with v = % and v = %. Then Js, is integrable if
and only if

0z 0z

(11) @ +28yl

Proof. It is easy to check that the 1-forms u' = /—15(dy' — zda'), 1 <1 < n,
span the space of (1,0)-forms induced by Js,. Let ¢! = dy' — zdx' then Js,0 1S
integrable if and only if

(12) dct=0 mod{¢',...,¢("}.

=0 VIl 1<l<n.

Since d¢' = —dz A dat, the equation can only happen if
(13) dz=0 mod{¢*,...,("}.

But dz =3, (2 da! + g—zjdyl) and so

0z 0z ! 1 n

(14) dz;<8xl+zayl)dx mod{¢",...,¢"}.

So the equation holds if and only if % + zg—;, =0, V1<I]<n and the

proof is completed. O
It is natural to think of is there any other integrable structure Js , except

the types given by @D and ?

The following arguments are based on the Bryant’s answer in Mathoverflow.
For more information we refer the reader to their web addresses mentioned in the
introduction.

Let R"™! be given its standard inner product (and extend it complex linearly
to a complex inner product on C**! which will be used below). Then

S"={uecR" |u-u=1}
and TS™ = {(u,v) € R*"*2 |y -u=1and u-v = 0}.
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Let Hy = {x +1iy |y 2 0} C C be the upper-half line in C. Define a mapping
®: TS" x Hy — C"T1\ R™H!

by ®((u,v), z) = v — zu where any vector w = (wy, ..., w,y1) € R**! is considered
as a vector in C"*! like this vector w = (w1, 0, ..., w,11,0) and so zu,v — zu can
be done naturally. @ is a diffeomorphism and establishes a foliation of C"*1\ R**+1
where the leaves of the foliation are the image of {(u,v)} x Hy for every (u,v) € T.S™
under ®.

The following proposition characterizes the integrable structures Js, when the
base manifold is an sphere.

Proposition 5. When n > 2, the almost complex structure Js, on an open subset
A CTS" is integrable if and only if the image of the mapping

®.: A— CMT R,
with the definition ®,(u,v) = ®((u,v),z(u,v)) is a holomorphic hypersurface in

CrU\ R™, where z: A — H. is a mapping defined by z(u,v) = T (u, v).

This proposition implies that any holomorphic hypersurface of C**!\ R*+!
that is transverse to the half-line foliation determined by ® and intersects each
such half-line in at most one point introduces a complex structure Js,. So, one
can construct a complex structure Js, on T'S™ by using certain holomorphic
hypersurfaces of C**1\ R"*1,

The following statements gives another equivalent to the integrability of Js ., on
an open subset TU C T'S™ where U is an open subset of the unit standard sphere
(5", 9).

Let Ey: U C 8™ — R"*! denote the (vector-valued) inclusion mapping. Let
Ei,...,E,: U — R""! be any (smooth) orthonormal tangential frame field exten-
ding Ey, i.e., (Eq, Ey) = dqp for 0 < a, b < n. Define functions v;: TU — R by
vi(u,v) = B;(u)v for 1 <i <n,so that v =3, v;E;(u) for all (u,v) € TU.

One can consider (1, ..., (" as a basis for the (1,0)-forms on TU with respect
to Js,». With the above notifications, the almost complex structure Js, on TU is
an integrable structure if and only if the following equation holds

(15) d(Z2+vi4+-+v2)=0 mod {¢*,...,¢"}.
One can conclude the following proposition using the above notations.

Proposition 6. Let ((x!,...,2™),U) be the conformally flat coordinate system
onU C (S",g), (z%,...,2", y',...,y") be the associated coordinate system on its
tangent bundle and moreover let Js, be an isotropic almost complex structure on
TU. Then Js, is an integrable structure if and only if

5 2t~ ] - (5 455,

for all s with 1 < sg < n.
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Proof. By considering A as the conformal factor, the metric g on U can be written
as follow
(16) g:)\2(dm1®dx1—|—-~-—|—dw"®dm”).

