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Abstract. A vertex k-coloring of a graph G is a multiset k-coloring if M(u) # M(v)
for every edge wv € E(G), where M(u) and M (v) denote the multisets of colors of the
neighbors of u and v, respectively. The minimum k£ for which G has a multiset k-coloring is
the multiset chromatic number xm(G) of G. For an integer [ > 0, the I-corona of a graph G,
corl(G), is the graph obtained from G by adding, for each vertex v in G, | new neighbors
which are end-vertices. In this paper, the multiset chromatic numbers are determined
for I-coronas of all complete graphs, the regular complete multipartite graphs and the
Cartesian product K, [ Ko of K, and Ks. In addition, we show that the minimum [ such
that xm (cor' (G)) = 2 never exceeds x(G) — 2, where G is a regular graph and x(G) is the
chromatic number of G.

Keywords: multiset coloring; multiset chromatic number; generalized corona of a graph;
neighbor-distinguishing coloring

MSC 2010: 05C15

1. INTRODUCTION

Proper vertex coloring of a graph G is a well-known method to distinguish ad-
jacent vertices of G. However, in the past decades, a large number of coloring
methods emerged for the purpose of distinguishing adjacent vertices or all the ver-
tices of a graph G. In [11], Zhang et al. presented the concept of adjacent vertex-
distinguishing edge coloring of graphs. Based on proper vertex coloring of a graph G,
Radcliffe and Zhang considered the multiset of colors of the neighboring vertices of
each vertex to distinguish all vertices of G, see [9] for details. Further, in [4], Char-
trand et al. studied the situation when the vertex coloring may not be proper. Please
refer to [1], [2], [3], [7], [10], [12] for more related literatures.

This work has been supported by the scientific research funding (No. 2014RZ21) of Wuhan
Polytechnic University.
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A coloring c of the vertices of a graph G (where adjacent vertices may be assigned
the same color) is called neighbor-distinguishing if every two adjacent vertices of G
are distinguished from each other in some manner by the coloring ¢. With no doubt,
a proper vertex coloring is neighbor-distinguishing and the minimum number of
colors needed for a proper vertex coloring of G is the chromatic number x(G). In [5],
a new coloring, called the multiset coloring, was put forward and studied that never
requires more than x(G) colors.

Given a graph G = (V, E), let ¢: V(G) — {1,2,...,k} be a vertex coloring (which
need not be proper) of G. Consider such a coloring ¢; for each vertex v of G, let M (v)
be the multiset of colors in N(v), where N(v) denotes the set of vertices adjacent
to v. If M(u) # M(v) for every pair of adjacent vertices uv € E(G), then c is called
a multiset k-coloring of G. The minimum number k such that G has a multiset
k-coloring is the multiset chromatic number xm(G) of G. For example, a multiset
2-coloring of CZ is depicted in Figure 1.

Figure 1. A multiset 2-coloring of Cg.

It is obvious that every proper vertex coloring of G is a multiset coloring of G,
thus

(1.1) xm(G) < x(G).

By the definition of the multiset coloring of a graph G, if u and v are two adjacent
vertices of G with dg(u) # dg(v), then necessarily M (u) # M (v). Thus the following
observation is easily obtained.

Observation 1.1. For any graph G, xm»(G) = 1 if and only if every two
adjacent vertices of G have different degrees.
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Since every nonempty bipartite graph has chromatic number 2, the following is
a natural consequence of (1.1) and Observation 1.1.

Proposition 1.1. If G is a bipartite graph, then

@) { 1, if every two adjacent vertices of G have different degrees;
Xm =

2, otherwise.

By Proposition 1.1, for the complete bipartite graph K, ; we have

1 ifs#t;
2 ifs=t.

Xm(Ks,t) = {

For a vertex u of G, the multiset M (u) can be represented by the k-vector
code(u) = (a1, ag,...,ar) = aias...ax,

where a;, 1 < ¢ < k denotes the number of neighbors of u colored 7. The k-vector
code(u) is called the multiset color code of wu, or color code of u for short. For
example, code(u) = (2,3) means that the number of neighbors of u colored 1 is 2
and the number of neighbors of u colored 2 is 3.

The following observation is often useful.

Observation 1.2. If u and v are two adjacent vertices in a graph G such that
N(u) —v = N(v) — u, then c¢(u) # ¢(v) for every multiset coloring ¢ of G.

It is a consequence of Observation 1.2 that x,,(K,) = n, where K,, is a complete
graph of order n, n > 2. The multiset chromatic number of every complete mul-
tipartite graph was determined in [5]. Besides, the multiset chromatic numbers for
cycles and their squares, cubes, and fourth powers were also determined in [5]. In
the meantime, a conjecture was proposed as follows.

Conjecture 1.1 ([5]). For every integer r > 3, there exists an integer f(r) such
that xm(Cr) =3 for alln > f(r).

This conjecture was solved by Feng and Lin, please refer to [6] for details.

There are further studies concerning multiset colorings of graphs. In [8], it was
shown that for every positive integer N there is an r-regular graph G such that
X(G) — xm(G) = N and for every pair k, r of integers with 2 < k < r — 1 there exists
an r-regular graph with multiset chromatic number k.

The corona cor(G) of a graph G is the graph obtained from G by adding, for each
vertex v in G, a new vertex v’ and the edge vv’. It is trivial that x,, (cor(G)) < xm(G)
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for every connected graph G. In [8], the multiset chromatic numbers were determined
for the coronas of all complete graphs and regular complete multipartite graphs. We
list them below.

Theorem 1.1 ([8]). For every integer n > 2,

Xim(cor(K,)) = [Hi\/;”—_ﬁ

For k > 2 and n > 1, the regular complete k-partite graph, each partite set of
which contains n vertices, is denoted by Kj,). Thus, K1) = Ki. The following
theorem determines the multiset chromatic number of the corona of Kj(,). To this
end, for positive integers [ and n, define

Jlm) = (147;71—12>+l(1+2—2).

