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DIFFERENCE EQUATION OF THE POLICY RESERVE,

By Prof. Dr Jarosrav Jaxxko

Starting from a quite general form of assurance being sometimes called
integral assurance, the annual premium will be payable in such a way that
a person aged x years when effecting the assurance will pay an annual
premium Pm for the first year, when aged (x + 1) years an annual premium
Py 1.y for the second year, and accordingly the premiums Pyio, Pigy+s, -
for the following years. If life-long premiums are being paid the insurer is
expecting an income from the assumed population I, being assured, the
value of which in the beginning of the assurance will equal

I’(,)l *% I‘F)(x)aﬂ]lx.{_l?) -+ I’(x)+0l 4»‘;172 -+ —L— P(a-),u -~xl )*L‘w"'z (l)
The general form of payments will be as follows. If a person aged x yvears
effecting the assurance is supposed to die within the first year, that is
from the age of x to the age of (v - 1) years, an annuity y, will be paid
at the end of the first year. A person aged from x 4 1 to x 4 2 years dying,
an annuity g, will be paid at the end of the second year; accordingly a person
aged from z -+ r to x 4 r 4 1 years dying in the (r 4 1) year of the
asgurance, an annuity s, will be paid at the end of that year. As long as
being alive a lifelong annuity will be paid, that is an annuity p, will be
paid at the beginning of the assurance. When being alive at the beginning
of the second year an annuity 7, will be paid. Accordingly when being
alive at the beginning of the (r + 1)** year of the assurance an annuity 7,
will be paid. The value of all payments made to an assumed population I,
at the beginning of the assurance will be

folgt + pdei¥® -+ o P IE (2)
+ Nolz + Milz+1v + -0+ No—alv®*

According to the principle of equivalence a very general expression for
ascertaining net premiums is obtained by making expression (1) equal to
expression (2). Multiplying both them by »* we obtain

1l + 1430z —1 + oo+ fo—aCo + 16Dz + N Dgir + oo+ No—2Do =
== P(x)l)z + P(x)+1DL+1 + .t P(x)+w—-:er- (3)

The recurrent equation of premium reserve of this assurance will be

VebPrirgt= o Vi 4 P @) +r—1— Hr—1 — Ur—19z4+r—10 4)
allowing to ascertain ,V, if , .|V, is known a. s. o.
riV. tPx+rV = rT’ -+ P(.‘c)+r = N — Urz+1V (5)

ensuing from it.
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From a mathematical point of view recurrent equations of the premium
reserve are difference equations of the first ordre. By summing them up -
expressions for the retrospective and prospective premium reserve are
obtained.

When multiplying equation (5) by the expression ¢7,p,;, where ,p, ==
= Pg . Pr+l -+ Prtr—1, We get

r+1Ve v+l 1P = Vs Vs + P(z)+rvrr1)z —— 0 P — ,Urvr+1r1)zqz+ re

By summing up these equations from 0 to r — I, putting ¢V, =0,

we arrive at
r—1 r—1 r—1

Vat'spe =3 Py st%sPe — > N50%sPr— 3 110" ePafa s {6)
8§=0

8=0 8=0
being an expression for the retrospective premium reserve.
When summing up, however, from r to » we obtain the sum

. n—
s T
wV 20Dz = V0P +
A

1 n—1 n—1

P(:c)+sv&apz - Z NV sPr — z #s””hlspqu%-:
=r s=r s=r

or

n—1

n—1 n—1
V1 Pr = Z N8V Pz + Z /’s”e+lspﬂz+s + AV at"pr — z P(z)+a'v'?sp:: (7)

8=r 8§=r 8§=7

being the prospective expression of the premium reserve.

l
As pp = ‘zfl may be expressed by v";p, = DDH' and the equations (6)
T z
and (7) are obtained in the form

1 r~1 r—1 r—1 .
Wz =D [ZP(1)+JD:¢+3 "“Z"]&Dz+x "Zﬂcczﬂr] (6 bis)
z+7 | 5=0 8=0 8=0

n—

. 1 n—1 1 n—1 .
Vo= 1");: [ngnsDz-H + Z UsCrrs+ nVeDotn— Z P(x)-HD:rH] (7 bis)

8=7 8=
for

lovs d
‘pqu+‘: ..fis._.z_-*"_.
by l:c+e

Returning now to the recurrent equation (5) we get an expression for
the premium reserve by solving it as a complete linear difference equation
of the first order with variable coefficients.

II. The general method of solving equation (5) is illustrated by starting
from a homogenious linear difference equation of the first order with
variable coefficients. It may be put in the following form

flx + 1) —m(x) f(z) = 0 (8)
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assuming » being only integers greater or at least equal to a. A function y{v)
is introduced so that ya) = 1 and for v >«
ylr) == mia) m(a 4+ V) m{a 4+ 2) ... m{x —1).
On dividing both terms of the equation by y(e - 1) and putting

f(.?‘) = ~/—(—T—)—
ylx)

we get Hx 4 1) -—t{x) = 0 the first difference being equal to zero (i. e.
At(r) == 0) ensuing from it f(x) = ¢ . y(x).