So, one can define F; = i\

,n and

vi(u,y) = Mu)y', YV (u,y) € TU and i=1,...,n.
It can be proved that in this coordinate system, ¢!,..., (™ are given by

CF=dyt +47 (5fuldxl + pjda® — ppded) — zda®

where p; = 5 gmu i =1,...,n. Moreover, in this coordinate system, one can get
- i iy2 0z i
Ay (22 + 07 + Z{(2z—+2uz||y|| )dx +2<y)\ —&-za—yi)dy} ,
i=1
and so
9z
) (2% + v} + —2Z(y N+ zp ) wy)
"0z , 0z , 0z
17 -9 |: i Si_ Sz | ‘_‘9)\2 :|d9
(17) z; gy W= rey') + 55z =) —yN 4 5T | da

Using the equations and , one can get the conclusion. [

The following example is one of the integrable structures constructed by Bryant
which is different from @[) and .

Example 7. Let v = % and u = § and define

-y
u(z,y) = 1rz.2’
and
(o= VAT DUty y) -~ y?
l4+z- -z
where x = (z!,...,2"), y = (y',...,y") and “.” denotes the standard product on

R™. Tt is easy to check that z = u + v satisfies the Proposition E| and so Js is a
complex structure on a certain open subset of TR™.

Now, the metric g5 induced by the isotropic almost complex structure Js , will
be defined.

Definition 8 ([4]). Let (M, g) be a Riemannian manifold and J5, be an isotropic
almost complex structure on 7M. Then the (0, 2)-tensor

gS,J(Av B) = d@(JzS,JAa B) )
defines a Riemannian metric on TM if a > 0, where A, B € T(TTM).
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Let X, Y be local sections of TM. A simple calculation shows that

(18) 957U(Xh7 Yh) = Otg(X, Y)Oﬂ-a
(19) g57U(Xh7 Yv) = _Ug(Xa Y)Oﬂ-a
(20) 95,0 (X7, Y") =dg(X,Y)or.

The following theorem [5] states the formulas of the Levi-Civita connection.

Theorem 9. Let gs, be a Riemannian metric on TM as before. Then the
Levi-Civita connection V of gs,» at (p,u) € TM s given by

_ ho h_g h i h h i h h
V¥ = (Vx¥)" = = (R(u, X)Y)" + 5= X" (@)Y" + 5-Y"(a) X

g v 1 v 1 h v
1 1 -
21 — —YMo) X" - Zg(X,Y
(21) 2 (0) 29( ,Y)Va,
_ o 5 h 1
WYV == ) — X)) — —X"a)Y"
Vi a(Vx )"+ 7% (R(u,Y)X) 20 (o)
i v h v i h v i v v
+ 2ai/ () X" +(VxY)" + 26X (6)Y 255/ (0)X
(22) + %g(X, Y)Vo,
VxoYh = i(R(u X))+ iX”(a)Y’l - iyh(a)xh
X 2 ’ 20 20
1 v v i h v 1 C
(23) - 2—5X (0)Y" + 26Y ()XY + 2g(X,Y)va,
Vx. YV = —ixv( h— iyv( )Xh 4 iX”(CS)Y”
A YV 20 2
1 1 -
(24) + 55V () X"+ Sg(X,Y)V8.

Proof. For the first one using the Koszul formula, we have

205.0(Vxn Y ZM) = Xhgs o (YP, ZM) 4+ Vg5, (X", Z") — ZMgs o (X", V)
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Using relations , and gives us
25,0 (VxnY", 2") = X"(a)g(Y, Z) + aXg(Y, Z) + Y"(a)g(X, Z)
+aYg(X,Z) - Z"a)g(X,Y) — aZg(X,Y)
+ag([X,Y],Z) + og(R(X,Y)u, Z) + ag([Z, X]Y)
+09(R(Z,X)u,Y) — ag([Y, Z], X)
— ag(R(Y, Z)u, X) .
Using the properties of the Levi-Civita connection of g, one can get
295,0(VxnY", ZM) = g(X"(@)Y, Z) + g(Y" (@)X, Z) — Z"(a)g(X,Y)
+2a9(VxY,Z) +0g(R(X,Y)u, Z)
+09(R(Z,X)u,Y) —og(R(Y,Z)u,X) .
Using and the Bianchi’s first identity, we have