Theorem 1.2 ([8]). For integers n,k > 2, the multiset chromatic number of
cor(Kyp)) is the unique positive integer | such that

gll—1,n) < k < g(l,n).

In this paper, the concept of corona of a graph is generalized and the generalized
corona of a graph is naturally defined as follows.

Definition 1.1. For an integer [ > 0, the [-corona of a graph G, denoted by
cor!(@), is the graph obtained from G by adding, for each vertex v in G, | new
vertices vy, vg, ..., v; and [ new edges vvi,vvs, ..., vv;. Let J'(v) = {v1,v2,...,u},
then each vertex v;, 1 <7 <1in J! (v) is called a leaf vertex, or an end-vertex of v.

If | = 0, then cor’(G) represents the graph G, i.e., cort®(G) = G. Obviously,
cor'(G) = cor(G). So in this sense, the I-corona of a graph G defined above is
viewed as the generalized corona of a graph. If no confusion occurs, sometimes we
simply use generalized corona graphs or generalized corona instead of generalized
corona of a graph.

The multiset chromatic numbers of generalized corona graphs are mainly discussed
in this paper. First, we present some properties of the multiset chromatic numbers of
generalized corona graphs. Next, the multiset chromatic numbers are determined for
the [-coronas of all complete graphs and the regular complete multipartite graphs.
These results are generalizations of Theorem 1.1 and Theorem 1.2. In addition, the
multiset chromatic number of the Cartesian product K, O K is also determined
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in this work. We conclude the paper by showing that the minimum [ such that
Xm(cor (G)) = 2 never exceeds x(G) — 2, where G is a regular graph.

The following notation will be used in the paper.

Given a graph G = (V,E), let X C V(G). For a not necessarily proper vertex
coloring ¢ of G, let M (X)) (or simply M (X)) be the multiset of colors of the vertices
in X. Please note that for v € V(G), M (v) stands for the multiset of colors in N (v),
while M ({v}) stands for the multiset of color of v.

For integers z; and z3, 21 modulo 25 is denoted by [z1].,.

2. PROPERTIES FOR GENERALIZED CORONA GRAPHS

According to the definition of generalized corona graphs, the following observations
are easily obtained.

Observation 2.1. For every graph G, let [; and [2 be two non-negative integers

with [y >[5, then
X (cor (G)) < xm (cor™(@G)).

Proof. If l; =[5, then the conclusion holds trivially. Now let {; > I3, then the
graph cor't(G) can be obtained from cor’?(G) by adding, for each vertex v in G,
l1 —l2 new vertices v1, v, ..., v, -1, and [l —l2 new edges vvy, vva, ..., vV, —1,. Let ¢
be a multiset coloring of cor’?(G). The coloring ¢ can be extended to a multiset
coloring ¢’ of corlt (@) as follows:

c(v), v € cor?(Q);
c/@):{” € cor’s(6)

1, otherwise.

Observation 2.2. Forl > 0and n > 2,
Xm(corl(Kn)) > Xm(corl(Kn,l)).

Proof. If I = 1 and n = 2, then Y, (cor!(K,_1)) = Xm(P2) = 2 while
Xm(cor'(K,)) = xm(Ps) = 2, and the conclusion holds. Otherwise, suppose that ¢
is a multiset coloring of Y., (cor!'(K,)). The graph cor!(K, 1) can be obtained
from cor!(K,,) by deleting a vertex v of K,, and all its end-vertices. Obviously, the
coloring c restricted to the graph cor!(K,_1) is also a multiset coloring. O

Observation 2.3. For n > 2,

X (cor? (K,)) = X (cor (K,)) = ... = xm(cor™ H(K,)).

Proof. It is a corollary of Observation 2.1. (]
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Remark 2.1. What is the minimum [ such that x,,(cor!(K,)) = 2? We will
answer this question in the next section.

Observation 2.4. For [ > 0, if H C G, then the following inequality may be
not right.

Xm(corl(H)) < Xm(corl(G))'

Proof. For example, C3 C Cg, but from [5] we know that x,,,(Cs) = 3, while
Xm (C2) = 2. O

3. GENERALIZED CORONAS OF COMPLETE GRAPHS

A heuristic question is: how small the [ is such that y, (cor!(K,)) = 2? We answer
this question by showing the following.

Theorem 3.1. Forn > 2,

. . 1 - o
Iln;(r)l{l. Xm(cor' (Ky)) =2} =n—2.

Proof. First, we show that x,,(cor” 2(K,)) = 2. It is a consequence of Observa-
tion 1.1 that y,,(cor" 2(K,)) > 2, thus we only need to give a multiset 2-coloring of
cor" 2(K,). If n = 2, then the conclusion holds trivially. So we suppose that n > 3.
Let V(K,) = {vi,v2,...,v,}. The graph cor" 2?(K,) can be obtained from K,, by

adding, for each vertex v;, 1 < i < n, n — 2 new vertices v; 1,v;2,...,Vn—2 and
n — 2 new edges vv; 1, V0;2,. ..,V n—2. Define a vertex 2-coloring c of Cor"’Q(Kn)
as follows.

2, i=n;
2, 1<i<n—2,1<j<n—i-1,
c(vi;) 1, 2<i<n—1,n—i<j<n-—2,

From the above coloring, it can be determined that for 1 < i < n, code(v;) =
(n+i—3,n—1). It then follows immediately that ¢ is a multiset 2-coloring of
cor" 2(K,). Thus, xm(cor" 2(K,)) = 2.

Next, it only remains to show that y.,(cor” 3(K,)) > 2 by Observation 2.3.
Suppose that there exists a multiset 2-coloring of cor"~3(K,,). Since the number of
(n — 3)-element multisets of {1,2} is n — 2, there are at most n — 2 vertices of K,
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which can be colored the same color. For 2 < t < n — 2, let ¢ vertices of K,, be
colored by 1 and the remaining n — ¢ vertices of K,, be colored by 2. It can be
inferred that the multiset of each vertex of K, contains at least (¢ — 1) 1’s, and at
most (¢t +n — 3) I’s. Therefore, the number of different multisets of the vertices
of K, is at most (t+n—3)—(t—1)+1=n—1. Since n—1 < n, by the pigeonhole
principle, there exist at least two vertices of K, which have the same multisets. This
is a contradiction, thus ., (cor®3(K,)) > 2. O

The multiset chromatic numbers of the generalized coronas of all complete graphs
are characterized as follows.

