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Abstract. An explicit representation for ideal CR submanifolds of a complex hyperbolic
space has been derived in T.Sasahara (2002). We simplify and reformulate the representa-
tion in terms of certain Kéhler submanifolds. In addition, we investigate the almost contact
metric structure of ideal CR submanifolds in a complex hyperbolic space. Moreover, we
obtain a codimension reduction theorem for ideal CR submanifolds in a complex projective
space.
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1. INTRODUCTION

In [9], the author derived a representation formula for ideal CR submanifolds
with rank one totally real distribution in a complex hyperbolic space CH™, under
the condition that the shape operator with respect to the distinguished vector field
has constant principal curvatures. The formula is described in terms of CR sub-
manifolds whose second fundamental forms take certain special forms in a complex
pseudo-Euclidean space. However, it is complicated. We simplify and reformulate
the formula in terms of Kdhler submanifolds. By virtue of the simplified represen-
tation formula, the geometric meaning of the formula derived in [9] is clarified, and
moreover a rich family of ideal CR submanifolds in CH™ can be obtained.

On the other hand, a CR submanifold with rank one totally real distribution
in a K&dhler manifold M has an almost contact metric structure which is naturally
induced from the almost complex structure of M. We prove that each ideal CR
submanifold of CH™ investigated in [9] admits a Sasakian structure.
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We also obtain a codimension reduction theorem for ideal CR submanifolds in
a complex projective space CP™. As a corollary, we show that every 3-dimensional
ideal proper CR submanifold in CP™ must be contained in CP?. This is contrary
to the case of CH™ where there exist a great many linearly full 3-dimensional ideal
proper CR submanifolds whose codimensions are greater than one.

2. PRELIMINARIES

2.1. )-invariants. Let M be an n-dimensional Riemannian manifold. Denote
by K (m) the sectional curvature of M associated with a plane section 7 C T, M,
p € M. For any orthonormal basis {ey, ..., e,} of the tangent space T, M, the scalar
curvature 7 at p is defined by

T(p) = ZK(ei Aej).

i<j

Let L be a subset of T, M of dimension r > 2 and {e,...,e,} an orthonormal basis
of L. We define the scalar curvature 7(L) of the r-plane section L by

T(L): ZK(CQ/\eﬁ), 1<a, B
a<f

For an integer k£ > 0, denote by . (n, k) the finite set which consists of unordered
k-tuples (n,...,ny) of integers > 2 satisfying ny < n and ny +...4+n; < n. Denote
by .#(n) the set of k-tuples with k& > 0 for a fixed n.

For each k-tuple (ni,...,n;) € #(n), B.Y.Chen introduced the notion of the
d-invariants 6(nq,...,nk), as follows:

o(n1,...,nk)(p) =7(p) —inf{r(L1)+ ...+ 7(Lk)},

where Lq,..., L; runs over all k£ mutually orthogonal subspaces of T, M such that
dlij :nj,jz 1,...,]{3.

Let Ric denote the maximum Ricci curvature function on M defined by
Ric(p) = max{S(X, X); X € T, M},

where S is the Ricci tensor and Tle is the unit tangent vector space of M at p.
Then we have §(n — 1)(p) = Ric(p).
We put d(A) = J(A, ..., A) (X appears k times).
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2.2. Kihlerian d-invariants. Let M be a (real) 2n-dimensional Kihler mani-
fold. For a k-tuple (2ng,...,2n;) € .#(2n), Chen also introduced the Kdihlerian
d-invariants 6°(2ny, ..., 2n;) by

0°(2n1,...,2nk)(p) = 7(p) — inf{r (L) + ... + 7(L§)},

where L§, ..., L{, run over all kK mutually orthogonal complex subspaces of T}, M such
that dimL; =2n;, j =1,... k.
We put 55 (A) = 6°(A, ..., A) (X appears k times).