295.0(Vxn Y, Z1) = gg,g(éxh(a)yh + éyh(a)xh — g(X,Y)Va
F2VxY)h — %"(R(U,X)Y)h, Zh) ,
therefore, we have
b0 (NXth - éxh(a)yh + éyh(a)xh — g(X,Y)Va
ViV — %”(R(U,X)Y)h, Zh) =0,

for all Z € TM. So,

— 1 1
Horizontal(QVXth ~ 2 XM @)Y £ —YR ()X — g(X,Y)Va
! o
2
+2(VxY)" = Z (R, X)Y)") = 0.
Therefore, the horizontal part of Vxn Y™ is

_ 1 1 1 _
h(VxrnY") = %Xh(a)yh + %Yh(a)Xh — §g(X, Y)h(Va)+ (VxY)"

- g(R(u,X)Y)h,

where Va = h(Va) + v(Va) is the splitting of the gradient vector field of o with
respect to g5, to horizontal and vertical components, respectively. Similarly the
vertical component of V y»Y” can be computed as followings using the Koszul
formula

2050 (Vxn Y, Z°) = X"gs5., (Y™, Z°) + Y95 (X", ZV) — 2955 (X", YT
+ 5.0 (X" Y, Z%) + g5.0([2°, X", Y") — g5 (Y", Z2°], X").
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Now, from the definition of g5, and Lie bracket of horizontal and vertical vectors
we will have

25.0(VxnY", 2%) = =X"(0)g(Y, Z) — 0 Xg(Y. Z) = Y"(0)9(X, Z) — 0Y g(X, Z)
—Z%(a)g(X,Y) —og([X,Y],Z) — g(;,,,((R(X,Y)u)“, Z“)
+09(VxZ,Y)+0og9(VyZ,X).

Using the compatibility of V and gs, and using the equation Z%(a) = g(Z", Va)
we will get

_ —_Xh Yh
295.0(Vxn Y, 27) = %gé,g(w,zv) - 5(")

— Y96,0 (g(X7 Y)?av Zv) — 95,0 ((R(X7 Y)u)v’ ZU)

gE,J(XU7ZU)

g
— 25g5,a((VXY)”, Z”) .
So, the vertical part is
_ 1 1 1 =
hy _ _ ~ yh v__ ~ yh v -
v(VxnY") = 26X (o)Y 25Y (o)X 2g(X, Yu(Va)

_7
)

Using the equation (VxnY") = h(Vxn Y") + v(VxnY"), the proof of first part
will be complete. For the second formula and its horizontal part we have

2950 (Vxn Y, Z") = X"g5 o, (Y, Z") + YV g5 o (X", Z") — Z"gs o (Y'Y, XT)
+ 95,0([Xh7 Yv]’ Zh) + gé,t’f([zhv Xh]a Yv)
— 950 (Y, 2", X™).

(VxY) — %(R(X, Y)u)" .

After using the definition of g5 , and substituting the equation

and putting R(Z7 X7’U,7Y) = —R(U7KX, Z) and Xg(Ya Z) = g(VXK Z)+g(Yv7 VXZ)a
we get

X"(o)

_ Yv
245V, 2 = =D gy 7y LD g e gty

+ 98,0 (g(X7 Y)6O'a Zh) - 2%95,0 ((VXY)ha Zh)

1
+ ag(;,o' ((R(U, Y)X)h7 Zh) )
and so the horizontal part can be given by
_ X" (o) Y?(a)

Horizontal (V x»Y") = TYth 5
e e

(25) + %g(X,Y)h(%) — g(VXY)h + %(R(u, Y)X)h .

