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Ultracompanions of subsets of a group

I. PROTASOV, S. SLOBODIANIUK

Abstract. Let G be a group, BG be the Stone-Cech compactification of G endowed
with the structure of a right topological semigroup and G* = G\ G. Given any
subset A of G and p € G*, we define the p-companion A,(A) = A* N Gp of A,
and characterize the subsets with finite and discrete ultracompanions.

Keywords: Stone-Cech compactification; ultracompanion; sparse and discrete
subsets of a group

Classification: 54D35, 22A15, 20F69

1. Introduction

Given a discrete space X, we take the points of 3X, the Stone-Cech com-
pactification of X, to be the ultrafilters on X, with the points of X identified
with the principal ultrafilters, so X* = X \ X is the set of all free ultrafilters
on X. The topology on SX can be defined by stating that the sets of the form
A={peBX:Acp}, where A is a subset of X, form a base for the open sets.
We note the sets of this form are clopen and that for any p € X and A C X,
A € pifand only if p € A. For any A C X, we denote A* = AN G*. The univer-
sal property of 5X states that every mapping f: X — Y, where Y is a compact
Hausdorff space, can be extended to the continuous mapping f? : X — Y.

Now let G be a discrete group. Using the universal property of G, we can
extend the group multiplication from G to SG in two steps. Given g € G, the
mapping

r—gxr: G- BG
extends to the continuous mapping

q— gq: BG — BG.

Then, for each ¢ € BG, we extend the mapping g — gq defined from G into G
to the continuous mapping

p—pq: BG — BG.

The product pg of the ultrafilters p, ¢ can also be defined by the rule: given a
subset A C G,

Acpge{geG:gtAcq} ep.
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258 I. Protasov, S. Slobodianiuk

To describe a base for pq, we take any element P € p and, for every z € P, choose
some element @, € ¢. Then |J,.p2Q, € pq, and the family of subsets of this
form is a base for the ultrafilter pq.

By the construction, the binary operation (p,q) — pq is associative, so G is
a semigroup, and G* is a subsemigroup of SG. For each ¢ € BG, the right shift
x +— xq is continuous, and the left shift x — gx is continuous for each g € G.

For the structure of a compact right topological semigroup SG and plenty of
its applications to combinatorics, topological algebra and functional analysis see
2], (4, [5], [19], [21].

Given a subset A of a group G and an ultrafilter p € G* we define a p-companion
of A by

Ap(A) =A"NGp={gp:g € G,Ac gp},
and say that a subset S of G* is an ultracompanion of A if S = A,(A) for some
peG*.
Clearly, A is finite if and only if A,(A) = 0 for every p € G*, and A,(G) = Gp
for each p € G*.
We say that a subset A of a group G is

e sparse if each ultracompanion of A is finite;
e disparse if each ultracompanion of A is discrete.

In fact, the sparse subsets were introduced in [3] with rather technical definition
(see Proposition 5) in order to characterize strongly prime ultrafilters in G*, the
ultrafilters from G* \ G*G*.

In this paper we study the families of sparse and disparse subsets of a group,
and characterize in terms of ultracompanions the subsets from the following basic
classification.

A subset A of G is called

e [arge if G = F'A for some finite subset F' of G;

e thick if, for every finite subset F' of GG, there exists a € A such that Fa C A;
e prethick if F'A is thick for some finite subset F' of G;

e small if L'\ A is large for every large subset L;

e thin if gA N A is finite for each g € G\ {e}, e is the identity of G.

In the dynamical terminology [5], the large and prethick subsets are called
syndetic and piecewise syndetic respectively. For references on the subset combi-
natorics of groups see the survey [12].

We conclude the paper with discussions of some modifications of sparse subsets
and a couple of open questions.

2. Characterizations

Proposition 1. For a subset A of a group G and an ultrafilter p € G*, the
following statements hold:

(i) Ap(FA) = FA,(A) for every finite subset F of G;
(ii) Ap(Ah) =Ap,-1(A) for every h € G;



Ultracompanions of subsets of a group 259

(iii) Ay(AUB) = Ay(A) UA,(B).