2.3. General inequalities for submanifolds in complex space forms.
Denote by M ™(4e) a complex space form of constant holomorphic sectional cur-
vature 4¢ and complex dimension m. Every complete simply connected complex
space form M "™(4e) is holomorphically isometric to the complex projective space
CP™(4e), complex Euclidean space C™ or complex hyperbolic space CH™ (4¢)
according as € > 0, e = 0 or € < 0, respectively.

Let M be an n-dimensional submanifold in M™ (4¢) and let J be the complex
structure of Mm(4e). For any vector X tangent to M, we put JX = PX + FX,
where PX and F' X are the tangential and normal components of JX, respectively.
For a subspace L C T, M of dimension r, we put

\II(L) = Z <Pui7uj>2a

1<i<j<r
where {u1,...,u,} is an orthonormal basis of L.
For each (n1,...,nx) € #(n), let ¢(ni,...,nx) and b(nq,...,n) be the constants
given by
k
n2(n+k—1— > nj>
j=1
c(ny,...,ng) = D
2<n +k-> n])
j=1
1
b(nq, ,nk)fi n(n—l)—z;nj(nj—l)
=

Denote by H the mean curvature vector field of M in M ™(4e). Then we have
the following general inequalities involving the d-invariants and the squared mean
curvature |H|? (cf. [3]):
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Proposition 2.1. Given an n-dimensional submanifold M in a complex space
form M™(4¢), we have

k
3
(2.1) 7= 7(Li) <c(ny, ... ) HP +b(na, .. .ng) + §|P|25 — 362\1:(@)

i=1

for any k-tuple (nq,...,nx) € #(n). The equality case of inequality (2.1) holds at

a point p € M if and only if there exists an orthonormal basis {e1,...,e2,} at p
such that
(a) Lj = Span{en1+---+n;’—1+17 SR en1+~~~+nj}

(b) the shape operators of M in M™(4¢) at p take the forms
AT ... 0

A, = : R , r=n-+1,...,2m,
0 ... A}

0 prl

where [ is the identity matrix and each A} is a symmetric nj X n; submatrix such
that
trace(A]) = ... = trace(A}) = p.

By using Proposition 2.1, we have the following general inequalities for K&hler
submanifolds in complex space forms (cf. [4]).

Proposition 2.2. Let M be a 2n-dimensional Kéhler submanifold in a complex
space form M™ (4¢). Then we have

k
(2.2) 6(2n4, ..., 2np) < 2<n(n+1)—znj(nj+1)>g.
j=1

The equality case of inequality (2.2) holds at a point p € M if and only if there exists
an orthonormal basis {e1,...,eam} at p such that ey, ..., e, are tangent to M and
e = Jeg—1 (1 <1 < k) and, moreover, the shape operators of M in M™ (4¢) at p
take the forms

AT L0

where each A} is a symmetric (2n;) x (2n;) submatrix satistying trace(A}) = 0.
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A 2n-dimensional Kdhler submanifold is said to be §¢(2n1, ..., 2ny)-ideal if it sat-
isfies the equality case of (2.2) identically for some k-tuple (2n1,...,2n;) € .7 (2n).
For more information about d-invariants and ideal submanifolds, see [4].

2.4. General inequalities for CR submanifolds in non-flat complex space
forms. Let M be a pseudo-Riemannian submanifold of a pseudo-K&hler manifold
M and let J be the complex structure of M. A submanifold M is called a CR
submanifold if there exists a differentiable holomorphic distribution 2 (i.e. J# =
) on M such that its orthogonal complement = is totally real, i.e., J#+ C
T+M, where T+M denotes the normal bundle of M. A unit normal vector field
N € Js#+ is called the distinguished normal vector field if dim s+ = 1. A CR
submanifold is said to be proper if rank.7# > 0 and rank.#+ > 0. Denote by v the
orthogonal complement of J. 7+ in T+M.

