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Reflecting character and pseudocharacter

LuciA R. JUNQUEIRA, ALBERTO M.E. LEVI

Abstract. We say that a cardinal function ¢ reflects an infinite cardinal &, if given
a topological space X with ¢(X) > &, there exists Y € [X]=F with ¢(Y) > k.
We investigate some problems, discussed by Hodel and Vaughan in Reflection
theorems for cardinal functions, Topology Appl. 100 (2000), 4766, and Juh&sz
in Cardinal functions and reflection, Topology Atlas Preprint no. 445, 2000,
related to the reflection for the cardinal functions character and pseudocharacter.
Among other results, we present some new equivalences with CH.
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compact spaces; Lindeldf spaces; continuum hypothesis
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1. Introduction

The purpose of this paper is to investigate some problems about reflection
properties for the cardinal functions x (character) and ¢ (pseudocharacter).

For concepts and notation, our main references are [5] and [7] in general topol-
ogy and cardinal functions, and [9] in set theory.

The first systematic study of reflection theorems for cardinal functions was
done by Hodel and Vaughan in [8], after some studies done by Tkacenko in [17],
Juhdsz in [10], and the result of Hajnal and Juhdsz in [6] that the weight reflects
all infinite cardinals, among others. Hodel and Vaughan give in [8] the following
definition:

Definition 1.1 ([8]). Let ¢ be a cardinal function, s be an infinite cardinal, and
C be a class of topological spaces. We say that ¢ reflects x for the class C, if given
a space X of C with ¢(X) > &, there exists Y C X with |Y| <k and ¢(Y) > k.

When the class C is the class of all topological spaces, we simply say that ¢
reflects k.

The most important result in the literature about reflection for the cardinal
function x is:

Theorem 1.2 ([8, Corollary 3.4]). x reflects all infinite cardinals for the class of
compact Hausdorff spaces.
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By the above theorem, if X is compact Ts, and x(Y) = R, for every Y € [X]SNI,

then 1 (X) = Rg. The next result, stated in [11], extends this for Lindeldf spaces.

Theorem 1.3 ([11, Theorems 1 and 3]). If X is Lindeldf Ty, and x(Y) = 8 for
every Y € [X]=™, then ¢(X) =Ry and |X| < c.

This theorem is also an extension of the Arhangel’skii theorem in the countable
case, which says that |X| < ¢ when X is Lindeldf T5 and x(X) = No.

There are two ways to extend this to a true reflection result: replacing “¢(X) =
Ro” by “x(X) = Rg”, or replacing “x(Y) = Rp” by “¢(Y) = Rg”. The first way
cannot be done in ZFC, because of this surprising result:

Theorem 1.4 ([11, Theorem 2]). CH is equivalent to the statement: “if X is
Lindelsf Ty, and x(Y) = Rq for every Y € [X]=™", then x(X) = No”.

The other way leads us to an open problem.

Problem 1.5 ([11]). Does X Lindel6f (or even compact) To and ¢(Y) = X for
every Y € [X]=™" imply that (X) = Ry ?

A partial answer is:

Theorem 1.6 ([11, Theorem 4]). If X is compact T, and ¥(Y') = Ry for every
Y € [X]=F, then ¢(X) = No.

From this follows that, under CH, v reflects Ny for the class of compact Haus-
dorff spaces. This is a particular case of this more general result:

Theorem 1.7 ([8]). (2" = k™) The cardinal function 1 reflects k* for the class
of compact Hausdorff spaces.

The following problem generalizes Problem 1.5:

Problem 1.8 ([8]). In ZFC, does ¢ reflect all infinite cardinals for the class of
compact Hausdorff spaces?

In Section 2 of this paper, we present some reflection results for pseudochar-
acter, in broader classes than the class of compact Hausdorff spaces. One of
this results is used in Section 3 to obtain more equivalences with CH, extending
Theorem 1.4. In Section 4 we use the theory of character and convergence spec-
tra developed in [13] to make several remarks that give some partial answers to
Problem 1.8.

We conclude this introduction presenting some definitions and results that are
used throughout this paper.

Definition 1.9 ([14]). Let (X, 7) be a topological space and let M be an elemen-
tary submodel of some “large enough” H(#). Xjs is the new topological space
X N M with the topology generated by

TIM={UNM:UecTnM}
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Definition 1.10 ([7]). Given a space X, L(X) is the smallest infinite cardinal &
such that every open cover of X has a subcover of cardinality < k.

Definition 1.11 ([4]). Given a space X, l{(X) is the smallest infinite cardinal
such that every open cover of X, linearly ordered by inclusion, has a subcover of
cardinality < k.