Proposition 2. A subset A of a group G is large if and only if A,(A) # 0 for
every p € G*.

PROOF: Suppose that A is large and pick a finite subset I’ of G such that G = F A.
We take an arbitrary p € G* and choose ¢ € F such that gA € pso A € g~ 'p and
A(A) 0.

Assume that A,(A) # 0 for each p € G*. Given any p € G*, we choose g, € G
such that A € gpp. Then we consider a covering of G* by the subsets {g, lA:pe
G*} and choose its finite subcovering g, ' A4, ..., g, 1 A. Since G\(g,,' AU- - -Ug, T A)
is finite, we see that A is large. O

Proposition 3. For an infinite subset A of a group G the following statements
hold:

(i) A is thick if and only if there exists p € G* such that A,(A) = Gp;
(ii) A is prethick if and only if there exists p € G* and a finite subset F' of G
such that A,(FA) = Gp;
(iii) A is small if and only if, for every p € G* and each finite F' of G, we have
Ay (FA) # Gp;
(iv) A is thin if and only if |A,(A)| <1 for each p € G*.

PROOF: (i) We note that A is thick if and only if G \ A is not large and apply
Proposition 2.
(ii) follows from (i).
(iii) We note that A is small if and only if A is not prethick and apply (ii).
(iv) follows directly from the definitions of thin subsets and A,(A). O

For n € N, a subset A of a group G is called n-thin if, for every finite subset F’
of G, there is a finite subset H of G such that |[Flg N A| <n for every g € G\ H.

Proposition 4. For a subset A of a group G, the following statements are equiv-
alent:

(i) |Ap(A)| < n for each p € G*;

(ii) for every distinct x1,...,Zn+1 € G, the set 11 AN - Nxpy1 A is finite;

(iii) A is n-thin.

ProOOF: We note that x1AN--- N x,11A4 is infinite if and only if there exists
p € G* such that .Z'l_lp, cen ac,_Hl_lp € A*. This observation proves the equivalence
(i) (ii).

(ii)=-(iii) Assume that A is not thin. Then there are a finite subset F' of G
and an injective sequence (gm)m<w in G such that |Fg,, N A| > n. Passing to
subsequences of (gm )m<w, We may suppose that there exist distinct 1, ..., 2,41 €
F such that {z1,...,%p41}gm C Asox7 " AN---N ac:Hl_lA is infinite.

(iii)=-(i) Assume that 1A N--- N xzp41A is infinite for some distinct x4, ...,
Znt1 € G. Then there is an injective sequence (gm)m<w I T1AN - Ny A
such that {z7',... ,I,_L}rl}gm C A so A is not n-thin. O
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By [7], a subset A of a countable group G is n-thin if and only if A can
be partitioned into < m thin subsets. The following statements are from [15].
Every n-thin subset of an Abelian group of cardinality X,,, can be partitioned into
< n™*t! thin subsets. For each m > 2 there exist a group G of cardinality N,,,

= w and a 2-thin subset A of G which cannot be partitioned into m thin
subsets. Moreover, there is a group G of cardinality N, and a 2-thin subset A of
G which cannot be finitely partitioned into thin subsets.

Recall that an ultrafilter p € G* is strongly prime if p € G* \ G*G*.

Proposition 5. For a subset A of a group G, the following statements are equiv-
alent:
(i) A is sparse;
(ii) every ultrafilter p € A* is strongly prime;
(ili) for every infinite subset X of G, there exists a finite subset F' C X such
that (,cp gA is finite.

PROOF: The equivalence (ii)<>(iii) was proved in [3, Theorem 9].
To prove (i)« (ii), it suffices to note that A,(A) is infinite if and only if A,(A)
has a limit point gp, ¢ € G* in A*. O

Proposition 6. A subset A of a group G is sparse if and only if, for every
countable subgroup H of G, AN H is sparse in H.