Theorem 3.2. For integerst and | with t > 2, [ > 0, define

t+1—2 t+1-3
n§—<+l >+(t—2)<+l >+1.

Ifn € [n},nl ), then
Xm (cor! (K,)) = t.

Proof. First we show that Xm(corl(Kni)) > t. Assume, to the contrary, that

there exists a multiset (¢ — 1)-coloring of cor! (K, ). Let C be the set of (¢ —1) colors.

l
t
Since the number of /-element multisets of C' is (t+ll_2), there are at most (H'll_z)

vertices of K;; which can be colored the same color.
Suppose that there are exactly s, 0 < s < t — 2 colors, each of which is assigned
t+l—3)
l

to at most ( — 1 vertices of K,,;. So each of the remaining (¢t — 1 — s) colors

t+1—-3
l

is assigned to at least ( ) vertices of Kng. Without loss of generality, let these

(t—1—s) colors be 1,2,...,t — 1 —s. The simple calculation yields

ni—8(<t+ll_3) —1>—(t—1—s)(t+ll_3>
_ <t+ll_2)+(t_2)(t+ll_3)+1_S(t+ll_3>+s
_(t_l)(t+ll—3>+s<t+ll—3>

-1
of S are colored by 1, ny vertices of S are colored by 2,...,n, vertices of S are

Let S be the set of these (Hl*‘g) + s+ 1 vertices of Kni. Suppose that n; vertices
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colored by p, where

ni=1, no>21,...,n, 21,
nitne+..+n,= (%) +s+1,
1<p<t—-1-s.
For 1 < r < p, there are (t+ll_3)
Observe that the number of l-element multisets of the (¢ — 2) colors is (t+ll_3)
therefore, the color r appears in the leaves of each of the remaining n, vertices

which are colored by r. Realize the fact that n; +no + ... +np, = (tﬁzg) +s+1,
and the number of (I — 1)-element multisets of the (¢ — 1) colors is (tﬁzg) Since

(tﬁzd) +s+1> (tﬁz?’), there exist two vertices of Kni’ each of them being colored
as illustrated in Figure 2. It is clear that M (u) = M (v), which is a contradiction,
thus Xm(corl(Kni)) >t

+ n, vertices of K, which are colored by r.

)

C1

Figure 2. M(u) = M (v).

Now, by Observation 2.2, we only need to give a multiset ¢-coloring ¢ of
corl(Kni+171). Obviously,

t+1—2 t+1-1
né+1—1:(t—1)<+l >+<+l )z(t—l)a—l—b.

Let

V(K 1) ={vi1,.-,v16tU...U{vec11, .., vm1,0 U{oea, .., oep ) = V.

N1~

For each 7, 1 <i <t —1, color v;1,...,0;4 by 2. Color v 1,...,v: by t.
In order to color the remaining leaves of corl(anHl_l), we introduce some nota-
tion.
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Foreachi, 1 <i<t—1,let

Ri={1,....t} - {i}.

The number of [-multisets of R; is (t+ll_2), let these a multisets be S;1,...,S5;q.
The number of [-multisets of {1, ...,t}is (Hlfl), let these b multisets be Sy 1,. .., St.p.

Now we are ready to color the leaves. For 1 < ¢ < ¢t—1and 1 < j < a, color
the leaves corresponding to v; ; so that M (J'(v; ;)) = S; ;. For 1 < k < b, color the
leaves corresponding to vy so that M(J!(vs ) = S

We show that such coloring c is a multiset ¢-coloring of corl(ant +1_1).

(1) For 1 <i<t—1,1<j1 < j2 < a, observe that

M (v j,) = M(V) = {c(vij)} + Sijis
M(v;j,) = M(V) = {c(vij;)} + Sijs-
Since ¢(v; 5,) = c(vij,) =4 and S; j, # Si ., thus M (v; 5, ) # M (v j,).
(2) For 1 <141 <ia<t—1,1< 71 < J2 < a, it is clear that
M(vilvjl) = M(V) - {C(ville)} + Sil:jl?
M (viy,5,) = M(V) = {e(viy,5,)} + Siz o
Observe that c(v, j,) = i1, ¢(viy,j,) = %2 and i1 ¢ S;

less i1’s than M (v;, j,). Thus M(v;, j,) # M (vi, ).
(3)For 1<i<t—1,1<j1 <a,1<ja<b, it is clear that

1,1 hence M (v;, ;) contains

M (vij,) = M(V) = {e(vig)} + Sij,

M (vt j,) = M(V) = {c(vt,,)} + St o
Observe that c(v;j,) = ¢, c¢(ve;,) =t and i ¢ S, j, hence M(v; ;) contains less
il’S than M(Ut7j2). Thus M(Ui,]&) 7é M(Ut7j2). U

For example, let t = 3, [ = 2, then

4 3
nh,—1= (2)+2<2> =6+2x3=12.

A multiset 3-coloring of cor?(K12) is depicted in Figure 3.

Remark 3.1. The above theorem implies Theorem 1.1 which also can be found
in [8]. Let [ =1, then n} = t? — 3t + 4, ntl_|r1 =2 —t + 2. By the above theorem, if
n € [t2 — 3t + 4,12 — t + 2), then x,,(cor(K,)) = t. Since (t> —t + 1) € [t> — 3t + 4,
t2 —t+2),t =[(1+ v4n — 3)/2] when taking n = t? —t + 1. Thus y,,(cor(K,)) =
[(1++4n —3)/2]. Given | = 0, the above theorem also implies the well-known
result that x.,, (K,) = n.