By using Proposition 2.1, we have the following general inequalities for CR sub-

manifolds in non-flat complex space forms.

Proposition 2.3. Let M be an n-dimensional CR, submanifold with dim 5 = 2h
in CH™(—4). Then we have

k
3
(2.3) S(n1,...,nk) <c(ny,...,n)|H? =b(n,...,n) — 3h+ §an.
j=1

Equality sign in (2.3) holds at a point p € M for some (nq,...,n;) € #(n) if and
only if there exists an orthonormal basis {e1,...,e2,} at p such that
(a) Lj := Span{en, 4. 4n; 1415+ Cnyt...4n, y satisty W(L;) =n;/2 for 1 < j <k,
(b) the shape operators of M in CH™(—4) at p take the forms

AT L0
(2.4) A, = 0O r—ngt, . om,
0 ... A
0 el

where I is the identity matrix and each A; is a symmetric n; x n; submatrix such
that

(2.5) trace(A]) = ... = trace(A}) = p.

Proposition 2.4. Let M be an n-dimensional CR submanifold in CP™(4). Then
we have

(2.6) 0(ny,...,nk) < c(nl,...,nk)|H|2 + b(ni,...,ng) + 3h.

83



Equality sign in (2.6) holds at a point p € M for some (n1,...,n;) € #(n) if and
only if there exists an orthonormal basis {e1,...,e2,} at p such that
(a) Lj := Span{en, +..4n; 141+ C€ny+...4n, } satisfy U(L;) =0 for 1 <i <k,
(b) the shape operators of M in CP™(4) at p satisfy (2.4) and (2.5).

An n-dimensional CR submanifold in CH™(—4) or CP™(4) is said to be d(n4, ...,
ng)-ideal if it satisfies the equality case of (2.3) or (2.6) identically for some k-tuple
(n1,...,nk) € L (n), respectively.

A submanifold is said to be linearly full in M ™(4e) if it does not lie in any totally
geodesic Kihler hypersurfaces of M ™(4e).

3. IDEAL CR SUBMANIFOLDS IN A COMPLEX HYPERBOLIC SPACE

3.1. Explicit representation. Let C"*! be the complex number (m + 1)-space
endowed with the complex coordinates (zo,...,2m), the pseudo-Euclidean metric

m
given by § = — dzo dwo+ Y, dz; dw; and the standard complex structure Jy. For e <
i=1

0, we put H2™ () = {2 € CT"; (z,2) = 1/e}, where (, ) denotes the inner prod-
uct on C7"*! induced from §. On H?™ "1 () we consider the following tensor fields:
0 =s50.Jy, &£ =/—eJoz, n(X) = V—eg(Joz, X), where s: T,C"" — T, H™ ¥ (¢)
denotes the orthogonal projection and g is the induced metric from C{”'H. Then the
quadruplet (p,&, 1, g) defines an almost contact structure on H 12m+1(5). The Hopf

fibration is given by
Mipey: H™ () » CH™(4e): 25 2 C".

Let z: M — Hy™ () € C"™! be an isometric immersion such that iz is tangent
to M. Then M is a CR submanifold with #+ = Span{iz} in C"™! if and only if M
is an invariant submanifold in H?™!(¢), i.e., o(TM) C TM. For a vector field X
tangent to CH™ (4¢), we denote the horizontal lift of X by X*. Since (JX)* = ¢ X*
holds, we have the following:

Lemma 3.1. Let N be a submanifold in CH™(4¢). Then HE%/_E}(N) is a CR
submanifold in CT"™! with s#+ = Span{iz} if and only if N is a Kiihler submanifold
in CH™(4e), where z is the position vector of H{_TLE}(N) in "L,

Denote by h and h the second fundamental forms of the immersions i: N —
CH™ (4¢) and i: H{jb o (N) — CPT'', respectively. Then we have the following
(cf. [5]):