PROOF: Assume that A is not sparse. By Proposition 5(iii), there is a countable
subset X = {z,, : n < w} of G such that for any n < w xgAN---Nx,A is infinite.

For any n < w, we pick a,, € xgAN---Nz, A, put S = {zo_lan, cooxptan in <w}
and denote by H the subgroup of G generated by S U X. By Proposition 5(iii),
AN H is not sparse in H. O

A family 7 of subsets of a group G is called an ideal in the Boolean algebra
Pc of all subsets of G if A,B € Z implies AUB €Z,and A€ Z, A C A implies
A’ € Z. Anideal 7 is left (right) translation invariant if gA € Z (Ag € Z) for each
Ael

Proposition 7. The family Spg of all sparse subsets of a group G is a left and
right translation invariant ideal in Pg.

PROOF: Apply Proposition 1. (I

Proposition 8. For a subset A of a group G, the following statements are equiv-
alent:
(i) A is disparse;
(ii) if p € A* then p ¢ G*p.
Recall that an element s of a semigroup .S is right cancelable if, for any x,y € S,
rs = ys implies x = y.

Proposition 9. A subset A of a countable group G is disparse if and only if each
ultrafilter p € A* is right cancelable in B8G.
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PRrOOF: By [5, Theorem 8.18], for a countable group G, an ultrafilter p € G* is
right cancelable in SG if and only if p ¢ G*p. Apply Proposition 8. O

Proposition 10. The family dSpg of all disparse subsets of a group G is a left
and right translation invariant ideal in Pg.

PROOF: Assume that AU B is not disparse and pick p € G* such that Ap(AU B)
has a non-isolated point gg. Then either gp € A* or gp € B* so gp is non-isolated
either in A,(A) or in A,(B).

To see that dSpg is translation invariant, we apply Proposition 1. (I

For an injective sequence (a,)n<w in a group G, we denote
FP(an)n<w = {ailaiZ R TR 1< <ip < w}.

Proposition 11. For every disparse subset A of a group G, the following two
equivalent statements hold:
(i) if q is an idempotent from G* and g € G then qg ¢ A*;
(ii) for each injective sequence (an)n<w in G and each g € G, FP(an)n<wg\ A
is infinite.

PRrROOF: The equivalence (i)« (ii) follows from two well-known facts. By [5, The-
orem 5.8], for every idempotent ¢ € G* and every Q € ¢, there is an injective
sequence (Gp)n<w in @ such that FP(a,)n<w € Q. By [5, Theorem 5.11], for
every injective sequence (ay)n<, in G, there is an idempotent ¢ € G* such that
FP(an)n<w €q.

Assume that gg € A*. Then ¢(qg) = qg so qg € G*qg and, by Proposition 8,
A is not disparse. O

Proposition 12. For every infinite group G, we have the following strong inclu-
sions

SpG C dSpG C Smg,
where Smg is the ideal of all small subsets of G.

ProOF: Clearly, Spg C dSpg. To verify dSpg C Sm¢, we assume that a subset
A of G is not small. Then A is prethick and, by Proposition 2(ii), there exist
p € G* and a finite subset F of G such that A,(FA) = Gp. Hence, G*p C (FA)*.
We take an arbitrary idempotent ¢ € G* and choose g € F such that gp € (gA)*.
Since g(gp) = qp so ¢ € G*gp and, by Proposition 8(ii), gA is not disparse. By
Proposition 10 A is not disparse.

To prove that dSpg \ Spe # 0 and Smg \ dSpg # 0, we may suppose that G
is countable. We put Fy = {e} and write G as an union of an increasing chain
{F, :n < w} of finite subsets.

