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Abstract. Let W, = K7 V Cp—1 be the wheel graph on n vertices, and let S(n,c, k) be
the graph on n vertices obtained by attaching n — 2c — 2k — 1 pendant edges together with
k hanging paths of length two at vertex vg, where vg is the unique common vertex of ¢
triangles. In this paper we show that S(n,c,k) (¢ > 1, k > 1) and W, are determined by
their signless Laplacian spectra, respectively. Moreover, we also prove that S(n,c, k) and
its complement graph are determined by their Laplacian spectra, respectively, for ¢ > 0 and
k> 1

Keywords: Laplacian spectrum, signless Laplacian spectrum, complement graph

MSC 2010: 05C50, 15A18

1. INTRODUCTION

Throughout this paper, G = (V, E) is an undirected simple graph. Let N(u) be
the neighbor set of a vertex u, and let d(u) be the degree of the vertex u, namely,
d(u) = |[N(u)|. If d(u) = 1, then u is called a pendant vertex of G. Suppose the
degree of the vertex v; equals d; for i = 1,2,...,n. In the sequel, we enumerate
the degrees in non-increasing order, i.e., dy > do > ... > d,. Sometimes we write
d;(G) in place of d;, in order to indicate the dependence on G. As usual, Ki ,_1,
P, and C,, denote the star, path and cycle of order n, respectively. In particular,
K, denotes an isolated vertex. The join G V G35 of two vertex disjoint graphs G;
and Gq is the graph having the vertex set V(G1 V G2) = V(G1 U G2) and the edge
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(Nos. 11071088, 11201156), and Project of Graduate Education Innovation of Jiangsu
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set E(G1 V G2) = E(G1) U E(G2) U{uv: u € V(G1),v € V(G2)}. Let W, be the
wheel graph on n vertices, i.e., W;, = K7 V C;,_1. A graph is a cactus, or a treelike
graph, if any pair of its cycles has at most one common vertex [1], [26]. If all cycles
of the cactus G have exactly one common vertex, then G is called a bundle [1]. Let
S(n, ¢, k) be the bundle graph obtained by attaching n — 2¢ — 2k — 1 pendant edges
together with k£ hanging paths of length two at the vertex vy, where vg is the unique
common vertex of ¢ triangles. For instance, the bundle graph S(15,3,2) is shown in
Figure 1.

Figure 1. The bundle S(15, 3, 2).

S(n, ¢, k) have been investigated in many papers. For instance, S(n,c,0) is the
unique graph with the maximal spectral radius [1] (or the Merrifield-Simmons in-
dex [19]), the minimal Hosoya index (or the Wiener index [19], the Randi¢ index [19])
in the set of all connected cacti on n vertices with ¢ cycles, and S(n,0,8 — 1) is
the unique tree with the maximum Laplacian Estrada index [8], and the minimum
Laplacian-energy-like invariant [15], (or the Wiener index [9], the hyper-Wiener in-
dex [28]) in the class of trees with n vertices and the matching number 3, where
2 < B < |4n]. Moreover, S(n,1(n — k) —1,1) is also an extremal graph [17] with
the maximum signless Laplacian spectral radius in the class of connected cacti with
n vertices and k pendant vertices. Let A(G) be the adjacency matrix, and D(G) the
diagonal matrix of G. Then the Laplacian matriz of G is L(G) = D(G) — A(G), and
the signless Laplacian matriz of G is Q(G) = D(G) + A(G). Since L(G) is positive
semidefinite, its eigenvalues can be arranged as

A(G) = A(G) = ... 2 A1 (G) = M(G) =0,

where A,_1(G) > 0 if and only if G is connected and \,_1(G) is called the alge-
braic connectivity of the graph G [10]. It is easy to see that Q(G) is also positive
semidefinite [2] and hence its eigenvalues can be arranged as

11(G) = pa(G) = ... > a(G) 2 0.

If there is no confusion, sometimes we write \;(G) as A;, and p;(G) as p;. More-
over, we sometimes abbreviate A\ (G) and p1(G) as p(G) and A(G), respectively, and
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call 4(G) and A(G) the signless Laplacian and the Laplacian spectral radius of G,
respectively. In the following, let SL(G) and SQ(G) denote the spectra, i.e., the
eigenvalues of L(G) and Q(G), respectively.

Two graphs are said to be Q-cospectral (resp. A-cospectral, L-cospectral) if they
have the same signless Laplacian (resp. adjacency, Laplacian) spectra. A graph G is
said to be determined by its signless Laplacian spectrum (resp. adjacency spectrum,
Laplacian spectrum) if there does not exist other non-isomorphic graph H such that
H and G are Q-cospectral (resp. A-cospectral, L-cospectral).

Which graphs are determined by their spectra? This question was proposed by
Dam and Haemers in [4]. This research has drawn much attention recently, and more
and more results on this item have been reported. For instance, the path, the com-
plement graph of path, the complete graph, the cycle were proved to be determined
by their adjacency spectra [4], [7] respectively, and the path, the complete graph,
the cycle, the star and the multi-fan graphs, together with their complement graphs
were shown to be determined by their Laplacian spectra [4], [7], [22], respectively.

Let K" be the graph obtained by attaching m pendant vertices to a vertex of
the complete graph K, _,,, and let U, , be the graph obtained by attaching n —p
pendant vertices to a vertex of C,. Let G° be the complement graph of G. Re-
cently, Zhang et al. in [29] proved that K", U, p, (K")¢, (Uy )¢ are determined by
their Laplacian spectra, respectively. Moreover, they proved that K", (K*)¢ and
U, are determined by their adjacency spectra if p is odd. The wheel graph W,
was shown to be determined by its Laplacian spectrum [30] except for the case of
n = 7, and the unicyclic graph G, , on n vertices, obtained by joining a vertex of
a cycle C; and the center of a star K ,_1 to each of the two end vertices of a path
P,_,—r, was proved to be determined by its Laplacian spectrum when r # 4 and r
is even [27].