(3.1)  AX* YY) = (MX,Y)) —e(X,Y)z, h(X* iz) = (FX)*, h(iz,iz) = —z,
for all vectors X and Y tangent to N.
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Let M be a linearly full (2n + 1)-dimensional 5 (2n/k)-ideal CR submanifold in
CH™(—4) such that dim #* =1, m >n+ 1 and n/k € Z — {1}. Assume that the
shape operator with respect to the distinguished normal vector field has constant
principal curvatures. Then, up to rigid motions of CH™(—4), the immersion of M
into CH™(—4) is given by (see [9, Theorem 1])

—(1—a?)is o it)
H{mq—l}(f(xlaylv"'7xnayn)e ) me )

where a« = /k/(2n—k) and z1(z1,y1,..-,Tn,Yn,s) = f(x1,¥1,-.-,Tn,Yn) X
e~(1=0%)is s 3 CR submanifold in CT* which satisfies

(3:2) (f.f)=a”~1

and the following condition: There exists an orthonormal frame {F1, ..., Fan, Fapt1}

on z; such that Fs,. = iFs,._q for r € {1,...,n}, Eapy1 = (1/@)8/85 and the
second fundamental form A of z; in C7~! satisfies
V1= a2iBy1 + @&,
V1= a2iBsni1 — @iy,
iGr&r,
miEQn—i-l;

MXi, Bany1) =0 (i #5),

(33) h(EQT 1;E2r 1)
(E2r7E2r)
h(E27" 1, Ear)
)

i) =

W Eani1, Fania
(X“ X

where @, = @, (21,y1 ..., ZTn, Yn, ) are functions, g} are normal vector fields perpen-
dicular to iEanq1, and X; € Span{ E(on(i—1)/k)+1s - - -» Banisif fori e {1,... k}.

By Proposition 2.2, Lemma 3.1, (3.1), (3.2) and (3.3), we see that IIy,,, 1 42_13021
is a 2n-dimensional 6¢(2n/k)-ideal Kéhler submanifold in CH™~!(4a? — 4). There-
fore, we can simplify and reformulate (2) of Theorem 1 in [9] as (2) of the following
theorem.

Theorem 3.1. Let M be a linearly full (2n + 1)-dimensional 6(n, ..., ny)-ideal
CR submanifold in CH™(—4) such that dim#+ = 1, k > 1 and m > n + 1.
Assume that the shape operator with respect to the distinguished normal vector
field has constant principal curvatures. Then, up to rigid motions of CH™(—4), the
immersion of M into CH™(—4) is given by the composition Il,, _13 o z, where z is
one of the following:

1) k=n,n=...=n, =2, and

1 1 .
z = (— 1— |9 +iu, —=|V)? + iu, \I/>e‘t,
2 2
where W is a 2n-dimensional 6¢(2)-ideal Kéhler submanifold in C™~!.
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2)n/keZ—-{1},n1 =...=np=2n/k, and

k )
_ —1 it
“T (H{m/—lé’i:_%:’}(q’)’ Von—&° )

where W is a 2n-dimensional 6§ (2n/k)-ideal Kéhler submanifold in CH™ 1 (3=8n),

If n > 1, k=1 and ny = 2n, then (3.3) is satisfied automatically. By noting that
§(2n)(p) = Ric(p), we reobtain the representation formula in [8].

Corollary 3.1. Let M be a linearly full (2n + 1)-dimensional 6(2n)-ideal CR
submanifold in CH™(—4) such that dim 7+ = 1,n > 1 and m > n+1. Assume that
the shape operator with respect to the distinguished normal vector field has constant
principal curvatures. Then, up to rigid motions of CH™(—4), the immersion of M
into CH™(—4) is given by