It is immediate that {I(X) < L(X) for every space X. A space X is a Lindelof
space iff L(X) = Ny, and it is a linearly Lindeldf space iff I1(X) = V.

Definition 1.12 ([16]). If A and p are infinite cardinals, then we say that X is
a [\, p]-compact space if every open cover C' of X with |C| < p has a subcover S
with |S] < A.

The next definition is due to Ofelia T. Alas.

Definition 1.13. For a regular cardinal x, we say that X is a L(k)-space if every
open cover of X of cardinality x has a subcover of smaller cardinality.

Definition 1.14 ([10]). Let (X, 7) be a T3 space. For each p € X define

e (p, X) :min{|V| :VCT,pe ﬂV,{p} :ﬂ{V:VE V}} + w.
Then define
Ye(X) = sup{¢e(p, X) : p € X}.
It is easy to see that 1.(p, X) = 1(p, X) when p € X and X is a regular space.

Lemma 1.15 ([2, Proposition 2.2(1)]). If X is a T> space, then for every S C X
we have

3] < 2151%:(5).
Definition 1.16 ([7]). Given a space X,
F(X) =sup{k: X has free sequence of length s} + w.
A sequence {z, : @ < k} in X is a free sequence of length & if for all 8 < &,
{za :a< B} {zs :a>p}=0.
Proposition 1.17 (see [7]). If X is compact T then F(X) = t(X).

2. Reflection in broader classes

We first note that the answer to the Problem 1.5 is negative if we replace
“compact” by “countably compact”.

Example 2.1. Let
X ={a€wy:cf(a) =w}Uws
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with the order topology. Then X is countably compact, every subspace of it of
cardinality < N; has countable character (and therefore countable pseudocharac-
ter) but ¢¥(X) = Na.

The next result extends Theorem 1.6.

Theorem 2.2. If X is Ty and of pointwise countable type, and ¥(Y) = Yy for
every Y € [X]=¢, then (X)) = No.

PROOF: It is sufficient to prove the result for 75 compact spaces (Theorem 1.6),
since, for any x € X, there is a compact K such that x € K C X and x(K, X) =
No; then we have

’l/)(:L‘,X) = X(an) < X(:L‘,K)X(K,X).

Now, assuming that X is compact T%, choose any Y € [X ]SNl, and let M be a
countably closed elementary submodel with X € M, Y C M and |[M| <c. Tt is
easy to see that X N M is a countably compact space; this implies that

x(Y) < x(XNM) =N,

since (X N M) = Xy. Hence, by Theorem 1.2 we have (X) = x(X) =8,. O

We present now some results for pseudocharacter in classes broader than Lin-
delof spaces. The next result is due to Ofelia T. Alas.

Lemma 2.3. Let k be a regular cardinal, X be a To L(k)-space, and p € X be
such that ¥.(p, X) = k. Then, thereisY € [X]" such thatp € Y and ¢ (p,Y) = k.

ProOOF: Let {U, : @ < k} be a family of open neighborhoods of p in X such that

() Ua = {p}

a<k

For every a < k define P, =) {U_ﬁ B < a}.
Then, define

I=a<k: ﬂngPa ;

B<a

and for each a € I, choose a p, in (5., P)\Pa-

Define Y = {p} U {pa : @ € I'}. Tt is easy to see that |Y| = &, so we just have
to show that ¥(p,Y) = k.

Suppose A := ¢¥(p,Y) < k. Then there is a family {W, : v < A} of open
neighborhoods of p in X such that

m Wy nY ={p}.

F<A
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For each v < X, ... Ua\W, = 0, then, since X is a L(x)-space, there is some
0 < r such that (4 U, CW,.

If @ = sup{f, : v < A}, then we have 0 < k and

N Ta < ()W

a<f F<A

a<k

hence
YN\ TaCYn (W, ={p}.

a<f F<A
For 0, € I with 6 < 0, < K,

po.€YN () PsCYN()TUa={p}
B<bx a<f
but pg, ¢ Ps,, a contradiction. O

Corollary 2.4. If X is a regular L(X;)-space such that ¢(Y) = Nq for every
Y € [X]SN then (X) # Ry,

The next theorem is a reflection result for .

Theorem 2.5. Let X be a regular L(k™)-space or a Ty [k, 2%]-compact space
such that:

Then, ¢.(X) < k.
PRrOOF: By (2), we have
7:U{§:SE Y=~}

for every Y € [X]<<.

Note that 1.(S) < k for every S € [X]|=F, since, for any y € S, we have
Ye(y,S) # k1 by (2) and Lemma 2.3, and by (1),

Ve (1:8) = v (1. SUTHT) < x (1S Uy} < x(SU{y)) < w*.