However, only a few families of graphs were shown to be determined by their
spectra, most of which were restricted to the cases of adjacency or Laplacian spec-
tra. Thus, it seems rather interesting to consider the problem: Which graphs are
determined by their signless Laplacian spectra? Recently, the lollipop graph was
proved to be determined by its signless Laplacian spectrum [31], and the bundle
graph S(n,c, k) and its complement graph were shown to be determined by their
signless Laplacian and Laplacian spectra [21], respectively, for £ = 0 and ¢ > 0.

This article is organized in the following way. In Section 2, we introduce the weak
interlacing theorems of Laplacian and signless Laplacian spectra by deleting a vertex.
By employing the weak interlacing theorem of the signless Laplacian spectrum and
some (new) lower bounds for us(G), we prove that W, is determined by its signless
Laplacian spectrum in Section 3. By a similar method, we verify that all the S(n, ¢, k)
are determined by their signless Laplacian spectra for ¢ > 1 and k > 1 in Section 4,
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and S(n,c, k) and its complement graph are also determined by their Laplacian
spectra, respectively, for £k > 1 and ¢ > 0 in Section 5.

2. THE WEAK INTERLACING THEOREM OF THE (SIGNLESS) LAPLACIAN
SPECTRUM BY DELETING A VERTEX

Consider two sequences of real numbers: a1 > as > ... > ay,and f1 = G > ... >
Bm with m < n. The latter sequence is said to interlace the former whenever
o; = 0i 2 Qpemys for i =1,2,... m.

Theorem 2.1 ([13]). Let G be a graph of order n, and let G — e be the graph
obtained from G by deleting the edge e of G. Then

0 < pn(G =€) < pn(G) < pn-1(G —e)

I 1 (G),
0= An(G — €) = M(C) < A1 (G — )

M (G).

(G —e)
M(G —e)

NN

Moreover, it is well-known that the adjacency eigenvalues of G and G — v also
interlace (see [18], Theorem 1.4.8). Recently, the relation between the Laplacian
eigenvalues of G and G — v were considered in [23], and the following result was
proved:

Theorem 2.2 ([23]). Let G be a graph of order n, and let G — v be the graph
obtained from G by deleting the vertex v of G. Then A\i41(G)—1 < \;(G—v) < Xi(G)
foreachi=1,...,n—1.

Lotker [23] called Theorem 2.2 the weak interlacing theorem between the Laplacian
eigenvalues of G and G—v. Now it is natural for us to consider the following problem:
What is the relation between the signless Laplacian eigenvalues of G and G — v? In
the sequel, we shall prove that the weak interlacing theorem also holds for the signless
Laplacian eigenvalues between G and G — v.

Lemma 2.1 ([12]). Suppose B is the principal submatrix of a symmetric ma-
trix A. Then the eigenvalues of B interlace the eigenvalues of A.

Let M be a Hermitian matrix of order n. Denote by 01(M) > 02(M) > ... >
on(M) the eigenvalues of M.

Lemma 2.2 ([14] Weyl). Let A, B be two Hermitian matrices of order n with
eigenvalues 9;(A), 0;(B) and p;(A+ B). For each k = 1,2,...,n, we have

(2.1) 0k(A) + 0n(B) < 0k(A+ B) < o(A) + 01(B).
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Theorem 2.3. Let G be a graph of order n, and let G — v be the graph obtained
from G by deleting the vertex v of G.
(1) If d(v) = n—1, then pp(G) =1 < pp—1(G —v) < pp—1(G) =1 < ... <
pe(G) =1 < (G —v) < m(G) — 1.
(2) If d(v) < n—2, then p;41(G) —1 < p;i(G—v) < p;i(G) foreachi=1,...,n—1.

Proof. Let P be the principal submatrix after we delete the row and column
that correspond to the vertex v of Q(G). By Lemma 2.1, we have

(22)  (G) = 01(P) = pa(G) 2 05(P) > ... > pin1(G) = 001(P) > pn(G).

Let I, = P — Q(G — v). Then I, is a (0,1) diagonal matrix whose jth diagonal
entry is 1 if and only if v; is connected to v in G.

If d(v) = n—1, then I, is the identity matrix of order n— 1, and hence g,,—1(I,) =
01(ly) = 1. By inequality (2.1), we have 9;(P) = p;(G — v) + 1. Then (1) follows
from inequality (2.2).

If d(v) < n— 2, then g,-1(f,) = 0 and p1(I,) = 1. By inequality (2.1), we have
1i(G —v) < 0;(P) < (G — v) + 1. Then (2) follows from inequality (2.2). O

Remark 2.1. Actually, when d(v) = n — 1, the result of Theorem 2.2 can be
improved to [5]: A, (G) =0, A\ (G) =nand \;{(G—v)+1 = A1(G) forn—2 <i < 1.
Moreover, the proof in [23] seems too difficult, and Theorem 2.2 can be proved
analogously to Theorem 2.3.