[ 1 )
—1 ;
H{mv—l} <H{m1’ ;:iq (\Il)v 2n—— 1 € t) s

8—8
2n—711)'

where ¥ is a 2n-dimensional Kéhler submanifold in CH™ 1 (

Let N be a 2n-dimensional K&hler hypersurface in a complex space form. Let V'
and JV be normal vector fields of N. By virtue of Ajy = JAy and JAy = —Ay J,
we can choose an orthonormal basis {ej, Jei,...,en, Jen} of T,N with respect to
which the shape operators Ay and A jy take the following form:

/\1 0 0 )\1 0
-\ A O
(34) Ay = , Agv = .
An 0 M\
0 —An 0 A O

By Proposition 2.2 and (3.4), we see that every Kihler hypersurface in a complex
space form is df(2n/k)-ideal for any natural number k such that n/k € Z. Accord-
ingly, there exist many CR, submanifolds which are described in Theorem 3.1.

3.2. Almost contact metric structure. A differentiable manifold M is called
an almost contact manifold if it admits a unit vector field £, a one-form 7 and
a (1,1)-tensor field ¢ satisfying

nE) =1, ¢*=-I+n®¢

Every almost contact manifold admits a pseudo-Riemannian metric g satisfying
9(eX, 0Y) = g(X,Y) = n(X)n(Y).
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The quadruplet (¢, &, 7, g) is called an almost contact metric structure. An almost
contact metric structure is said to be normal if the tensor field S defined by

S(X,Y) =@*[X, Y]+ [pX, 0Y] — p[eX, Y] — [ X, oY ] + 2dn(X, Y )¢

vanishes identically. A normal almost contact structure is said to be Sasakian if it
satisfies
1

dp(X,Y) = S (X(n(Y) =Y (n(X)) —n([X,Y])) = g(X, o).

Let M be a CR submanifold with dim .+ = 1 in a complex space form. We
define a one-form 7 by n(X) = g(U, X), where U is a unit tangent vector field lying
in s+, and g is an induced metric on M. We put U = (1//r)U, 7 = \/rn and
g = rg for a positive constant . Then the quadruplet (P,U,7,7) defines an almost
contact structure on M (cf. [6, p. 96]).

Each almost contact structure (P,U,n,g) of the CR submanifold described in
Theorem 3.1 is normal (cf. [9]). Moreover, we have the following:

Proposition 3.1. An almost contact structure (P,U,7,3) withr = \/k/(2n — k)
on a CR submanifold in Theorem 3.1 becomes a Sasakian structure. In particular,
in the case of (1), the structure is Sasakian with respect to the induced metric.

Proof. A unit normal vector field JU of a CR submanifold in Theorem 3.1 is
parallel (see [9]). Hence, we have (see [6, (15.27)])

(3.5) VxU = PAuX,
where V is the Levi-Civita connection of M.

By Lemma 7 of [9], we know that there exists an orthonormal frame {es, ..., eam}
such that eg, = Jegr—1 for r € {1,...,n}, eany1 € 1 and the second fundamental

form takes the following form:

k
h(62r—17 627“—1) = m'](ﬁn-i-l + Sﬁrgrv
h(ear, €2r) = i Je —r€
2r, €2r) = Gy 2n+1 — Prir;
h(eQ'r‘—la 627") = 807"']&“7
2n
h(e n+1;€2n = ———Je n+1,
(€2n+1,€2n+1) @k 2n+1
h(uiauj) = h(uiae2n+1) =0 (Z 7é ])a
where ¢, are functions, & € v and u; € Span{en1+___+nj_1+1, .. ,6n1+...+nj}-
From this and (3.5), we get d7j(X,Y") = g(X, PY) for all vector fields X, Y tangent
to the CR submanifold. O
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4. IDEAL CR SUBMANIFOLDS IN A COMPLEX PROJECTIVE SPACE

Let M be an n-dimensional §(nq, ..., ny)-ideal CR submanifold in CP™(4). Let
L; be subspaces of T, M defined in (a) of Proposition 2.4. Define the subspace L1
by Lit+1 = Span{en,+..+ny+1,---,€n}. Obviously, we have T,M = L1 @ ... P Ljy;1.
We denote by .%; the distribution generated by L;.