1. To find a subset A € dSpg \ Spa, we choose inductively two sequences
(an)n<w, (bn)n<w in G such that
(1) Fpbp N Fygibppr =0, n < w;
(2) Fiabj N Fragb, =0,0<i<j<w,0<k<m<w, (i,)) # (k,m).
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We put ap = by = e and assume that ag, ..., an, by, ..., b, have been chosen. We
choose b, 11 to satisfy Fj 16,11 N Fb; = 0,3 <n and

U Fia.b; N ( U Fiai)bnﬂ =0.

0<i<j<w o<i<n

Then we pick a,+1 so that

Frt1an41bng1 N( U Fiaibj) =0, Fpiian41bng1 N ( U Fiaibpy1) = 0.
0<i<j<w 0<i<n

After w steps, we put A = {a;b; : 0 < ¢ < j < w}, choose two free ultrafilters
p,q such that {a; : i < w} € p, {b; : i < w} € ¢ and note that A € pq. By
Proposition 5(ii), A ¢ Spg.

To prove that A € dSpq, we fix p € G* and take an arbitrary ¢ € A,(A). For
n < w,let A, = {a;b; : 0 <i < n,i <j<w} By(1), the set {b; : j < w}
is thin. Applying Proposition 2(iv) and Proposition 1, we see that A, is sparse.
Therefore, if A, € ¢ for some n < w then ¢ is isolated in A,(A). Assume that
A, ¢ q for each n < w. We take an arbitrary g € G \ {e} and choose m < w such
that g € F,,,. By (2), g(A\ 4,,)NA=0so gq¢ A*. Hence, A,(A) = {q}.

2. To find a subset A € Sm¢ \ dSpg, we choose inductively two sequences
(an)n<w, (bn)n<w in G such that, for each m < w, the following statement holds:

(3) bmFP(an)n<w N Fm(FP(an)n<w) = @

We put ap = e and take an arbitrary g € G\ {e}. Suppose that ao,...,a, and
bo, . .., by, have been chosen. We pick b, 11 so that

berlFP(an)nSm N Fm+1(FP(an)n§m) == 0
and choose a,1 such that
bnb-l-l(FP(an)nSm)an-l-l N Fm—i—l(FP(an)nS’m) = @7
=

bm+1(FP(an)nSm) N Fm+1(FP(an)n§m)an+1 .

After w steps, we put A = FP(an)n<w. By Proposition 11, A ¢ dSpg. To see
that A € Smg, we use (3) and the following observation. A subset S of a group
G is small if and only if G\ F'S is large for each finite subset F' of G. O

Proposition 13. Let G be a direct product of some family {G, : a < k} of
countable groups. Then G can be partitioned into Ny disparse subsets.

PROOF: For each a < K, we fix some bijection f, : G, \ {ea} — N, where e, is
the identity of G,,. Each element g € G'\ {e} has the unique representation

9= Y9arGas -+ Gy 1 <2< < ap<K, Jo; € Ga; \ {€a; }-



Ultracompanions of subsets of a group

We put suptg = {a1,...,a,} and let Seqy denote the set of all finite sequence
in N. We define a mapping f : G\ {e} — Segy by

f(g) =, fay(9ar)s- -+ fon (9an )

and put Dy = f~1(s), s € Seqy.

We fix some s € Seqy and take an arbitrary p € G* such that p € D?. Let
s={n,my,...,mp}, g € Dy and i € suptg. It follows that, for each i < k, there
exists x; € G; such that z; H; € p, where H; = ®{G; : j < k,j # i}. We choose
i1,...,%, k < n such that

{ila"'aik}:{i<n:ziHi€pa zi#ei}a

put P = x;, H;, N---Na;, H;, N Dy and assume that gp € P* for some g € G\ {e}.
Then suptg N {i1,...,ix} = 0. Let suptg = {j1,....j}, H = H;, N---N Hj,.
Then H € p but g(H N P)N Dy = () because |suptgz| > n for each x € HN P. In
particular, gp ¢ P*. Hence, p is isolated in A,(Dy). O

By Proposition 13, every infinite group embeddable in a direct product of
countable groups (in particular, every Abelian group) can be partitioned into R
disparse subsets.