3. W, IS DETERMINED BY ITS SIGNLESS LAPLACIAN SPECTRUM
In [30] it was proved that W,,, except for W7, is determined by its Laplacian
spectrum. In this section, we shall show that W, is also determined by its signless
Laplacian spectrum.
Lemma 3.1. For any graph G, if do(G) = d3(G), then
. 1
2(G) > min {da(G), 5 (d1(G) + da(G)

+1-4/(d1(G) — da(G) — 2) (41(G) - dx(G)) + 9)}.

Moreover, if d3(G) = d2(G) < d1(G) — 2, then u2(G) = da(G).

Proof. Suppose d(v;) =d; for 1 <i < 3. By u ~ v, we mean that u is adjacent

to v in G. If va o vz, then Q(G) has B = (%2 ;2) as its principal submatrix. By
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Lemma 2.1, p2(G) > 02(B) = da. If v1 # vg or v1 # v3, then Q(G) has B = <d1 0 )

0 do
as its principal submatrix. By Lemma 2.1, us(G) > 02(B) = do. If v1 ~ vg,
dy 1 1
vy ~ v3 and vg ~ v3, then Q(G) has B = ( 1dy 1 ) as its principal submatrix. By
1 1 do
Lemma 2.1, /.LQ(G) > QQ(B) = %(dl +do+1— \/(dl —doy — 2)(d1 — dg) + 9)
If d3 = ds < dy — 2, it is easy to see that s > ds. O

Lemma 3.2 ([2]). In any bipartite graph G, L(G) and Q(G) have the same
eigenvalues. Moreover, the least eigenvalue of the signless Laplacian of a connected
graph is equal to 0 if and only if the graph is bipartite. In this case 0 is a simple
eigenvalue.

Lemma 3.3. 1 < p,(W),) < po(W,,) < 5, and

(n+4++/(n—4)2+16).

N~

241 (Wn) =

Proof. Suppose a is an eigenvalue of Q(W,,), and d(vi) = n — 1. Let X =

(r1,22,...,2,)T be an eigenvector corresponding to a, and let x; correspond to v;,
where 1 < ¢ < n. By the equalities Q(W,,)X = aX corresponding to va,...,v,, we
have

1 + a3+ x, = (a — 3)z2,

1 + a2 + x4 = (a — 3)zs,

x1 + 23+ x5 = (a — 3)w4,
(3.1)

1+ Tn—2 + 2n = (a — 3)Tn—1,

21+ 22 + Tpo1 = (@ — 3)xy.

Now suppose a = 5, then z; = 0 follows from equalities (3.1). Suppose that
xp = max{z;: 2 < i < n}. If k = 2, then 222 = 23 + 2, < 222, and hence

x9 = x3 = T,. By equalities (3.1), we have 29 = z3 = ... = z,,. It can be
proved similarly that o = 23 = ... = z, for k # 2. Moreover, by the equality
Q(W,,)X = 5X corresponding to v; we have (n — 1)zy +z2 + ...+ 2, = bx1. Thus,
r1 =x3 =...=x, = 0, a contradiction. So, a # 5.

By Theorem 2.3, we have puo(W;,) < pr(W,, —v1) +1 = p1(Cri—1) + 1 = 5. Thus,
u2(Wy,) < 5. Next we shall show that p,(W;,) > 1. On the contrary, suppose
n(Wy) =a < 1.
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Case 1. 1 # 0. Then (n — )y = (a — 5)(xg + 3 + ... + x,) follows from
equalities (3.1). Moreover, by the equality Q(W,,)X = 5X corresponding to v; we
have (n — 1)z1 + a2+ ...+, = ax;. Thus, a = %(n+4— \/m) because
z1#0and a < 1. But 1(n+4—/(n—4)2+16) > 1, a contradiction.

Case 2. x1 = 0. Let z; = min{a;: 2 < ¢ < n} and zp = max{z;: 2 < ¢ < n}.
Note that 0 < a < 1 by Lemma 3.2. Then z; < xp by equalities (3.1). If k,
j€{3,4,...,n—1}, by the equalities Q(W,,)X = aX corresponding to v; and vi we
have

Tp—1 + Tpg1 = (@ — 3)xg,
{ zj—1 + i1 = (@ — 3)z;.
Thus, r—1 + Tp+1 — Tj—1 — Tj41 = (¢ — 3)(xr — ;) < —2(xp — x;), which implies
that 0 < (xgx—1 + k41 — 2x;) + (22, — xj—1 — j+1) < 0, a contradiction. This can
also yield a contradiction for the other cases.

By combining Case 1 and Case 2, u,(W,,) > 1. From the Perron-Frobenius Theo-
rem on non-negative matrices, p1(G) has multiplicity one and there exists a unique
positive unit eigenvector corresponding to u1(G). Thus, it can be proved analogously

to Case 1 that 1 (Wy) = 3(n+4+ /(n — 4)2 + 16). O

Lemma 3.4 ([6]). If G is a graph on n vertices with vertex degrees dq > dg >
> d,, and signless Laplacian eigenvalues py > g > ... = lin, then us > %(dl +
dy —+/(d1 —d2)? + 4) > dy — 1. Moreover, if G is connected, then u, < d,.

Lemma 3.5 ([5]). Let G be a connected graph on n vertices. Then p;(G) <
<

max{d(v) + m(v): v € V}, where m(v) = >, d(u)/d(v). Moreover, ui(Q)
u€eN (v)
d1(G) + d2(G), where equality holds if and only if G is regular or G = K1 ,_1.

Lemma 3.6 ([2]) Let G be a graph with n Vert1ces m edges and ¢ tr1angles
Then Y p; = Zd =2m, Elh —2m—|—Z:d2 and Elh —6t+32d2+2d3
i=1

Lemma 3.7. If G and W,, are Q-cospectral, then G is connected with 2 <
dn(G) < d2(G) < 5.