Further on with regard to f(a) = ¢, for > a follows

fle) = f(a) mia) m(ax 4 1) ... m(x— 1) = f(a) ﬁ m(t).

T--u

When passing from a homogenous to a complete linear difference
equation of the first order “ith variable coefficients z will also be assumed
to be integer and such that @ 2 a holds. This equation is then expressed by

fle 41 )——m (x) f(x) = Ula). 9
The funetion y(z) is introduced again so as to be y(a) = 1,
y(x) = m(a) m(@ + 1) ... m(x — 1) for x > q;

@)
©=@

Dividing the whole equation by y(x + 1) we get
_ U
ye+1)’

(10)

At(x)

from which follows

= Uh)
tx) == ta) + Z —"1'“

s0 that for f(x) following solution is obtained from equation (10):
UG
) = a —]. 11
1=t [0+ 5 S | an

IH. Applying this result to the solution of the difference equation
(6), which will be expressed with altered symbols, the indices will be put
as functional arguments to be in agreement with the foregoing deductions.
We shall therefore write

Vir+Dplar+ne=Vr)+ P4 r)—yr) —pulr) glr +r) e
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X being considered to be constant. The solution is very much facilitated
by writing this equation in form (9) so that it follows

1 ]
i V() = [Pl A ) — — L Lo
Vi) = oy VO = [P b 0 — ) — ) gl 1) - S
(12)
According to equation (10) we have
= - l T 1
s = ep(x) “eple-t 1) T eple - r—1)
or
1 1 1 1 D,
ylr) = . e — T e DD e I:;
J( ) o l.H 1 {1.4_—_2 » LH-_rM o {._rﬂ I).l‘ Fr ( )
lr lr +1 lz “+r—1 { £

From equation (11) we then get the solution
o , = Ple + 1) — yli) — p(i) vgle + 4)
V(r) = y(r) [l (a) ‘{"i:Za i+ 1)’ v.ple - t) J

and with regard to the initial conditions a == 0, V(a) = 0 we obtain

V(r) = yir) {rf Pt —nl) 'S pgletd) «].

SYE+ Do+ S ye+ D+ 1

As however,

y(r) 1 1 1 .
Y+ Noplz 4 1) vpe+9) wple--i+ 1) Teplefr—1)
1 Dx+i
o—i l.r+r Dz+r ( )
Zx—i-i
the foregoing result may be expressed in the form of
r—1 ) ' 1 =1 ) 1
= 5 [P+ i) — (i) ——— 3 1) vge+ i) . ——
ih P or—i T
s ) EER}

and this expression is identical with the retrospective form of the premium
reserve which was obtained before. We can prove it by multiplying both

. l
sides of the equation by v* ilti for we get then
4

nY fﬂ i Pz 4 i) ¢! l‘l' - Zn il (i) v+ (e 4 i) S

10 [ lz
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or

r—1 r—1 r—1 . .
V(r) vpe = 3 Pla+ i) vipe — 3 i) viipe — 3 pli)ei+hipyg(x +- i)
{e=0 1-:0 i=0

where we retained the indices in symbols for ;p, resp. ,p,. The solution of
the difference equation may be also given in the form of

r—1 . . Da‘ i
Vr) :i__z_O['P(w + 1) — (i) — p(3) vg(x + 1] Dx:, (15)

which can he specified for singular particular kinds of assurance.
IV, In the case of pure endowment assurance we have
Jo=py=fg== ...=0, =1, gy= = ... = NYp—1 = NYn+1 = ...
=Ny =0
and thus there will be for r < n

Vir) = ZP(x—}- ) Det

i
x+r

1
so that with the constant annual premium P(x + 4) = P, paid for the
whole time of the assurance we get

L &P NN Dysn No— N
V?‘:P',—i=0 - P x4 x+r: z+n.i'a:—" z+r
( ) o Dz+r ol Dx+r Dz+r A r Nz+n
In the case of life assurance we put
7]02771:--':774»—120; Mo = g = "'=tu'”"x=l

obtaining thus

r—1 r—1

V)= 2 Pl + )—f—fi— (@ + i) Desi

+r =0

and the annual premium being constant we have

N,— N, el O N, — N,
Viry = p, Sz Dakr 5, Cati tati —p = zir
) * D.t+r zzu la:+1 Dz+r ? -D:n+r
A.D D,
e 22 (P, ag— irda).

Dyyr - Dx+
Starting from integral assurance we arrive at endowment assurance by
putting
No =M1 = ees =Npe1 = Na+1 = +vo = Nz = 0, N = 1,
Moo=ty = ... = Hy_j; = 1.
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The annual premium being constant we get

r—1 =1
D+ C LK) N "“‘A:Hr JI:*“J[aH'r

V)= Pg o =t —> il p.o A =

( ) nllz =0 Dets {=0 D."H—r o [).r+f Dx+r

D, 1 1 ] D, [a.rr_l

=2 ML g am—at = |2 gas— 1+ da

D,., [(am[ )31 ] Doy Law] ol + dasi +

+ Dz+r] _ D, @y 8| 4= __Qrirn—r|
D, Dy arnl aen|
In case of deponed annuities it is
770=771=--~:77m—‘120; 771;1:77m+12-'-=77«1-1:=13
o= fty = py = ... = 0.