Xh
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For the vertical part of V1 Y? we have
2050 (VxnY", 2°) = X"g55(Y", 2°) + Y95, (X", Z")
— 2950 (Y", X") + 95,0 (X", Y], Z7)
+950(12°, X", YY) = g5 ([Y", 2], X").
Using the equations for Lie brackets and definition of g5, and , we will get
25,0 (VxnY", 2%) = X"(0)g(Y, Z) + 6Xg(Y, Z) -~ Y*(0)9(X, Z)
Z°(0)9(X,Y) + 95,0 (VxY)", 2°) = 09(Vx Z,Y).

One can use g5, and the compatibility of g and V and substituting the equation
Z%(0) = ¢5,0(Z¥, Vo) and ca get

_ Xh(s yv _
295.0(Vxn Y, Z%) = g(;,(,( 5( Jyv 2AVyY) — 5(0) X° + ¢(X,Y)Vo, Z”) .

So, the vertical part is given by

_ Xh ) YV
(26) Vertical(Vx1Y") = 2§ Jyo 4 (Vyy ) - 255")
Relations (25 and complete the proof of second equation. The proof of third
equation is a little different. We have
Vxo V" =Vyn XU +[X7, Y],

Using the equation we get the result. The last one will be proved by the
following process
205.0(VxoY", Z") = X 950 (Y", Z") + Y950 (X", Z") = Z" 95,0 (X", Y")

+ 95,0([X1)7 Yv]a Zh) + gé,a'([Zh7 XU]? Yv) - 95,0'([YU3 Zh]7 Xv) .

XY+ %g(X, Y)u(Vo).

From the definition of g5, and after substituting the equations Zg(X)Y) =
9(V2X,Y) +g(V2Y, X) and Z"(5) = g5, (V5, Z") we get

_ _Xv yo _
295.0(Vxo YV, ZM) = géva( a(”) yh_ OEU)Xh — g(X,Y)Vs, Zh> ,

this shows that the horizontal part is

—X"(0) yh _
2a 2a
The following step is the computation of the vertical part

2050 (VxY", Z") = X" (8)g(Y, Z) + Y (8)9(X, Z) = Z"(6)9(X,Y)

V(o) 1

Horizontal(V x.Y") = X 5 g(X,Y)h(V5).

XY YU (& _
ga,a( 5( )xv ¢ 5( ) xv _ g(x,v)V5, Z”).
And so

X (8) Y () 1

Vertical(Vx.Y?) = TX” + 5 XU — 5g(X, Y)v(V9).
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Note that the Levi-Civita connection of gs ¢ can be easily computed from the above
formulas by setting o = 0. When we work with g5, its connection will be denoted
by V, too.

Now, we want to investigate the general characteristics of Js, in the sense of
95,0 It is easy to show that there are examples of almost complex structures on
the tangent bundle TM like J such that the (0,2)-tensor A(A, B) = dO(JA, B) is
not a symmetric tensor. Let

(27) J(X™) = aX’ 4+ S (X", J(XV) = Jo(XV) — 6X",
be an almost complex structure on the tangent bundle of (M, g) where a, §: TM —
R* are mappings, J1: HTM — HTM and Jo: VIM — VTM are linear bundle

maps. Suppose G(A, B) = dO(JA, B) be a Riemannian metric on TM. Then one
can state the following

Proposition 10. Let (M, g) be a Riemannian manifold and J: TTM — TTM be
an almost complex structure on TM given by , Suppose G(A, B) = dO(JA, B)
be a Riemannian metric on TM. Then 7, J1 X" = —KJ, X" and ad —1 > 0 and
Ji is symmetric with respect to G, i.e., G(J1 X", Y") = G(X", J;Y"), and has at
most two eigen-values —v/ad — 1 = —o,vVad — 1 =o.

Proof. Since GG is a Riemannian metric, using the symmetric property of G
for given horizontal and vertical vectors X" Y7 ie., G(X" YV) = G(Y?, X"),
gives us m,J1 X" = —KJ,X". Moreover, from G(JX", JY?) = G(JY",JX") and
7. JJ1 X" = =K .J>X" one can get that .J; is a symmetric linear bundle map. Finally,
J? = —id gives us the equation

J? = (ad —1)id,
and since J7 is symmetric it has at most two real eigenvalues vad — 1 and —vad — 1.
O

3. HARMONIC UNIT VECTOR FIELDS

We denote harmonic vector fields by HVF and harmonic unit vector fields by
HUVF. In this section after calculating the tension field of a map defined by a unit
vector field X : (M, g) — (T M, g5, ), we shall compute its tension field as a map
from (M, g) to the (S(M),i*gs0) and finally deduce some results on HUVFs.