Proof. By Lemmas 3.3 and 3.4 we have do(G) — 1 < ua(G) = pu2(W,) < 5.
So, d2(G) < 5. Now, we assume that G is disconnected. By Lemmas 3.3 and 3.5,
n < w1 (W) = u1(G) < di(G) + d2(G). Thus, n — 4 < di(G) < n — 2. Note that
1 < pn(Wy) = pn(G) by Lemma 3.3. So, di1(G) =n —4 and G = G U Cs, where
d1(G1) =n —4. Clearly, n > 8 and hence p1(G) = 111(G1). Next we shall show that
11(G1) < p1(W,). Suppose max{d(v) + m(v): v € V(G1)} occurs at the vertex uy.
Since da(G1) < 5, we consider the following two cases.
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Case 1. 1 < d(ug) < 4. Then d(uo) + m(uo) < d(uo) + di1(G1) < d(ug) +n —4 <
n < pr(Wh).
Case 2. d(up) =5 or d(ug) =n — 4. By Lemma 3.6, G; has 2n — 5 edges. Then

d(ug) + m(uo) < d(ug) + 2(2n —5) — d(uo)

d(uo)
4n — 10
=d -1+ —
(ug) — 1+ (a)
4n —1 4n—1
gmax{él—i— n O,n—5+ n 0}
5 n—4

< %(n—l—ll—i— V(n—4)2 +16).

By Lemmas 3.3 and 3.5, u1(W,,) = p1(G) = pi(G1) < p1(W,,), a contradiction.
Thus, G is connected. Then 1 < p,(W),) = pn(G) < dp,(G) by Lemmas 3.3 and 3.4,
which implies that d,,(G) > 2. O

Lemma 3.8. If di(G) < n — 3, then G and W,, are not Q-cospectral.

Proof. Next we assume that di(G) < n — 3 but SQ(G) = SQ(W,). By
Lemmas 3.3 and 3.7, G is connected with 2 < d,(G) < d2(G) < 5 and 1 (W,,) =
tn+4+ \/m) Suppose max{d(v) + m(v): v € V(G)} occurs at the
vertex ug.

Case 1. 2 < d(up) < 3. Then d(ug) + m(ug) < d(ug) + d1(G) < d(ug) +n —3 <
n < p1(Wy), a contradiction.

Case 2. d(up) =4. Then n > 7, since d(up) =4 < n —3.

When n = 7, then d;(G) = 4. Note that pu1(G) = up(Wy,) = 8 = 2d1(G).
By Lemma 3.5, G is regular and hence G has 14 edges. But W7 has 12 edges,
a contradiction to Lemma 3.6.

When n = 8, by Lemmas 3.6-3.7, G also has 14 edges, and d,,(G) > 2. Then
d(ug) +m(up) < 4+ B=3%2 =85 < 6+ 22 = py (W,,), a contradiction.

Now we suppose that n > 9. Since d2(G) < 5 by Lemma 3.7, we have d(ug) +
m(ug) < 4+ 2=2E3X5 < 4y (W,), a contradiction.

Case 3. 5 < d(up) < n— 3. By Lemmas 3.6-3.7, G also has 2n — 2 edges, and
dn(G) > 2. Then

2m —d(ug) =2 x2 dn — 8

d(ug) + m(uo) < d(ug) + (w) =d(up) — 1+ A

d
Let f(z) =2 — 1+ (4n —8)/z, where 5 < x < n — 3. It is easy to see that
1
2

(n+4++/(n—4)2+16) = 1 (Wy).

in — 8 in — 8
< 4 ) —4 }
f(z) max{ + o +n—3 <

Thus, p1(G) < p1 (W), a contradiction.
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By combining the above arguments, we can conclude that G and W,, are not Q-
cospectral. O

Lemma 3.9. If G and W,, are Q-cospectral, then di(G) =n — 1.

Proof. Assume that G has n; vertices of degree ¢ for i = 2,...,n — 1. If
SQ(G) = SQ(W,,), by Lemmas 3.6-3.8 G is connected with 2 < d,,(G) < d2(G) < 5,
n—2<di(G)<n—1and

n—1 n—1 n—1
(3.2) S ni=n, Y inj=4n-1), Y i*n; =n+7n-8.
=2 =2 =2

Now assume that di(G) =n — 2.

Case 1. np—2 > 2. Then 4 < n < 7, since n — 2 = d1(G) = d2(G) < 5. Clearly,
n =4 and n = 5 are impossible by equalities (3.2).

If n =7, then d;(G) = d2(G) = 5. By equalities (3.2), we have ns = 2, ng = 4,
ng = 1. It is easily checked with the aid of a computer that G and W, are not
(Q-cospectral, a contradiction.

If n = 6, then d;(G) = d2(G) = 4. By equalities (3.2), we have ny = 3, ng = 2,
ng = 1. It is easily checked with the aid of a computer that G and W, are not
Q-cospectral, a contradiction.

Case 2. n,_o = 1.

Subcase 1. nz > 2. Then n > 8 because di(G) = n—2 > 5 = da(G). If
n = 8, by equalities (3.2) we have ny4 + 3ns = 4, a contradiction to ns > 2. Thus,
n > 9. Note that n —2 > 7 = da(G) + 2. By Lemmas 3.1 and 3.3, we have
5> puo(Wy,) = u2(G) > 5, a contradiction.

Subcase 2. ns =1. If n —2 =5 > da(G), then n = 7, and hence G is a connected
graph with ns = 1, ny = 3, ng = 1 and ne = 2 by equalities (3.2). It is easily checked
that G and W7 are not ()-cospectral.