For every S € [X]=" and every p € S, we will show that there is a family A, g
of open neighborhoods of p in X such that |A, 5| < k and

ﬂ{ﬁﬁ?:QGApys} ={p}.

Since ¥(p, S) < &, there is a family {Oy : A < r} of open neighborhoods of p in
X such that N{OxN S : XA <k} ={p}. If X is regular, then for each Oy we can
find some open © with p € Q and Q C O,, and we are done. Now suppose that
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X is [k, 2%]-compact. For each A\ < x, S\Oy is [kT, 2%]-compact, hence the same
occurs with

S\ {p} = |J S\Ox.

A<k
By Lemma 1.15, |S\{p}| < 2", hence if we define, for each z € S\{p}, an open
A, with pe€ A, and z ¢ A, then there is some Z € [g\{p}]gﬁ such that

ﬂ{A_Zﬁg:ZEZ}:{p}.

Now, suppose ¥.(p, X) > k+ for some p € X. For each a < s, define
Se ={p} U{ps: B < a} and

B, = .A;,hsa U U Bg,

B<a

and choose some p, € ({2 : Q € By }\Sa.

Then, define Y = |J, .+ Sa and B = {J, .+ Ba. It is easy to see that |Y| =
k1, Bl < kT and {QNY : Q € B} = {p}, which implies 1.(p,Y) < s*, since
QNY CQNY. By (2) and Lemma 2.3, we must have

U (p,Y) <t (p,Y) < k.

Let {W, : @ < k} be a family of open neighborhoods of p in X such that ({W,N
Y :a <k} = {p}. For each a < K, we have

ﬂ{(ﬁﬂ?) \Wo: Qe B} =0.
Since X is a L(k™)-space and 7 is regular, there is some § € x* such that

{pr={WanY:a<s} 2 {QNY :Q€Bs} 2 {ps},

which is a contradiction, since p # ps. ([

When X is a regular L(x™)-space in the above theorem, there is another proof,
based on some proofs in [3], using elementary submodels and the following lemma,
which may be of independent interest.

Lemma 2.6. If M is a k-covering elementary submodel, (X, T) € M, kU{x} C
M and (X ) < &, then (X)) < k.

PRrROOF: The proof is similar to the one in [15, Theorem 3.5]. Fix x € X N M.
Since (X ) < k, there is B € [T N M]=" such that

({VnM:VeB}={az}.
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By k-covering, there is B’ € M such that |B’| < k, B C B’ and we can suppose
B'C{VeT:xzeV}. Since BeM,BCT,({VNM:V eB}={z}, and
|B'| < Kk, by elementarity we have that M = ¢(z, X) < k.

Since this is true for every x € X N M, we have

MEVze X (Y(x,X) <k).
Thus we have our result by elementarity. (I

Corollary 2.7. If X is such that ¢(Y) = R for every Y € [X]|=™t, and there
is an w-covering elementary submodel M of cardinality Ry such that (X,T) € M
and X is a subspace of X, then ¥(X) = No.

3. Some equivalences with CH

We can ask whether it is possible to replace, in Theorem 1.4, “Lindel6f” by
“linearly Lindel6f”. In this section, we answer this question. Our first result here
extends Theorem 1.3.

Theorem 3.1. If X is a Ty [kT,2%]-compact space, with x(Y) < &k for every
Y € [X]5", then ¢o(X) < K, L(X) < k and | X| < 2".

PRrooF: First, we have
7:U{§:SE Y=~}
for every Y € [X]<F", since (Y) < x(Y) < k.
We have ¥.(X) < k by Theorem 2.5. Using this and Lemma 1.15, we have
that, for any Y € [X]=",
Y| < oV 1¥e(Y) < olYI¥e(X) < 9r.

Now we show that F'(X) < x. Suppose that (z¢),_,+ is a free sequence in X.
Since X is a L(k™)-space, we can choose some

x € ﬂ {ze :n <& <Kt}
n<wt

Since z € {x¢:&{ <kt}, then z € {x¢:£ <O} for some § < k*; but = €
{z¢: 0 <& < KT}, a contradiction.

Let M be a k-closed elementary submodel, with X € M, 2¢ C M and |M| = 2.
Defining A = X N M, we will show that L(4) < k and A = X. First, note that

B C A for every B € [A]SH. In fact, B € M since M is k-closed, hence B € M,
which implies B C A.