3.1. Tension field of unit vector fields. In this sub-section, the formula of the
tension field associated to a map between Riemannian manifolds is retrieved from
[14]. So, one can refer to [14] for more details.

Suppose (M, g) and (M’,g’) are two Riemannian manifolds, with M compact.
The Dirichlet energy associated to the Riemannian manifolds (M, g) and (M’,g’)
is defined by

E:C®(M,M') — R*
f — 1 [y, ldf[[2d vol(g)

where ||df|| is the Hilbert-Schmidt norm of df, i.e., ||df||* = try(f*¢’) and dvol(g)
is the Riemannian volume form on M with respect to g.
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The critical points of E are defined as harmonic maps. It is proved [I4] that
amap f: (M,g) — (M’,¢’) is a harmonic map if and only if the tension field
associated to f vanishes identically. Therefore, one can investigate the harmonicity
of a map defined by a vector field by calculating the tension field associated to this
map.

Suppose (M, g) is a compact Riemannian manifold and g5, be a given metric on
TM defined as before and W € I'(T'M). Let {Vi,...,V,} be a local orthonormal
basis for the vector fields on M, defined in a neighborhood of p € M such that
VV; =0 at p. The Dirichlet energy of the map W: (M, g) — (T'M, gs5,,) defined
by W can be calculated as following

1
BW) = / (nav — 20 div(W) + 8| VIV |[2)dvol(g) .
M
The tension field associated to the map X: (M,g) — (T'M, gs5,5) is locally
defined by 74(X) = > 1 {Vx. 1)) X« (Vi) — Xu(Vy, Vi) }(X(q)) for every ¢ in the
domain of V;, i = 1,...,n, which can be expressed [5] as following,

1 nao o 2 . v
7 (X) = E{(l - 7))(1 = SIVX[?Yi + adiv(X)Z1 + try (V) (@)

—oRic(X) = Vaz—02,X —trg(V.X)"(0)V.X
— o try(V.V.X) + 5 tr, R(X, V.X)-}h(X(p))

1( né, &
+ 5{ - %Xz ~ SIVX|2Y: + 6div(X) 22 — aZy + 02,

—trg(V.X)"(0) + Vav,—ova X +trg(V.X)?(0)V. X
(28) +0A,X b (X(p),

where X; = mVaoX, Xo = KVaoX, VY, = mVéo X, Y, = KVio X,
Z1=mVooX and Zy = KVoo X.
Now, one can make the harmonicity discussion on the unit tangent bundle.

Definition 11. The unit tangent bundle S(M) on a Riemannian manifold (M, g)
is a fiber bundle on (M, ¢g) which its fibers at every point p € M is the set

Sp(M) ={veT,M|g(v,v)=1}.

The tangent space of S(M) is H &V, where H is the horizontal sub-bundle of
TTM with respect to the Levi-Civita connection V of g and V is a vector bundle
on S(M) such that at (p,u) € S(M) is defined by

V(pﬁu) = {va €V, | g(Y;),u) =0, VY, e TpM}
(29) =A{Y) —g(Yp,w)u" | Y, € T,M},
where Y’ € V, is the vertical lift of Y, to V.
Let now g5, be the Riemannian metric on T'M defined as before. Assume

N(p,u) = a(Zu" + u?) is a vector field on TM. One can simply derive N is
normal unit vector field to T'S(M) with respect to the metric g5,
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We equip S(M) with the induced metric i*gs o and represent its Levi-Civita

connection by V.