If n — 2 > 5, by equalities (3.2) we have n,_o =n5 =1, ng=n—"7,n3 =11 —n,
ny =n—06. Thus, 8 < n < 11. If n = 8§, then di(G) = 6 and d2(G) = 5. By
Lemma 3.4, 4.25 > p2(Ws) = pu2(G) > 4.38, a contradiction.

It can be proved similarly that 9 < n < 11 is also impossible.

Subcase 3. ns = 0. Since ns = 0, it is easy to see that n > 7 by equalities (3.2).
By equalities (3.2), we have n,—2 =1, ng =n—4, ng =8 —n, ng = n — 5. Then,
n = 8, and hence G is a connected graph on eight vertices with ng = 1, ny = 4,
ny = 3. It is easily checked with the aid of a computer that G and W,, are not
(Q-cospectral, a contradiction.

By combining the above arguments, we can conclude that d; (G) =n — 1. (]
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Theorem 3.1. W,, is determined by its signless Laplacian spectrum.

Proof. 1If n = 4, it is easily checked that the result holds. Thus, we may
suppose n > 5 in the sequel. Suppose SQ(G) = SQ(W,,). By Lemmas 3.7 and 3.9,
then 2 < dp,(G) < d2(G) < 5,d1(G) =n—1. If do(G) =n — 1, then 5 < n < 6, and
this will yield a contradiction by equalities (3.2). Thus, d2(G) < n — 1, and hence
Np—1 = 1.

By equalities (3.2), we can conclude that G and W,, share the same degree se-
quences. Thus, G = K7V (Cg, UCk, U...UCk,), where kv + ko + ...+ ky =n— 1.
Now we only need to prove that ¢ = 1. On the contrary, assume that ¢ > 2. Choose
v € V(G) with d(v) = n— 1. By Theorem 2.3, we have 4 = 15(G —v) < p2(G) —1 <
u1(G —v) = 4, and hence p2(G) = 5. On the other hand, Lemma 3.3 implies that
u2(G) = pu2(W,,) < 5, a contradiction.

Thus, ¢t = 1 and hence G = W,,. 0

4. S(n,c,k) IS DETERMINED BY ITS SIGNLESS LAPLACIAN SPECTRUM

In [21], S(n, ¢, k) was proved to be determined by its signless Laplacian spectrum
for ¢ > 0 and k = 0. In this section, we shall show that S(n,c, k) is also determined
by its signless Laplacian spectrum for ¢ > 1 and k£ > 1.

Suppose v is a vertex of a connected graph G with at least two vertices. Let
Gr; (I =2 k > 1) be the graph obtained from G by attaching two new paths P:
v(= vo)v1ve ... v, and Q: v(= wp)uruz...u; of length k and I, respectively, at v,
where vy, v2,...,v, and ug,us,...,u; are distinct new vertices. Let Gi_1;41 =
Gr,1 — V-1V + wvi. The following results have been proved:

Lemma 4.1 ([3], [20]). Let G be a connected graph onn > 2 vertices. If | > k >
1, then u(Gr1) > (Gr=1,1+1)-

Lemma 4.2 ([24], [25]). If G is a graph on n vertices with at least one edge, then
w(G) =2 MNG) = dy + 1. If G is connected, the former equality holds if and only if G
is bipartite, the latter holds if and only if dy = n — 1.

Lemma 4.3. Fork > 1andn > 4, ua(S(n,c,k)) <3andn—k < u1(S(n,c, k)) <
n —k + 1. Moreover, if 0 < ¢ < 1, then p2(S(n,c, k)) < 3.

Proof. Let v; be the vertex of S(n,c, k) such that d(vi) = n—k — 1. By
Theorem 2.3, u2(S(n,c,k)) < pi(Stn,c,k) —v1) +1 = p(Pz) + 1 = 3. Thus,
(S (n, e, k) < 3.
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Since n > 4, we have 2—1—%(71—/4:—1—1) < n—k+1 because n — k > 3. Thus,
n—k<pu(Sn,ck)) <n—k+1 follows from Lemmas 3.5 and 4.2.

Assume that pa(S(n,c,k)) = 3. Let X = (z1,22,...,7,)7 be an eigenvector
corresponding to 3, and x; let correspond to v;, where 1 < i < n.

If ¢ = 1, suppose V(C5) = {v1,v2,v3}. By the equalities Q(S(n,1,k))X = 3X
corresponding to ve, vs, we have x1 + x3 = 2, 1 + 2 = x3, and hence z1 = 0, 5 =
x3. From the equalities Q(S(n, 1,k))X = 3X corresponding to vy, ..., v,, we have
24 =...= x, = 0 because x1 = 0. Moreover, from the equality Q(S(n, 1,k))X = 3X

T a contradiction.

corresponding to vy, we have 22 = 23 = 0. Thus, X = (0,0,...,0)
So, p2(S(n,1,k)) < 3.

If ¢ = 0, suppose N(v1) = {vo,v4,...,Vok, V2kt2, Vok+3,--.,Un} and va ~ vs,
V4 ~ Us,...,VU2k ~ Ugpt1. By the equalities Q(S(n,0,k))X = 3X corresponding
to ve,...,v, we have x1 = x3 = %332, T1 = T5 = 3T4,...,T1 = Toky1 = %xgk,
1 = 2Tok42, ..., 21 = 2x,. From the equalities Q(S(n,0,%))X = 3X corresponding
to v1, we have %(?m — 3)x; = 3z, and hence x; = 0. Thus, X = (0,0,...,0)7,
a contradiction. So, u2(S(n,0,k)) < 3. O

Lemma 4.4. Suppose n > 4, k > 1 and SQ(G) = SQ(S(n,c,k)). (1) If ¢ > 2,
then G is connected with do(G) < 4. Moreover, d2(G) = 4 implies that di(G) =
da(G). (2) If 0 < ¢ < 1, then d2(G) < 3. Moreover, if ¢ = 1, then G is connected.