439



3 1
2 ] 1
2 1 2 1
2 1 D) 3
1 3
3 2
1 3
1 3 3 3
2 3 3 3
1 3 3
3 4 2 2

Figure 3. A multiset 3-coloring of cor2(K 12)-

4. GENERALIZED CORONAS OF COMPLETE MULTIPARTITE GRAPHS

The multiset chromatic numbers of generalized coronas of Kj,,) are obtained in
this section. To this end, we first present a formula. For p > 0,1 > 0, n > 1, define

—1p—1 . . .

l—l—n—p—l) % (l)(p—z—l)(n—l—l—z—j—l)

p,l,n :( + ‘ o . .
9 ) n—p ;; j)\p—i—7 n—i

Obviously, g(p,1,n) is strictly increasing with respect to I. Thus, for k& > 1, there
exists a unique integer [ > 1 such that

Theorem 4.1. For integers k > 2, n > 1, p > 0, the multiset chromatic number
of cor?(Kyy,)) is the unique positive integer | such that

Proof. Obviously, such an integer I > 2 exists. Let G = Ky, with V(G) =
U=U,UUU...UUy, where U; = {u; 1,u;2,...,u;,} is a partite set for 1 <14 < k.
We obtain the p-corona of G' by adding, for each vertex u; ;, p end-vertices W; ; =
{wij1,Wij2,. ..., wijpt, where 1 <i <k, 1 <j<n
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We first show that x,,(cor?(G)) > I. Suppose to the contrary that there exists
a multiset (I — 1)-coloring of cor?(G). Let these (I — 1) colors be 1,2,...,1 — 1. For

1 <qg<1—-1,let t; be the number of vertices in U that are colored by g. Then
-1

>ty =nk.

q=1
Consider an arbitrary vertex in U, say u1,; € U;. For 1 < ¢ <1 —1, let a4 be

the number of vertices in U; that are colored by ¢, b, the number of vertices in W ;
that are colored by ¢. Then

-1 -1
Daa=n D by=p,
q=1 q=1

code(um) = (f,l,f,g, R ,tl_l) — (al, as, ..., al_l) + (bl, bg, RN bl—l)-
We now determine all possible color codes for u; ;.
(1) bg <agfor1 <g<l—1. Let ¢g=aq—by for 1 < g<1—1,thencs >0 and
-1

>~ ¢q = n — p. Therefore, the number of possible color codes for uq ;1 is
q=1

I-1)+Mm-p) -1\ [(l+n—p-2
n—p N n—op ’
(2) There exists an integer ¢, 1 < ¢ < I — 1 such that b, > a,. To this end, the
coloring for the vertices in U; and Wi ; should be like this: for 0 <7 < p—1, U;

and W7 1 can be divided into two subsets, say U}, Uln_i and ijl, Wﬁ;i, respectively,
such that

(4.1) Uil = Wi,| =i, M(U{)=MW;,),
and
(4.2) P =n—i, [WP{'l=p—i, MU} )NMW)=0.

In this case, we claim that the number of possible color codes for u; ; is
”i”z‘f (z-1) (p—i—l) <n+l—i—j—2>
pur s SN p=i=] noi

In fact, the color code for u;; is only dependent on the different coloring ways
for U~* and Wﬁ 1" satisfying equation (4.2). Moreover, it can be realized as follows.
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Step 1, for 0 <i<p—1,1<j < p—1,choose j colors from the set of [ — 1 colors.
There are (lgl) different ways to do that.

Step 2, use these j colors to color Wﬁ Ii so that each of these j colors must
be assigned to the vertices of Wﬁ Ii. This can be done by coloring the j vertices
of Wﬁ Iz pairwise different using the given j colors, while the remaining p — ¢ — j
vertices of WY 7" are colored using these colors arbitrarily. The number of different
ways to do such job is (5:2:;). ‘

Step 3, color the n — i vertices of U"™" using the remaining [ — 1 — j colors. The
n+lfifj72)'

n—w

number of different ways to do so is (
Therefore, by (1) and (2), the number of distinct color codes for the vertices in U
is at most

QR I » 2 () [t i

—i—
i=0 j=1 J

Since cor?(G) contains K, as a subgraph, the number of distinct color codes for the
vertices in U is at least k. Thus k < g(p,! — 1,n), which is a contradiction.
We now show that x,,(cor?(G)) < I by providing a multiset I-coloring for cor?(G).

For this purpose, we introduce some notation first.
l+n7p71) —a
- T b

Since the number of (n—p)-element multisets of the set of [ colorsis (‘" "

let these a multisets be A1, Ao, ..., A,.

For r € {1,2,...,k}, color U, and W, 1,W,a,..., W, , using I colors as follows.

For 0 <@ <p—1, color ur1,...,ur; by 1; for 1 < s < n, color wy s1,...,Wrs;
by 1. Now color the rest n — ¢ vertices in U, and p — i vertices in each W, , as
described below.

Step 1, for 0 <i<p—1,1<j < p—1, choose j colors from the set of [ colors.
There are (;) different ways to do that.

Step 2, use these j colors to color the remaining p — ¢ vertices in each W,. 5 so that
each of these j colors must be assigned to these p — ¢ vertices. This can be done
by coloring the j vertices of these p — i vertices pairwise different using the given j

colors, while the remaining p — i — j vertices of these p — i vertices are colored using
p—i—1
p—i—j )
Step 3, color the remaining n — i vertices in U,. using the remaining [ — j colors.
The number of different ways to do so is (”H;:j _1).
The Addition and Multiplication Principle tells us that the number of different

such ways to color U, and W,.1, W;.2,..., W, , is

3] () (i B

i=0 j=1

these colors arbitrarily. The number of different ways to do such job is (
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Let By, Bs, ..., By be these b different coloring ways for U, and W, 1, W;.2,..., Wy .
Please note that
a+b=g(pl,n).

We are now ready to give a multiset [-coloring for cor?(G).

(I)2<k<a For1<i<k 1<j<n, 1<h<p,color w;;n by 1; color
Uity .- Uip Dy 1; and color w; pi1,. .., Ui pn S0 that M ({w; pr1,. .., uin}) = 4.