The annual premium P(,a;) = -'"\ % being constant we get from the general
:rm[

r—1

equatlon (15) and for r < m ,V, = P(njaz) Z D P(mlaz) az and
T+r

D,

=0 Dy
for r > m considering that premiums will be paid m-times to the utmost
the first sum will be made for ¢ = 0, 1, 2, ..., n — 1, for the other premiums
are equal to zero and therefore

m—1 D r— 1
V(T) — z P m!ar) x4 __Z Dx-i—t
1‘+7 t=m ~zg+r
= e « @rm| —l‘)f“ — m|m—r8uz - : =
Qem| Dy, Dy,
D,

£
= - (m]ax_ mim—r@z) =
D:H—r ! Dz+r

«ri@z = Ax+r-

Furthermore it will be shown by two examples how a result can be
obtained in a special case by a direct solution of the difference equation
being in question.

The recurrent equation of the premium reserve for pure endowment
assurance is

r+1V e+ 0 = Ve + Pzn]
which we reduce to the form of the difference equation
i
1 P:rnt

r+1V:t _ er =
UPz+r VPzx+r

and its solution according to (11) will be
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1

r— P:{ﬂ
V= ytr) [ _Z m]

or
r—1

T Loy 4+ 1) sy
resulting with regard to (14) in

vV =P]__r_1-Dz+n Pl Az"“l\':ﬁ-r Dz*n Nz_Nz+r
e 'mlisopz—ir | Dz+r D1+r Nz'_Nn:+n.

The recurrent equation for the premium reserve of assurance with
a fixed term of payment may be expressed by

e+1Ve= (Vr+ .zl)iﬂ) (I + %) —gz+r (V=1 — 111 V)
and by arranging it we get

ritVe — (1 —gai)) o — Vo= Pp_ﬂ — OV
or

1 , 1
r]/x ==
UPx+r UPx+r

and its solution is quite similar as in the foregoing example

1
y(i + Lop(z + i)

r+1Vz— (o Pr] — qz+s0"7)

-

r—

Vo= y(r)‘zo(xpn_l — qz+i@‘”“i)
=

or
r—1
Va= 3\ (P7] — ge—it" ™) D"‘Ii‘i =

P= 0 -Dx+r
r—1 —1 i

—p Dpyi =10,

=zl zn —y =
lc 0Dger 50 Dits

o D, 1
= &gy D (10 + " Cr41+ ... + V2004 ) =
Aan| z+r x+r
Nﬂ s Nu:+r Dz 1

— o D naf(ly — 1 logr—1
v N, = Norn Dov:  Dvs Cid z+1) + (lzr1— lpy2) +

+ oo Uzrer — L))} =

D.t N:c“‘Nz—i-r . 1
Dz-}-r ' Nx - Nn+n Da:+r
D, N;—Niyy » Dz

= ph ) - + o =
Dz+r Nx"‘-zvzihn Dz+r

= pn sl — Dy, =
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D:t: Nz+r""'Nz+n

= — " . + YT =
Dt+r Nz '—Nx+n
I "D, Novr— Nyin R wPoa =
= — . il - n{@r+r, n—ri
Nyp— Nz+n Dz+r l

We have illustrated the solution of the difference equation of the
premium reserve on the hand by the specialisation of the general solution
and on the other hand by the direct solution in the special cases. The
number of examples could be increased at discretion. Let us consider
however only one case of the premium reserve ascertained by the method

of sufficient premium. The recurrent formula for this premium reserve is
quite similar, for

etV = [V 4 (1 —9) Botr — B— ) (1 + i) — Gotr (tr — r41V%)
or

r+1V£(1 — Quir) V— er: = (1 —%) Byyr— B — N — QeisVlir

from which it is quite clear to derive that there is again a complete linear
difference equation of the first order with variable coefficients in which
contrary to (12) there is only a change of the expression U(i)
V= (1) Bar —f ope).

T e——— —_— —_0 — 7 —_
")px+rr x Dot V) Dztr qr+rVUr

The initial condition will be in this case V% =
get thus the solution

1—y) Bon—B—mi 'S pidei ]
thzl;_—— [ ( " >
ylr) “‘+_Zo y(i+ 1) opors S0y + Dpoti

which may be written with regard to (13) and (14)

a
r+1Vz -

— «. According to (11) we

r—1
i

D r—1
Vo= —ag=+ 21 —y) Besi—f—
z+r i=0

I)

The annual premium B, being constant and sufﬁcient, bemg r<n
the retrospective reserve for endowment assurance will be

r—1 r—1
Vd . D:t'rl z Oa:+i
rVg=—0n&

Dz+r i=0 Dz+r

or

D
Vi =y x+[(1—7)BZ—ﬁ]arﬂ“‘Alﬁ}'
Dz+r
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