Proof. (1) By Lemmas 3.4 and 4.3, it follows that
1
dQ(G) —-1< §(d1 +dy — (dl — d2)2 + 4) < /LQ(G) = /LQ(S(TL,C, k)) < 3.

Thus, d2(G) < 4, and d2(G) = 4 implies that di(G) = d2(G).

By Lemma 3.2, pn(G) = pn(S(n,c,k)) > 0. If G is disconnected, then no con-
nected component of GG is a tree by Lemma 3.2. Hence, G has at least two con-
nected components, which contain at least one cycle. By Theorem 2.1, we have
u2(S(n, ¢, k)) = p2(G) > 4, a contradiction to Lemma 4.3. So, G is connected.

(2) By Lemma 4.3, (2) can be proved similarly to (1). O
Lemma 4.5. Suppose k > 1, n > 2c + 2k + 3 and let G be a connected graph
with n vertices and n + ¢ — 1 edges. If d1(G) < n—k — 2, then p1(G) < n — k.

Proof. Suppose max{d(v) +m(v): v € V} occurs at the vertex ug of G.
Case 1. 1 < d(up) < 2. Then d(uo) + m(ug) < d(uo) + d1(G) < n — k.
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Case 2. 3 < d(ug) < n—k — 2. Note that 3 < d(up) < n—k — 2 and G has
n+ ¢ — 1 edges. Since d,(G) > 1, we have

2(n+c—1) —d(up) —k—1

d(ug) + m(uo) < d(ug) +

d(uo)

n+2c—k—3

=d -1+ —
(uo) + ()

2n+2c—k— 2n+2c—k—

<max{2+n—’_c—37n_k_3+n—’—c—3}
3 n—k—2
<n-—k.
By Lemma 3.5, the result follows. O

Lemma 4.6. Suppose k > 1 andn =2c+2k+2. If d1(G) < n—k—2and G is
connected, then G and S(n,c, k) are not Q-cospectral.

Proof. We assume that SQ(G) = SQ(S(n,c,k)). By Lemma 3.5 and Lem-
mas 4.3-4.4 we can conclude that G is connected with d2(G) < 4 and n — k — 3 <
di(G) <n—k-—2.

Case 1. di(G) =n —k — 3. If d3(G) < 3, then Lemma 3.5 implies that p1(G) <
n—k < p1(S(n,c, k)), a contradiction. Thus, d2(G) = 4. So Lemma 4.4 implies that
di(G) = d2(G) and ¢ > 2. Thus, n = k+ 7. Since 2+2c+2k =n =k + 7, we
have 5 = 2c+ k. Then ¢ = 2, k =1 and n = 8. By Lemma 3.6, we can conclude
that either ny =6, no = -4, n3 =4, ny =2,0orny =5, ne=—-1,n3 =1, ng =3,
a contradiction.

Case 2. d1(G) = n—k—2. By Lemmas 3.5 and 4.3, either d2(G) = 4 or d2(G) = 3.

If d3(G) = 4, by Lemma 4.4 we have d1(G) = d2(G) =n—k —2 and ¢ > 2. Thus,
2+ 2¢c+ 2k =n =k + 6 and hence 4 = 2¢ + k, which contradicts £ > 1 and ¢ > 2.

Thus, d2(G) = 3. If d1(G) = 3, then 2 + 2¢+ 2k =n = k + 5. Thus, either ¢ = 1,
k=landn=6or c=0, k=3 and n =8. By Lemma 3.6, either G is a unicyclic
graph with ny = n3 = 3 or G is a tree with n; = 5,n3 = 3. It is easily checked with
the aid of a computer that G and S(n, ¢, k) are not Q-cospectral. If dy(G) > 4, by
Lemma 3.6 and n = 2¢ + 2k + 2 it follows that

n1 +no +ng =2k +2c+1,
(4.1) ny + 2n9 + 3nz = 3k + 4c + 2,
ny + 4ng + 9ng = 7k + 12¢ + 2.

By equalities (4.1), we have ny =2k +2c—1,no =3 —2c—k and n3 =k +2c— 1.

Since 2c+ k =n — k — 2 > 4, it follows that ns < 0, a contradiction.
By combining the above arguments, we complete the proof of this result. O
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Lemma 4.7. Supposen >4,k >1andn =2c+2k+1. If &1(G) < n—k —2
and G is connected, then G and S(n,c, k) are not Q-cospectral.

Proof. We assume that SQ(G) = SQ(S(n,c,k)). By Lemma 3.5 and Lem-
mas 4.3-4.4 we can conclude that G is connected with da(G) < 4 and n — k — 3 <
di(G) <n—k-—2.

Case 1. di(G) =n —k — 3. By Lemmas 3.5 and 4.3, it follows that d2(G) = 4.
Thus, by Lemma 4.4 we have d;(G) = da(G) and ¢ > 2. Hence, n = k + 7. Since
1+2c+2k=n=k+7, we have 6 =2c+ k. Thenc =2,k =2andn =9. By
Lemma 3.6, we can conclude that n; = 5, ng = 1, ngy = 3. By Lemmas 3.5 and 4.3,
p1(G) <4+ 884 =7 < 111(5(9,2,2)), a contradiction.