Let x € U;,, y € U;,, where 1 < iy < i2 < k. Then

M) =MU) = {1,...,1} — Ay, +{1,...,1} = M(U) — A;,,

M(y) = MU) = {1,....1} — As, +{1,...,1} = M(U) — As,.

Since A;, # A;,, M(x) # M(y).

(2)a<k<a+b Forl<i<a 1<j<n,1<h<p,colorw,, by 1; color
Uity -5 Uip by 1; and color w; pi1, ..., Uiy, SO that M ({w; pt1,-..,%in}) = A;. For
a+1<1i<k, color Uy and W q,...,W;,, by Bi_,.

Let Uiy 5, € Uiu Uiy, 5o € UiQ, where 1 < i1 < iy < k, 1< jl < jg <n.

(I): 1 <41 < iz < a. Similarly to (1), it is obvious that M (u;, j,) # M (wiy j,)-

(I1): a < i1 < i < k. It is clear that

M(uihh) =
M(uizdz) =

Let 0 < t1,t2 < p— 1, denote

M(U;,) =A{1,..., 1} UM(U;,),

t1
MW, ) ={1,..., UMW/ ,),
t1
MU;,)=A11,...,1}U M(U{z)7
——
t2
M(Wig,jQ) == {17 ey 1} U M(Wi/z,jz)'
t2
In addition, M (U] ) N M (W}, ;) =0, M(U;,) " M(W}, ;) = 0. Therefore,
M(uihjl) = M(U) - M(Uzll) + M(Wi,hjl)’
M(uizdz) = M(U) - M(Uzlg) + M(W’i,27j2)'
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It M(U;,) = M(U},), then M(W{ ;) # M(Wj, ;,), so M(ui, ;) # M(ui,j,).

11,71

If M(U],) # M(U;,) and M(W}, ;) = M(W/, ), then obviously M(ws, 5,) #
M (uiy j,). Suppose M(Uj) # M(U;,) and M(W/ ;) # M(W/, ;). Then there

exists a color @, 1 < a < [ such that the number of the color o in M (W] ;)

is different from that in M (W], ; ). Observe that M (U] )N M(Wj ;) = 0 and

12,j2 11,71

M(U;,) " M(Wj ;) = 0, thus the number of the color a in M (u;, j,) is different

2,2

from that in M (u;, j,), 50 M (w4, j,) # M (i, j, )-
(I): 1< iy € a<ig < k.

M(uihjl) = M(U) - M(Utl) + M(mhjl))
M(ui27j2) = M(U) - M(UiQ) + M(I/Vimjé)'

Observe that there exists a color «, 1 < a < [ such that M (W;, ;,) contains more
a’s than M (U,,). Besides, M (W;, ;,) € M (U;,). Therefore, M (u;, j,) contains more
a’s than M(“hvjl)? S0 M(uihjl) 7é M(uizdz)‘ U

Remark 4.1. If p = 1, then the above theorem implies Theorem 1.2 which
was earlier presented in [8]. The verification only requires noticing that ¢(0,1,n) =
(14;171—12) +1 (H':LL_Q). If n = 1, then we get the multiset of the generalized corona of all
the complete graph Kj. To verify that the previous Theorem 3.2 is coincident with
that of the above theorem when taking n = 1, one only needs to justify the equality

(4.3) g(p,l,l)—(l+p_1)+(l—1)(l+p_2>.

p p

In fact, since

(4.4) g(p,lvl)—( )+p2§jZI(>< :Z:D(l_l:j>

one only needs to justify the equality

W (EE0CT)
() ee(7)

If p = 0, then (4.5) holds since both sides are equal to . If p = 1, then both sides
of (4.5) are equal to 2 — [ + 1. Now we suppose p > 2. Then (4.5) follows from the
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calculations

()-55067)0)

=0 j

2062 06)(7)

—l(l+i_2>+(l;21;2>
(47793001

_ (l+];)—1>+(l_1)(l+p—2>.

p

5. GENERALIZED CORONAS OF K, [0 K>

We introduce some product graphs as follows.

Definition 5.1. The Cartesian product G 0 H of graphs G and H is the graph
with vertex set V(G) x V(H) and edge set {(a,z)(b,y): ab € E(G),z =y or ay €
E(H),a = b}. The tensor product G x H of graphs G and H is the graph with vertex
set V(G) x V(H) and edge set {(a,z)(b,y): ab € E(G) and vy € E(H)}. The strong
product G X H of graphs G and H is the graph with vertex set V(G) x V(H) and
edge set E(GO H)U E(G x H).

The following result can be found in [8].

Theorem 5.1. For each positive integer r,

ik 0 K = [FTET

Since K, x K> is a regular bipartite graph, by Proposition 1.1, x,,, (K, x K2) = 2.
In addition, K, X K is a complete graph of order 2r, thus x,, (K, X Ks) = 2r.
We now focus our attention on the discussion of the multiset chromatic number of
generalized corona of K, [ K.

Forl>1, p > 1, define

I+p—-1 I+p-1
h(l,p) = l .
(o) ( p )+(p+1)
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Theorem 5.2. Forr > 2, p > 1, the multiset chromatic number of cor? (K, O K»)
is the unique positive integer | such that

h(l = 1,p) <r < h(l,p).

Proof. Since h(l,p) is strictly increasing with respect to [, such an integer | > 2
exists. Let H; and H> be two disjoint copies of K., where

V(Hl):{ul,uQ,...,ur}, V(HQ):{Ul,UQ,...,UT-}.
Then

V(K, OK,) =V (H)UV(H,),
E(Kr U KQ) = E(Hl) U E(HQ) U {uivi: 1 S ) < ’I"}.

Construct cor?(K, O K) from K, O K, by adding, for each vertex u;, 1 <@ < r,
p end-vertices X; = {x;1,%i2,...,%ip}, and for each vertex v;, 1 < i < r, p end-
vertices Y; = {vi.1,¥i2,---,VYip}. Let

X=X,UXoU...UX,,
Y =Y,UYaU...UY,.