Question 1. Can every infinite group be partitioned into ¥ disparse subsets?

By [9], every infinite group can be partitioned into ¥y small subsets. For an
infinite group G, n(G) denotes the minimal cardinality x such that G can be
partitioned into 7(G) sparse subsets. By [11, Theorem 1], if |G| > (k*)® then
n(G) > Kk, so Proposition 12 does not hold for partition of G into sparse subsets.
For partitions of groups into thin subsets see [10].

3. Comments

1. A subset A of an amenable group G is called absolute null if u(A) = 0
for each Banach measure p on G, i.e. finitely additive left invariant function
u: Pa — [0,1]. By [6, Theorem 5.1] and Proposition 5, every sparse subset of an
amenable group G is absolute null.

Question 2. Is every disparse subset of an amenable group G absolute null?

To answer this question in affirmative, in view of Proposition 8, it would be
enough to show that each ultrafilter p € G* such that p ¢ G*p has an absolute null
member P € p. But that is not true. We sketch a corresponding counterexample.

We put G = Z and choose inductively an injective sequence (ay)n<w in N such
that, for each m < w and ¢ € {—(m +1),...,—1,1,...,m + 1}, the following
statements hold:

(%) (Upsm(@n +2Z2)) N (i + Ny (@n +297Z)) = 0.
Then we fix an arbitrary Banach measure p on Z and choose an ultrafilter
q € Z* such that 2"Z € ¢, n € N and u(Q) > 0 for each Q € ¢q. Let p € G* be
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a limit point of the set {a, + q : n < w}. Clearly, u(P) > 0 for each P € p. On
the other hand, by (x), the set Z + p is discrete so p ¢ Z* + p.
In [18], for a group G, S. Solecki defined two functions o, o : P — [0, 1] by
the formulas
of'(A) = inf sup £n Ag’ ol(A) = inf sup 94| ,
Fgea |F| Fgec  |F]

where inf is taken over all finite subsets of G.
By [1] and [20], a subset A of an amenable group is absolute null if and only if
ol (A) = 0.

Question 3. Is of*(A) = 0 for every sparse subset A of a group G?

To answer this question positively it suffices to prove that if o%(A) > 0 then
there is g € G\ {e} such that o®(A N gA) > 0.

2. The origin of the following definition is in asymptology (see [16], [17]).
A subset A of a group G is called asymptotically scattered if, for any infinite
subset X of A, there is a finite subset H of G such that, for any finite subset F’
of G satisfying F'N H = 0, we can find a point € X such that Fx N A = (. By
[13, Theorem 13] and Propositions 5 and 6, a subset A is sparse if and only if A
is asymptotically scattered.

We say that a subset A of G is weakly asymptotically scattered if, for any subset
X of A, there is a finite subset H of G such that, for any finite subset F' of G
satisfying F N H = ), we can find a point € X such that Fz N X = (.

Question 4. Are there any relationships between disparse and weakly asymp-
totically scattered subsets?

3. Let A be a subset of a group G such that each ultracompanion A,(A) is
compact. We show that A is sparse. In view of Proposition 6, we may suppose
that G is countable. Assume the contrary: A,(A) is infinite for some p € G*.
On one hand, the countable compact space A,(A) has an injective convergent
sequence. On the other hand, G* has no such a sequence.

4. Let X be a subset of a group G, p € G*. We say that the set Xp is uniformly
discrete if there is P € p such that zP* NyP* = () for all distinct z,y € X.

Question 5. Let A be a disparse subset of a group G. Is A,(A) uniformly discrete
for each p € G*7

5. Let F be a family of subsets of a group G, A be a subset of G. We denote
0r(A) ={g€ G:gANA e F}. If F is the family of all infinite subsets of G,
0r(A) was introduced in [14] under the name combinatorial derivation of A. Now
suppose that §,(F) # 0, pick ¢ € A* N Gp and note that §,(A) = §,(A). Then
84(A) = (3,(A)) Lq.
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