Case 2. d1(G) = n—k—2. By Lemmas 3.5 and 4.3, either d2(G) = 4 or d2(G) = 3.
If d2(G) = 4, by Lemma 4.4 we have d;(G) = d2(G) =n —k —2 and ¢ > 2. Thus,
14+2c+2k=n=~k+6 and hence 5 =2c+ k. Thenc=2,k=1and n=7. By
Lemma 3.6 we can conclude that n; = ng = 2, and ny = 3. It is easily checked with
the aid of a computer that G and S(n, ¢, k) are not ()-cospectral, a contradiction.

Thus, d2(G) = 3. If d1(G) = 3, then 1+ 2c+ 2k = n = k + 5 and hence either
c=1,k=2andn=Torc=0,k=4and n=9. By Lemma 3.6, G is a unicyclic
graph with n;y =n3 =3 and no = 1 or GG is a tree with ny = 5, no = 1 and ng = 3.
It is easily checked with the aid of a computer, a contradiction that G and S(n, ¢, k)
are not Q-cospectral. If d1(G) > 4, by Lemma 3.6 and n = 2¢ + 2k + 1 we have
ny=2k+2c—3,na=5—2c—kand ng =k+2c—2. Note that 0 <no =5—2c—Fk
and 4 < dy(G) =n—k —2=2c+k—1. Then 2¢+ k = 5. Either ¢ =0, k =5 and
n=1lorc=1,k=3andn=9orc=2,k=1land n=171.

Ifc=0,k=5and n =11, then G is a tree with n; = 7, n3 = 3 and ny =
Thus, Q(G) contains B = ((3) g
02(B) = 3, which contradicts Lemma 4.3.

Ifc=1,k=3and n =9, then G is a unicyclic graph with n; =5, ng = 3 and
ng = 1. Thus, Q(G) contains B = (g g) or B = (3 (3)) as its principal submatrix.
By Lemma 2.1, u3(G) > 02(B) = 3, which contradicts Lemma 4.3.

Ifc=2k=1and n =17, then G is a bicyclic graph with n; = 3, ng = 3 and

1.
) as its principal submatrix. By Lemma 2.1, u2(G) >

ng = 1. It is easily checked with the aid of a computer, a contradiction that G and
S(n, ¢, k) are not Q-cospectral.

By combining the above arguments we complete the proof of this result. O

Theorem 4.1. If k > 1, then S(n,c, k) is determined by its signless Laplacian
spectrum for ¢ > 1, and there exists no other tree T such that T and S(n,0,k) are
Q-cospectral.
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Proof. If n < 4, it is easily checked that the result holds. Thus, we may
suppose n > 5 in the sequel. Now suppose that there exists a graph G such that
SQ(G) = SQ(S(n,c, k)). By Lemmas 4.3-4.7, we can conclude that G is a connected
graph with d1(G) =n — k — 1 and d2(G) < 4.

Case 1. da(Q) = di(G). f n—k—1=d1(G) = d2(G) < 3, then 2¢+1+2(n—4) <
2c+14+2k<n. Ifc>1,thenn=5and k =c=1. By Lemma 3.6, we have ng = 1,
a contradiction. If ¢ = 0, since do(G) = d1(G), by Lemma 3.6 we can conclude that
n=>5k=2,and G 5(5,0,2) = Ps.

Ifn—k—1=di(G) =da(G) =4, then n = k+ 5. By Lemma 3.6, it follows that

n1 + ng +n3g +ng = n,
(4.2) n1 +2n2 + 3ng +4ng = 2(n+c— 1),
ny1 + 4ns + 9ns + 16ny = 4n + 6c.

By equalities (4.2), we have ns + 3ns = 3, a contradiction to ny > 2.
Case 2. da(G) < d1(G). Then dz(G) < 3 by Lemma 4.4. By Lemma 3.6, it follows
that

ni+ns+ng=n-—1,
(4.3) ni+2ns+3n3=n+2c+ k-1,
ny +4ng +9n3 =n + 6¢+ 3k — 1.

By equalities (4.3) we have ny =n—2c—k —1, no = 2c+k, and n,_p_1 = 1, i.e.,
G is a connected graph with the same degree sequence as S(n, ¢, k).

By Lemma 3.6, G has exactly c¢ triangles. Let R(n,c, k) be the set of connected
bundle graphs obtained by attaching n — 2c¢ — k — 1 paths to vy, where vg is the
unique common vertex of ¢ cycles. Since n —k — 1 > 3, G is a graph of R(n,c, k).
By Lemma 4.1, S(n,c, k) is the unique graph with the maximum signless Laplacian
spectral radius in R(n,c, k). Thus, G = S(n, ¢, k) because u1(G) = p1(S(n, ¢, k)).

O

5. S(n,c, k) 1S DETERMINED BY ITS LAPLACIAN SPECTRUM
In [21], it was proved that S(n,c, k) and its complement graph are determined by
their Laplacian spectra for £k = 0 and ¢ > 0. In this section, we shall show that

S(n, ¢, k) and its complement graph are also determined by their Laplacian spectra
fork>1andc>0.
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Lemma 5.1. Let G be a graph W1th n Vert1ces m edges and t tr1angles Then

Z/\—Zd—Zm ZA2—2m+Zd2andZ)\3 Zd3+32d2

i=1 i=1 i= 1= i=1

n

Proof. By Z Ai = Tr(L) and > A\ = Tr(L?) = Z d; + Z d?, the first two
i=1 i=1

equalities hold. Since L = D — A, we have L3 = D3 — D2A AD2 DAD + A%D +

DA? + ADA — A3. Note that Tr(D?A) = 0. Then

n

D AP =Te(L?) = Tr(D?) — 3Tr(D?A) + 3Tx(A>D) — Tr(A®)

- zn:d? +3§n:d§ — 6t.
i=1 i=1

Thus, the third equality holds. ([

Lemma 5.2. For k > 1 and n > 4 we have \2(S(n,c,k)) < 3 andn —k <
A(S(n, e k) <n—k+1.