Then
V(cor?(K, O K3)) =V(H)) UV(H) UX UY,
E(cor?(K, O K»)) = E(Hy) U E(Hs) U {uv;: 1 <i<r}
U{uzij: 1<i<r1<j<p}
U{viysj: 1<i<r1<j<p}

We first show that x,, (cor? (K, O K3)) > [—1. Suppose that there exists a multiset
(I — 1)-coloring f of cor?(K, O K3). For each vertex u; € V(Hi), 1 <i < r, it is
clear that
M(u;) = M(V(Hy)) = {f(ui)} + {f(vi)} + M(X5).

We now determine the number of possible multisets for each vertex u; € V(Hy).

(1) f(u) € M(X;)U{f(v;)}. Let one vertex in X; U {v;} be colored the same
as u;. And then color the remaining p vertices in X; U {v;} using the (I — 1) colors
arbitrarily. Thus the number of possible multisets for u; is

(1)
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(2) f(us) ¢ M(X;) U {f(v;)}. Choose a color for u; from the set of the (I — 1)

colors; there are just (I — 1) different ways to do that. Then color the vertices in
l+p—2
p+1

that. So in this case, the number of possible multisets for u; is

(307

Therefore, the number of distinct multisets for the vertices in V/(H1) is at most

X; U {v;} using the remaining (I — 2) colors; there are ( ) different ways to do

D p+1

Since G[V(Hy)] is a complete graph of order r which served as a subgraph of
cor?(K, O K»), the r vertices in V(H;) should have multisets pairwise distinct.
Thus h(l — 1,p) > r, which is a contradiction, so ., (cor?(K, O K»)) > [.

Next we show that y.,(cor?(K, O K»3)) < ! by providing a multiset [-coloring for
cor? (K, O K5). To this end, we introduce some notation first.

Let the set of [ colors be {0,1,...,1—1}.

Let A be the set of p-element multisets of {0,1,...,l — 1}; obviously,

|A|=<l+p_1> —a>2.
p

Let
A={Ag,A1,...,Au_1}.

For0<i<lI—1,0<7<1—2,let
RL]':{0,1,...,l—1}—{i,[i—|—1]1,...,[i—|—j]l}.

Let B; ; be the set of p-element multisets of R; ;. It is clear that

l—j—14+p—-1 l+p—j5—-2
|Bi,j|=( )z( = b;.
p p

Bi,j = {Bi,j7kl 0 < k < bj — 1}.

Let

For 0 <t<l—2,let
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In particular,
S_1 = 0.

By the well-known Pascal’s formula

()= (") Go)

we obtain
1-2 1-2 )
l+p—j—2 I+p—1
Sl_QZZbJ’:Z< ):< = b.
=0 i=o p p+1
Thus -1 1-2 1-11-2
— — — l+p—1
ZZ|&J|=ZZ@=1< >=1b.
i=0 j=0 i=0 j=0 ptl
Then
a+1b=h(l,p).

Let S1 and Sz be two disjoint copies of Ky, ,, where
V(Sl) = {UO,U,l, cee,Ulp—1, Wo, Wy - - ,wa_l} = U7
V(S2) = {anvla <o Ulb—15205 215 - - - ,za_l} =V.
Then
V(Kh(l,p) 0 KQ) - U U V,
E(Kpap) O K2) = E(S1) U E(S2)

U{uivi: Oélélb—l}
U{wjz;: 0<j<a—1}

Construct cor? (K} p) O K2) from Kj,( ) O Ko by adding,

(1) For each vertex u;, 0 <4 < Ib— 1, p end-vertices X; = {Zi 0, i1, Tip-1},
and for each vertex v;, 0 <4 < b — 1, p end-vertices Y; = {yi.0,Yi,1,-- - Yip—1}-

(2) For wj, 0 < j < a—1, p end-vertices E; = {ej0,€51,...,€jp-1}, and for z;,
0<j<a-—1,pend-vertices F; = {fj0, fj1,---» fip-1}

Let

X =XoUX1U...UXp1,
Y =Y,UYiU...UYjp1,
E=FEy,UB U...UE, 1,
F=FyUFRU...UF, ;.
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Then

V(cor?(Kpp O Ks)) =UUVUXUYUEUF,
E(cor?(Kpp O K2)) = E(S1) U E(S52)
U{uvi: 0<e<Iib—1}
<

U{wjz: 0<j<a—1}

U{uizig: 0<i<Ib—1,0<¢<p—1}
U{vigig: 0<i<ib—1,0<g<p—1}
Ufwjejq: 0<j<a—1,0<g<p—1}
U{zifjq: 0<j<a—1,0<g<p—1}

Find a multiset [-coloring ¢ of cor? (K} ) O K») such that for 0 < i <1 -1,
0<7<1-2,0<k<b; -1,

(Uibtsi;_1)+k) = 1,
c(Vibgs_ry+k) = [+ 5+ 1],
M(Xipts_ry+k) = Bijks
M (Yivts_vy+k) = Blita), j.k-

In addition, for 0 < i< a —1,

The above coloring implies that M (U) = M (V) = M.
We verify that c is a multiset coloring of cor? (K, ) O Ka).
(1)ForOéil,iggl—l,Ogjl,jggl—Z,ngl<bj1—1,0<k2<bj2—1,

M (Wirbts g, 1y+k1) = MU) = {c(Wirbrsg, 1)k} + {C(Virbrs;, 1y+hi)}
+ M(Xibts, 1)+k:)
=M — {ir} 4+ {[ir + g1 + 11} + Bi, j, ks
M (Wishts sy 1y+hs) = MU) = {c(Wizbts sy 1y+ks)} + {C(isbtsiy 1y+k2)}
+ M (Xisotsg;, 1)+ks)
=M — {io} + {[i2 + jo + 11} + Bis jo ko
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If iy # ig, since i1 & {[i1 +j1 + i} U Biy gy by M (Uisbts;,_y)+k) contains less ir’s
than M(ui2b+8(j2_1)+k2)7 S0 M(ui1b+s(j1—l)+kl) 7é M(ui2b+5(j2_1)+k2)' If iy = iz and
j1 # j2, without loss of generality, let j; < jo. Since