Now, we show that L(A) < k. Suppose not. Then there is open cover R of A,
with no subcover of cardinality < k. We will build two sequences (36,7)77 <t and
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(Ry), <.+ such that, for each n < kT, z, € A, R, € [R]=" and {ze: & <n} C
UR,. For each n < k*, proceed as follows: {x¢ : £ < n} C A since |n| < k, and

L(Tece<n) <n

since [{z¢ : £ <n}| < 2% and {z¢ : £ < n}is [k, 2"]-compact; then choose some
R, € [R]=" such that Ugen Be © Ry and {z¢ : £ <n} € URy, and some z €
A\UR,,.

Now, given any 7 < x* and any = € {x¢ : £ <n}, we have x ¢ {z¢: £ > n},
since

{oe: € =m0 (JR,) =0.

Hence, (z,) is a free sequence, a contradiction.

n<wt

Finally, suppose that there is some y € X\ A. For each z € A, ¢(x, X) < k&,
then let B, be a family of open neighborhoods of z in X such that B, € M,
|Bz| < k and [ By = {z}, which implies B, C M. For each z € A, choose some
A, € B, such that y ¢ A,. Since L(A) < &, there is some

Se {4, xe A"

such that A C |JS; and we have S € M since S C M and M is k-closed. Now,
since X\|JS # 0, by elementarity there is some z € M such that z € X\ |J S5,
a contradiction. O

Consider the following cardinal function ¢: ¢(X) is the smallest infinite cardi-

nal x such that X is [k, 2%]-compact and x(Y) < & for every Y € [X]S'#. The
above theorem says that |X| < 22(X) hence implies the Arhangel’skii theorem
|X| < 2ECOXX) since ¢(X) < L(X)x(X).

Proposition 3.2. (2% > k™) There is a Ty space X, with L(X) = k, where
x(Y) <k for every Y € [X]S'(ﬁ, but x(X) > kT

PRrROOF: Choose any point p in the Cantor cube 2”, and define

X = ((2°\{p}) x {0H) U (2" x {1}),

with the following topology basis:

e the points in (2°\{p}) x {1} are isolated;
e if A is an open neighborhood of ¢ # p in 2*, then

((A\{p}) x {0} U ((A\{p, q}) x {1})

is an open neighborhood of (¢,0) in X;
e if A is an open neighborhood of p in 2%, and

Z e [(25\{p}) x {1}]=",
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then (A x {1})\Z is an open neighborhood of (p,1) in X.

It is easy to show that L(2"\{p}) = x. Note that the topology of (2°\{p})x {0}
as subspace of X is the same topology as subspace of 2% x {0}. Then, L(X) = &,
since if R is a family of basic open sets of X, with |R| < x and (2%\{p}) x {0} C
U R, then

@ x I\ UR| <.

Ify e [X]S'{+ then x(Y") < k&, since x(2") =  and all points in Y N (2" x {1})
are isolated.

Finally, suppose that x(X) < k*. Let {4, : o < kT} be a local base for (p,1)
in X. For each a < k™, choose some x, € A, \{(p,1)} (note that [A,| = 2% >
k1). Now, for every a < k+, we have

Ao € 2" x 1)\ {za:a <rt},
a contradiction. O

Theorem 3.3. For every infinite cardinal x, the following statements are equiv-
alent in ZFC:

(1) 28 =xt;

(2) x reflects k™ for the class of Ty L(k™)-spaces;

(3) x reflects k™ for the class {X : X is Ty and ll(X) < k};

(4) x reflects k™ for the class {X : X is T> and L(X) < k}.

PROOF: (2) = (3) and (3) = (4) are immediate, and (4) = (1) follows from
Proposition 3.2. (1) = (2) follows from Theorem 3.1, since every L(x™)-space is
[£T, 2%]-compact under 2¢ = k™. O
Corollary 3.4. The following statements are equivalent in ZFC:
(1) CH;
) x reflects ¥y for the class of Ty L(X1)-spaces;

(2
(3) x reflects Ry for the class of Ty linearly Lindeldf spaces;
(4) x reflects Xy for the class of Ty Lindelof spaces.

4. Reflection of pseudocharacter in compact spaces

In this section, we will present some partial answers to the Problem 1.8. As
far as we know, the only partial answer in the literature is:

Theorem 4.1 ([1, Theorem 3.16]). v reflects all infinite cardinals for the class
of dyadic spaces.

To investigate this issue, we will use some concepts defined in [13].

Definition 4.2 ([13]). A transfinite sequence (z, : @ < k) is said to converge
to a point  in the topological space X (this is denoted by z, — x) if for every
neighbourhood U of z there is an index 8 < k such that z, € U whenever
0 < a<k.



374 Junqueira L.R., Levi A.M.E.

Definition 4.3 ([13]). An infinite subset A of X converges to the point z (A — x)
if for every neighbourhood U of © we have |A\U| < |A].