Proof. By Theorem 2.2 and Lemmas 3.5 and 4.2, this can be proved similarly
to Lemma 4.3. O

Lemma 5.3. If n > 4, k > 1 and SL(G) = SL(S(n,c,k)), then G is connected
and dz(G) < 3. Moreover, if ¢ = 0, then dy(G) < 2.

Proof. Since S(n,c, k) is connected, we have A\,—1(G) = A\p—1(S(n,c, k)) > 0
and hence G is connected. It is well known that dz(G) < A2(G) for a connected
graph (see [16]). Thus, d2(G) < 3 by Lemma 5.2. If ¢=0, by Lemma 3.2 we have
SL(G) = SL(S(n,0,k)) = SQ(S(n,0,k)). Thus, d2(G) < 2 by Lemma 4.3. O

Lemma 5.4. If n > 4,k > 1 and SL(G) = SL(S(n, ¢, k)), then di(G) = n—k—1.

Proof. Suppose SQ(G) = SQ(S(n,c, k)). By Lemmas 4.2 and 5.2, d1(G) <
n —k — 1. Next we assume that d1(G) < n — k — 2. By Lemma 3.5, Lemma 4.2,
and Lemmas 5.2-5.3, we can conclude that G is connected with do(G) = 3 and
d1(G) = n—k — 2, and hence ¢ > 1. Moreover, by Lemma 4.2, Lemma 4.5 and
Lemmas 5.1-5.2, we can conclude that either n = 1 + 2¢ + 2k or n = 2 4 2¢ + 2k.

Case 1. n =2+ 2c+ 2k. If d;(G) = 3, since 2+ 2c+ 2k = n = k + 5, we have
3=2c+k. Then,c=1, k=1 and n =6. By Lemma 5.1, G is a unicyclic graph on
6 vertices with n; = ng = 3. It is easily checked with the aid of a computer that G
and S(6,1,1) are not L-cospectral, a contradiction.
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If di(G) > 3, by Lemma 5.1 and n = 2¢ + 2k + 2 we have ny = 2k + 2¢ — 1,
ng=3—2c—kand n3 =k+2c—1. Since 2c+ k =n —k — 2 > 4, we have ny < 0,
a contradiction.

Case 2. n =1+ 2c+ 2k. It can be proved similarly to Case 1 (or Lemma 4.7).

By combining the above arguments, we complete the proof of this result. O

Lemma 5.5 ([11]). Let v be a vertex of a connected graph G and suppose that
v1,...,Vs are pendant vertices of G which are adjacent to v. Let G* be the graph
obtained from G by adding any b (1 < b < 3s(s—1)) edges between vy, . ..,vs. Then
AMG) = MNGH).

Theorem 5.1. If k > 1, then S(n,c, k) is determined by its Laplacian spectrum
for ¢ > 0.

Proof. If n < 4, it is easily checked that the result holds. Thus, we may
suppose n > 5 in the sequel. Now suppose that there exists a graph G such that
SL(G) = SL(S(n,c, k)). By Lemmas 5.3-5.4, G is a connected graph with d;(G) =
n—k—1and d2(G) < 3.

Case 1. di1(G) = d2(G). Since n —k — 1 = di(G) = d2(G) < 3, we have n — 7 <
2c+14+2(n—4) <2c+ 142k <n. Thus, 5 <n < 7. It is easily checked that the
result follows by Lemma 5.1.

Case 2. dz(G) < di(G). Since d2(G) < di(G), by Lemma 5.1 we have n; =
n—2c—k—1,ny, =2c+k, and n,_;_1 = 1, i.e., G is a connected graph with the
same degree sequence as S(n, ¢, k). By Lemma 5.1, G has exactly ¢ triangles. Then
G is a bundle graph of R(n,c, k). Let T(n, k) denote the set of trees on n vertices
obtained by attaching ¢ paths to t pendant vertices of K; 1, where 1 <t < k.
Let T be the tree obtained from G by deleting the ¢ edges, the end vertices of
which are of degrees two, of ¢ triangles. Then T € T(n, k). By Lemmas 3.2 and 5.5,
A(G) = NT) = u(T).

Let T* be the tree obtained from S(n, ¢, k) by deleting the ¢ edges, the end vertices
of which are of degrees two, of ¢ triangles. By Lemma 3.2, Lemma 4.1 and Lemma 5.5,
w(T) < p(T*) = NT*) = AM(S(n,c, k)), where p(T) = pu(T™) if and only if T = T*.
Thus, if A(G) = A(S(n, ¢, k)), then T'= T*, which implies that G = S(n,c, k). O

Lemma 5.6 ([24]). Let G be a graph with n vertices. If X\;(G), i = 1,2,...,n
are the eigenvalues of L(G), then the eigenvalues of L(G®) are n — \(G), i =
1,2,...,n—1and 0.

By Theorem 5.1 and Lemma 5.6, we have
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Corollary 5.1. If k > 1, then the complement graph of S(n,c, k) is determined

by its Laplacian spectrum for ¢ > 0.
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