Lemma 12. Let 71(X) be the tension field of the unit vector field X : (M, g) —
(S(M),i*gs,0) and 7(X) be its tension field considered as the map X: (M, g) —
(T'M,gs0). Then

71(X) = tan 7(X),
with respect to gs,o-

Proof. By using the Gauss formula for the Levi-Civita connections V of 1950
and V of g5, one can get the result. ([l

The following proposition calculates the formula of 71(X).

Proposition 13. The tension field 71(X) can be expressed as follows

() = 2 (1= T2+ S IVXIP) X0 + by ((9.)°(0))
+ étrg R(X,V.X)-}h(X(p))
+ a{%vxlX — é try (V.X)"(@)V.X)

1 1 , n 1
oA+ (X = ) Xe = [ 08, X, X)

1 n v
VX 277) X,X}X} X(p)).
(30) + (g IVXIP o), )] X} (X))
Proof. Substituting 0 =0, 6§ =1, V; = -5X,, ¥, = -5 Xy, Z; =0 and
Zs =01in and using the last lemma we get the result. (I

The condition 71 (X) = 0 for the special vector fields can be reduced to a simple
equation. Specially, for a parallel unit vector field X, we have the following corollary.

Corollary 14. Let (S(M),i*gs0) be the unit tangent bundle equipped with the
induced metric i*gso for a compact Riemannian manifold (M, g). Then, a map
X :(M,g) — (S(M),i*gs0) defined by a parallel unit vector field X on M is a
harmonic map if and only if

no

(1 - 7)X1 = O7 and Xg = ||X2HX

3.2. Variations through unit vector fields and HUVF. Let (M,g) be a
compact Riemannian manifold and let

E: C*((M,g), (S(M),i"gs0) — R*
f — 5 [y ldf1Pdvol(g),

be the Dirichlet energy functional where ||df||? = try(f*(i*gs,0)). The first variation
formula of E is

(32) GloB ) == [ Pasa(vin(n)dvol(s),

(31)
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where Uy is a variation along f for |t| < e which Up(z) = f(x) and U(x) € S(M)
for every x € M and V(z) = %|t:0{t — U(x)} is the variation vector field.
Following proposition is useful for proving the main theorems.

Proposition 15 ([9]). Let X be a unit vector field on M andU: M x (—¢,e) —
S(M) be a smooth 1-parameter variation of X through unit vector fields. Then the
variation vector field V associated to this variation is of the form V(x) = V)‘é(m) for
some perpendicular vector field V to X.

Next proposition proves the inverse of the Proposition [I5
Proposition 16 ([9]). Let X be a unit vector field on M and let
S={Vel'(TM)|g(V,X)=0}.

Then for every V € S there exists a smooth variation along X through unit vector
fields whose variation vector field is V. Indeed let V' be an arbitrary element of S
and let us set Wy = X +tV, U, = |Wy|| 7 Wy, |t| < e. It is not hard to check that
U, is a variation along X through unit vector fields with variation vector field V°.

The following definition is analogous to the definition of harmonic unit vector
fields with respect to the Sasaki metric and g-natural metrics.

Definition 17. Let (M, g) be a compact Riemannian manifold and (S(M), i*gs0)
be its unit tangent bundle equipped with the Riemannian metric i*gso. A unit
vector field X € T'(S(M)) is called a HUVF if and only if the equation

d
() GUEOD) o= = [ gs0(V,m () dvollg).
M
vanishes for all vector field V € S.

Now, the necessary and sufficient conditions for a unit vector field to be a HUVF
can be resulted by the following theorems.

Theorem 18. Let (M,g) be a compact Riemannian manifold and X be a unit
vector field on M. Then, X: (M,g) — (S(M),i*gs,0) is a HUVF if and only if
the vertical part of 71(X) is zero.