Juhdsz and Weiss noted in [13]:

e if X is a compactum (an infinite compact Hausdorff space), then A — x
is equivalent to x being the unique complete accumulation point of A;

e if the one-to-one sequence (x, : a < k) converges to x then so does its
range {zo : @ < Kk} as a set. Conversely, if |A| = x is a regular cardinal
and A — z then every sequence of order type x that enumerates A in a
one-to-one manner converges to x as well.

Definition 4.4 ([13]). For a non-isolated point p of the space X we let

xS (p, X) ={x(p,Y) : p is non-isolated in Y C X'}
and we call xS (p, X) the character spectrum of p in X. Moreover,

xS (X) = U {xS(z,X) : © € X non-isolated}
is the character spectrum of X.
Definition 4.5 ([13]). Fix a topological space X and a point p € X. Then
¢S (p,X)={|A]: AC X and A — p}
is the convergence spectrum of p in X. Moreover,
S (X) = J{cS (2, X) : 2 € X}

is the convergence spectrum of X.
Definition 4.6 ([13]). Fix a topological space X and a point p € X. Then

deS (p, X) ={|D| : D C X is discrete and D — p}
is the discrete convergence spectrum of p in X. Moreover,

deS (X) = J{deS (x,X) : v € X}

is the discrete convergence spectrum of X.

It is immediate that deS(X) C ¢S(X). Arguments made in [13] show that, if
X is a compact Hausdorff space, and k € xS(X), then {x, cf(x)} C ¢S(X).

Theorem 4.7. If k is an infinite regular cardinal, then 1 reflects k for the class
{X:kecS(X)}.

PROOF: If k € ¢S(X), then k € ¢S(p, X) for some p € X, hence there is some
A € [X]" such that A — p. Then, it is easy to see that ¥ (p, AU {p}) = k. O
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Theorem 4.8 ([13]). If k is an infinite cardinal, and X is a compactum with
X(X) > 2%, then k't € deS(X).

Definition 4.9 (see [13]). Given a space X, F(X) is the smallest cardinal « for
which there is no free sequence of size k in X.

Theorem 4.10 ([1 ]) If o is an infinite cardinal with ¢ = cf(9) > w, and X is
a compactum with F( ) > o, then g € xS(X).

Theorem 4.11 ([13]). Assume that X is a T space and o, i are cardinals such
that F(X) < o < cf(p), and moreover p € X with ¢(p, X) > p. Then either

(1) there is a discrete set D € [X]~? with p € D and v(p, D) > p, or
(2) there is a discrete set D € [X]? such that D — p.

Theorem 4.12. Let k be an infinite cardinal, and X be a compact Hausdorff
space. If 1) does not reflect k* for {X}, then

(1) ¥(p, X) # KT for every p € X;
(2) K < l/f( ) <27
(3) t(X) <

(4) ¥(D) > Ii++ for some discrete D € [X]=".

PrOOF: (1) If 4(p, X) = kT for some p € X, then we may apply Theorem 4.7,
since kT € xS(p, X) C ¢S(X).

(2) If (X)) = K™, then the result is immediate by (1); and if ¢(X) < k, then
the result is immediate by definition. If 4)(X) > 2%, then k* € dcS(X) C ¢S(X)
by Theorem 4.8.

(3) If (X) > k' then F(X) > xT, hence k* € xS(X) C ¢S(X) by Theo-
rem 4.10.

(4) By (3) we have F(X) < &%, and by (2) we have ¢(p, X) > £+ for some
p € X. Then we may apply Theorem 4.11, with ¢ = x* and p = x*T, and
Theorem 4.7, to obtain a discrete D € [X]=* with p € D and ¢(D) > kt+. O

The above theorem implies Theorem 4.1, since ¢(X) = (X) when X is a
dyadic space.

The item (4) in above theorem shows that if there is some consistent coun-
terexample to the statement “i reflects x* for the class of compact Hausdorff
spaces”, then there is a consistent counterexample X with d(X) < k.

A specially interesting case is when k = Ny, which is Problem 1.5. If X is a
consistent counterexample to the above question, then X; ¢ ¢S(X). For this X,
consider the set

I'=(cS(X)NREG)\ {Xo}.
If ©' = @, then X is what is called in [13] a “K-compactum”, and there is an
open problem that asks: “Is every K-compactum first countable?”. If T' # (),
then, in the terminology adopted in [13], T omits X;. The only known example of
this is the one-point compactification X of the space constructed in [12], where
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XS(X) = eS(X) = {Ng, N2}. In this case, we do not know if ¢ reflects R, for {X}.
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