We have the following codimension reduction theorem.

Theorem 4.1. Let M be an n-dimensional §(nq,...,n)-ideal CR submanifold
with dim s#+ = 1 in CP™(4). If #+ C %, for some i € {1,...,k+ 1}, then M is
contained in a totally geodesic complex submanifold CP"+1/2(4) in CP™(4).

Proof. Let M be an n-dimensional §(nq,...,ng)-ideal CR submanifold with
dim #+ = 1in CP™(4). Let {ey,...,e,} be an orthonormal frame of M satisfying
(a) and (b) in Proposition 2.4 at each point. Assume that J#+ C %, for some
1e{l,....,k+1}.

Case (i): S+ C &, for some i € {1,... k}. In this case, we may assume that
AL+ C £ and e; € AL, Due to [1], [2] we have

(4.1) AvX = AjvJX

for vector fields X € # and V € v. Since e; € S for s # 1 and U(L;) = 0 for
j=1,...,k, it follows from (4.1) that

(4.2) (Aves,er) = (AjvJes, er) =0
for any s,t € {2,...,n} and V € v. By Proposition 2.4 and (4.2), we get
(43) <Ave1, 61> = 0.

Since VJ = 0 for the Levi-Civita connection V of CP™(4) holds, by using the
formula of Gauss, we obtain that for r € {2,...,n1}

0= (ﬁel‘])(eT) = (661 Jer) — J(@eleﬁ
=V, Je, + hier, Jey) — J(Ve, ) — Jh(ei,er)
=V Jer — J(Ve,er) — Jh(er, er),

where h is the second fundamental form. This implies that h(ey, e,) € J#+. Hence,
it follows from (4.2) and (4.3) that Ay =0 for any V € v.
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On the other hand, by the formulas of Gauss and Weingarten, we have
—Aje, X + Dx(Jer) = Vx(Jer) = J(Vxer) + Jh(X, e1).

This yields that Dx(Je;) € J#+ for any X € TM. Since J# is of rank one
and Je; is of unit length, we obtain that D(Je;) = 0. Therefore, by applying
the codimension reduction theorem for real submanifolds of a complex projective
space [7], we conclude that M must be contained in CP("+1)/2(4).

Case (ii): #+ C ZL11. In this case, we may assume that e, € J#+. Similarly
to the case of (i), by applying (4.1), Proposition 2.4 and the formulas of Gauss and
Weingarten, we have Ay = 0 for any V € v and D(Je,) = 0, which implies that M
must be contained in CP("+1)/2(4). O

Corollary 4.1. Let M be a 3-dimensional 6(2)-ideal proper CR, submanifold in
CP™(4). Then M is contained in CP?(4).

Proof. Let M be a 3-dimensional 6(2)-ideal proper CR submanifold in CP™(4).
Clearly, dim ##+ = 1. Let {ej,e2,e3} be an orthonormal frame of M satisfying
(a) and (b) in Proposition 2.4 at each point. For a vector field U € £+, we put
U = aey + Bes + yes for some functions a, S and 7. It follows from (Jej,ez) = 0
that o2 + 82 # 0 and 7 (Jes, e1) = v (Jes, e2) = 0, which implies v = 0. Therefore,
by applying Theorem 4.1, we obtain the statement. (Il

Remark 4.1. A real hypersurface M in a complex space form is called a Hopf
hypersurface if JV is a principal curvature vector, where V' is a unit normal vector
of M. All the §;(2)-ideal Hopf hypersurfaces in non-flat complex space forms have
been determined in [3].

Remark 4.2. In contrast to the case of CP™(4), there exist a great many linearly
full 3-dimensional §(2)-ideal proper CR submanifolds in CH™(—4) with m > 2 (see
(1) of Theorem 3.1).
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