{io, [i2 + 1)1, [i2 + Joli} N Big jo ks = 0

and

[iv + 1+ 1]; € {i2, [i2 + 11, ..., [i2 + j2li},
we have [iy + j1 + 1], & Bi, jo,k,- Observe that [i1 + ji + 1]; # [ia + j2 + 1];, thus
M (Wiypts;, _y)+ki ) contains more [i1 + ji + 1];’s than M (wiybts(,, ) +k, ). Therefore,
M(ui1b+s(j1—l)+kl) 7é M(ui2b+5(j2_1)+k2)' If 1 = ig, jl = j2 and kp # k27 then

ObViOllSly, Bil,jl,kl 75 BiQ,j%;@. Thus M(ui1b+8(h,1)+k1) 75 M(ui2b+3(j2,1)+k2)~
(2) For0<i<l—1,0<j<1-2,0<k<b;—1,0<r<a—1,

M (Wib+s; 1y +k) = MU) = {c(Wivps;yy+r)} + {c(Oibts 1y +)}
+ M (Xibts;_1y+k)
=M —{i} +{[i +j+ 1} + Bijk,
M(wy) = M(U) = {c(wy)} + {c(z)} + M(E;)
=M-{0}+{0}+ A, =M+ A,.

Since i ¢ {[i +7 + 1i} U By ., M(uib+s(j71)+k) contains less i’s than M (w,.). Thus
M(uib+s(j—1)+k) 7é M(U)T)
(B)For0<m <ra<a—1,

M(wp,) = MU) = {c(wr))} + {c(zr)} + M(Er,)
=M-{0}+{0}+A,, =M+ A4,,

M(wr,) = M(U) = {c(wr,)} +{c(2r,)} + M(Er,)
=M-{0}+{0}+A4,,=M+A4,.

Since Ay, # Ay, M(wy,) # M(wy,).
(4)F0r0<11722<l_170<.717j2gl_270<k1<bj _170<k2<b]2_17

M(Visbgs, ytk1) = M(V) = {c(Uisprs, tha) b+ {(irbts, 1)+k)}
+ M (Yiots, 1)+ki)
=M —{[ir+ j1 + s} + {ir} + By +1),,51 ks
M (Vigbts sy 1ytha) = M(V) = {c(Vigbts sy 1ytha) b+ {(Uisbts s, 1)k}
+ M (Yigotsg, 1)+ks)
=M — {[i2 + j2 + 11} + {iz} + Bliy+1];,ja ko
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If [i1 4+ j1 + 1]; # [i2 + j2 + 1];, then M(vilers(jl_l)Jrkl) contains less [i1 + 71 + 1];’s
than M (Viybts(;, 1 +ke) since [i1 + j1 + 1 & {i1} U Bpi 1),y .k, - Therefore,
M (Viybts, ay+k1) 7 MVigbtsi, _1)+ks)-

If [iv + j1 + 1) = [ia + j2 + 1]; and i3 = ig, then j1 = jo and k1 # ko. Since
Bliy 111,51 by 7 Blist1]1,2 ks We have M (viypts; oy tkr) 7 M (Vigbtsgs, 1y+ha)-

If [i1 4+ j1 + 1]; = [i2 + j2 + 1]; and 41 # i9, say i1 < i2, then

12 € {[’Ll + 1]1, [i1 + 2][, RN [’il +J1 + 1][}.
Observe that
{[il + 1]la [il + 2]17 ) [il +1+ 1]1} n B[i1+1]l7j1,k1 =0.

Therefore,
i2 & Bli11];.51 k-

Thus M (Vi b4s;, ) +k, ) contains less io’s than M (viybts;, ) +ks)s SO

M(Ui1b+s<j1—1)+k1) # M(”i2b+5(j2—1>+k2)'

(5) For 0<i<l—1,0<j<I—-20<k<b—1,0<r<a—1,

M (Vibts;_1y+k) = M(V) = {c(Vibts ;) +k)} + {c(Wibtsry+4)}
+ M Yipts 1) +k)
=M —{[i+j+ 1} + {i} + Blit1), .
M(z) = M(V) = {c(zr)} + {c(wr)} + M(F,)
=M {0} +{0} + Ay, = M+ Appgyy,.-

Since [i +j + 1] ¢ {i} U Bjiy1y, 5k M (Vibts,_,,+k) contains less [i + j + 1];’s

than M (z.). Thus M(Uz'b+s(j,1)+k) # M(z.).
(6) For0<rm <rg<a-—1,

M(zp,) = M(V) — {c(zr,)} + {c(wr)} + M(F,,)
=M — {0} + {0} + A, 11, = M + Apy 41y,

M(zp,) = M(V) —{c(zr,)} + {c(wr,) } + M(F,,)
=M = {0} + {0} + A1y, = M + Ay 1y,

Since A[T1+1]l 7é A[T2+1]l? M(le) # M(Zrz)‘
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() For0<i<l—1,0<j<1—2,0<k<b;—1,

M (wibts;_yy+k) = M(U) = {c(Uivts;1y+8)}F + {c(ivts qy+8)}
+ M (Xivtsi;1)+k)
=M —{i} +{[i+ 7+ 1)} + Bijr:
M (Vip4s(;_yy+k) = MV) = {c(ibts_yy+8)} + {e(uivrsg i +r)}
+ M (Yibts 1) +k)
=M —{[i+j+ 1} +{i} + B,k

Since i ¢ {[i+j+1];}UB; ., M(uz‘b+s(j,1)+k) contains less i’s than M(vib+s(j71)+k),
we have M (Uibts;_y)+k) 7 M (Vibts;_y)+k)-
(8) For0<r<a—1,

M(wy) = M(U) = {c(wr)} + {c(2r)} + M(E;)
=M-{0}+{0}+A4, =M+ A4,,

M(z.) = M(V) —{c(zr)} + {c(w,)} + M(F})
=M —{0} +{0} + Apyrj, = M + Apy,.-

Since A, # Appy1),, M(wy) # M(2).
To obtain cor? (K, [0 K3), we need to delete some vertices of cor?(Ky( ) O K»).
The following algorithm tells us how to do that.