Proof. (=) Let X be a HUVF. Suppose

(34) (1)p(X) = (X + AXX )+ Vi + W) » Vpe M,

for some vector fields V' and W perpendicular to X and for some functions A, ¢ on
X(M) C S(M). We will show that V = 0 and A = 0. From (34)), we have

(35) Ve I1? = 950((T1)p(X), Vi), VpEM,

and then from the Proposition [I6] and the Proposition [I5] and the Definition [I7] we
have [, [|[VV||?dvol(g) = [, 95.0(11(X),V?)dvol(g) = 0. This shows that V =0,
and the equation

(36) (11)p(X) = 7(X) — (X () 95,0 (7p(X), X% () X X ) -

shows that 71(X) hasn’t any component in direction of X, i.e., A = 0. From
and V =0 and A = 0, one can get K(71(X)) = 0.
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(<=) Let K(11(X)) = 0, we will show that X is a HUVF. If i{; is an arbitrary
variation along X through unit vector fields and V = V' is its variation vector field
then K (71(X)) = 0 shows that

d
(31) GEW) o=~ [ gs0(v?. (X)) dvol(g) 0.
M
Note that the vertical and the horizontal sub-bundles are perpendicular to each
other with respect to gs 0. The equation completes the proof. ([l

The next theorem gives an equation characterizing the HUVFs.

Theorem 19. A vector field X: (M, g) — (S(M),i*gs,0) is « HUVF if and only

if
1 n
_ 2 - 2
8,X = [IVX|2 + (55 VX2 = ) g(Xe, X)] X
n 1 9
+ (5 - EHVX” )Xz +Vx, X
1
(38) +—tr (V.X)"(a)V.X)
Proof. We know that X is HUVF if and only if K(71(X)) = 0. From we have
~1 1
K(r(X)) = a{?vxlx — = tr, (V. X)"(@)V.X)
1 1 9 n 1
B X + (G IVXIP = 55 ) X = [~9(8,X,X)
1 9 M
(39) + (55 IVXI? - 5= )9, X)) X}

Using g(A, X, X) = 5A(|VX|?) + [|[VX|? = [[VX]? and K (71(X)) =0, we get

8,X = [IVXI7 + (g VXN~ 295, X)) X

n 1
2 = 5 IVXI?) X + Vi, X
+ (5 - 55 IVXI?) X+ Vx,
1
(40) + - trg (V. X)"(@)V.X).
(<) Let holds. Substituting in gives us, K(m(X)) = 0, i.e., the
vertical part of 71 (X) is zero which implies that X is a HUVF. O

Remark 20. Let g, be the Sasaki metric. It is proved [9] that a unit vector field
X: (M,g) — (S(M),i*gs) is a harmonic unit vector field with respect to i*gs if
and only if A, X = ||[VX|?X.

The following corollary gives an analogous result to the Sasaki metric.

Corollary 21. If we suppose that (M, g) is a Riemannian manifold of constant
sectional curvature k and gso is defined by a = 6~ = 2kE+b and o = 0
(mappings defined in the equation (9)) then X: (M,g) — (S(M),i*gso) is a
HUVF if and only if

(41) AX = ||VX|?X.
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Proof. Since, every space form is locally isomorphic to the one of E™,S™ or H"
then one can consider there exists a locally coordinate system (z!,...,2") on M
such that the metric g is of the form g = A2 """ | dz’ ®da® where ) is the conformal
factor. Let X; = %% for i =1,...,n, be the locally orthonormal vector fields on
M. Furthermore, suppose

0" = \dzt, i=1,...,n,

be thier dual 1-forms. Suppose (z!,...,2™, 4%, ..., y") is the associated locally

coordinate system on TM and ¢! = Ady', i = 1,...,n. From [4], we know that

dE(A,) =) 0'(v)§'(Ay), A, € T,TM
=1

and so for the given «, one can deduce that da = —% Dy 9idy’. This implies

that the gradient vector field of o with respect to the given metric gs o is given by
- k

42 Va)V=——=V7,

( ) ( 0[) )\(FOV) 14

for all vectors V€ TM. The equation shows that the vector fields X7, Xa

stated in the theorem E are X; =0 and Xs(p) = —%X(p) for all p € M. Since
X is a unit vector field and (V)X (p) = —%X;’((p) then

(VyX)"(a) =0,
for all Y € T M. Now, using the stated properties the equation can be easily
reduced to this equation:
AJX =||VX|?X .
O
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