Deletion Algorithm:
> If Ib < r < a+ b, then delete w;, z;, E;, F; (1 =0,1,...,a+1b—r—1);
> If2<r<lib let I=0.
Step 1: delete w;, z;, F;, F; (i=0,1,...,a —1);
Step 2:
(A): let he{0,1,...,lb—1}\ I;
(B): find unique ¢, j, k such that h = ib+ sj_1 + k, where 0 < ¢ < [ — 1,
0<7<l-2,0<Ek<b; —1. Delete up,vn, Ep, Fp, let I :==1Uh.
(C): if [I| =1b — r, then stop;
else h:=[h+ (j + 1)b]u;
if h ¢ I, then go to (B);
else go to (A).

Let ¢* be the restriction of ¢ to cor?(K, O Kj). Denote by Ustip—r € U and
Vativ—r SV two sets of vertices in Ky, ) [J K2 which are deleted by the above
algorithm. Suppose

MUqayip—r) = {co,C1, .-, Catio—r—1}-
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Then
M(Va+lb—7") = {617 -5 Catlb—r—1, Ca+lb—r}-

We now verify that ¢* is a multiset I-coloring of cor? (K, 00 K3).
Let

MU) — {ers- . caripor1} = M(V) = {1, casipr1} = M'.

Since

Me+ (tibts;_1y+k) = MU) = M (Uativ—r) = {c(Wibts;_1)+k)} + {c(Vibrs; 1y +k)}
+ M (Xibts;_1y+k)
=M'"—{i} +{[i +j + i} + Bijk — {co},
Mex (Vitts iy +k) = M(V) = M Vasyio—r) = {e(Vibts,_yy+5)} + {c(ibrs_yy+5)
+ M (Yibts; 1) +k)
=M —{li+j+ 1} +{i} + Bliv1),,5.k — {Cativ—r}-

Asi & {[i++1i}UB; jk, M- (Wints,_,,+x) contains less i’s than M (vipys ;) +k);
we have M« (Wibys;_yy+k) 7 Mex (Vivtsi,_yy+k)- O

Remark 5.1. Please note that a = (lﬂ;_l) > 2 when p > 1. If p = 0, then
a= (lﬂ; _1) = 1, and we cannot distinguish wy and zy. Therefore, if p = 0 is allowed

in the above theorem, then we must drop the first term of (H%*l) + l(lJ{)gfll), ie.,

let h(1,0) = I(l — 1). Hence, if p = 0 and h(l,0) = I(I — 1), then Theorem 5.3 and
Theorem 5.2 are identical.

The Deletion Algorithm in the above proof implies the following corollary.
Corollary 5.1. Forr>2,p> 1,1 <rg,

Xm (cor? (K, O Ks)) < xm(cor?(K,, O K5)).

6. GENERALIZED CORONAS OF REGULAR GRAPHS

We conclude the paper by discussing the multiset chromatic number of generalized
coronas of regular graphs. We obtain
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Theorem 6.1. Let G be a regular graph. Then

min{p: xom(cor”(G)) = 2} < x(G) 2.

=

Proof. Let x(G) =k, then k >2. We only need to show that x,,(cor*~2(G)) =2.

V(G) can be partitioned into k independent sets, say Vo, V1,..., Vi1, such that
each vertex in VpUV3 U...UVj_s has neighborsin V1. For 0 <i < k-2, 1 <5<,
denote U; j = {v: v € V;, N(v) N Viy—1 = j}. Then

Ui,l UUi’Q U...UULT =V.

Define a vertex 2-coloring of cor*~2(G) as follows.

(1) For 0 < i < k — 2, color each vertex in V; by 1; and color each vertex in Vj_;
by 2.

(2) Color all end-vertices of each vertex in Vy—1 by 1. For 1 <j<r, 1 —j <4 <
k —1—j, color all the (k —2) end-vertices of each vertex in Up;, _, ; so that exactly
1’ + j — 1 end-vertices are colored by 1.

We now verify that the above coloring is a multiset 2-coloring of cor®*~2(G).

Let 2y € G, where z € V;, 0 < i < k— 2,y € Vj_1. Since 2 € M(x), 2 ¢ M(y),
we have M (z) # M(y).

For1<j<r,1-j5 < < k—1—j, the multiset of each vertex in Ulin,,_,,; contains
Jrk—=1—-i"—j)=(k—-1-4")2s Let xy € G and = € Up;,1,_, j1» ¥ € Uligly 1 jos
where 1 < j1, jo <7, 1—51 <1 <k—1—71,1—7j2 <iy <k—1-—js. From the
above coloring, M (xz) contains (k — 1 —1i1) 2’s, M (y) contains (k — 1 —i2) 2’s. Since
xy € E(Q), i1 # i2, hence M (x) # M(y). O

Remark 6.1. The upper bound x(G) — 2 in the above theorem is sharp since
G = K,, n > 2 attains it by Theorem 3.1. However, it is not clear if there exist other
graphs which attain this upper bound. In Theorem 5.3, let [ = 2, then h(l — 1,p) =
h(1,p) = 1, h(l,p) = h(2,p) = p+ 3. Therefore, if 1 < r < p + 3, then we have
Xm(cor? (K, O Kj)) = 2. Observe that x(cor?(K, O Kj)) = r, so we get: if
p = x(cor? (K, O K3)) — 3, then x,n(cor? (K, O K3)) = 2. Hence, if complete graphs
are excluded, then the upper bound x(G) — 2 is almost sharp. One might also be
tempted to continue the research on establishing the sharpness of x(G) — 2 when G
is a regular graph but not a complete graph.
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