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In section 1 we introduce the concepts of similar and orthogonal permutation arrays:
a link between systems of orthogonal permutation arrays and systems of orthogonal partial
quasigroups is underlined.

The concept of orthogonal resolutions of an r-design is also considered in section 1 and in
section 2 it is shown that an r-design with ¢ + 1 mutually orthogonal resolutions is equivalent
to a (suitable) set of mutually orthogonal permutation arrays.

Section 2 ends with a construction of sets of mutally orthogonal permutation arrays based
on latin squares.

Section 3 is concerned with giving an upper bound to the number of mutually resolutions
of an r-design; also a connection with seminets is given.

In section 4 we analyse the concepts of similarity and extension by rows in some particular
cases.

Section 5 gives an outline of some known results on sets of mutually orthogonal latin rect-
angles.

Permutaéni schéma je matice, jejiz ka?da fadka je permutaci dané mnoZiny prvku. Je stu-
dovan pojem systému ortogonalnich permutacnich schémat a vySetfuji se vztahy k ptibuznym
strukturam.

IToncTaHOBOYHOE CX€MAa — 3TO MATpPHIA, BCE CTPOKH KOTOPOM SBIISAIOTCHA ITOACTAHOBKAMM
HEKOTOPOTrO MHOXECTBA 3JIEMeHTOB. M3yyaeTcsi HOHATHE CHUCTEMBI OPTOrOHAIBHBIX IOJCTAHOBOY-
HBIX CXEM M MCCJIEOYIOTCSA OTHOUICHUSA K HEKOTOPBIM APYTMM CTPYKTypaM.

1. Preliminary concepts

Let A = ((a;;)) be a v x r matrix with entries from a set R with r elements.
With no loss of generality we shall usually assume R to be {1, 2, ..., r}. We shall say
that A is a permutation array if and only if no symbol of R appears twice in the
same row of A, which means each row of A4 is a permutation of R (cfr. [6] and also
[4]). If v = r then we get the concept of row-latin square (see [11] or page 104 of
[7])- Another special case is when no symbol of R appears twice in the same column
of A: we get thus a latin rectangle, in which of course v < r and the case v = r gives

*) viale Alfieri 12, 461 00 Mantova, Italy.
**) 17 Passage de I’industrie, 750 10 Paris, France.
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a latin square (we remark that very often in the literature a latin rectangle is the
transpose of what we have considered here, see for instance page 95 of [7]).

Let 4 = ((a;;)) be a v x r permutation array with ie{l1,2,...,v}, je€
€{1,2,...,r}. For i, i’ running over the set {1,2,...,v} define F, ;.(4) = {r:1 <
<t =<, a;=a;,l,thatis F, ;(A) is the set of positions at which the i-th row and
the i’-th row of A coincide. Clearly F; (A) = {1,2,...,r}. The symmetric v x v
matrix F(A4) = ((F;,;(A))) will be called the intersection structure of A. It is easily
seen that two v x r permutation arrays 4 = ((a;;)) and B = ((b;;)) have the same
intersection structure (that is F(A) = F(B)) if and only if the following property
holds for all indices i, i’, j

(1-1) a,-j = airj¢> blj = bi'j'

A basic example of two permutation arrays with the same intersection structure is
given by any pair of v x r latin rectangles (condition (1.1) is trivially satisfied): in
such case the intersection structure has all entries equal to the empty set outside the
main diagonal. We shall call similar two v X r permutation arrays having the same
intersection structure: clearly similarity is an equivalence relation.

We give here a definition of orthogonality for permutation arrays which is a small
refinement of the one presented in [5]: actually our whole paper is mostly concerned
with the development of some ideas of [5]. If A = ((a;;)), B = ((b;;)) are two similar
v X r permutation arrays, we shall say that they are orthogonal if and only if they
satisfy the following property for all indices i, i’, j, j':

(1.2) a; = ag

and b;;=b;; =j=j".

tJ
In case A and B are latin rectangles this concept reduces to the usual concept of
orthogonality for latin rectangles (see for instance page 179 of [7] or [13]). In case
A, B are row-latin squares then orthogonality as defined here is weaker than the one
defined in [11]. A set of v x r permutation arrays such that any two arrays of the
set are orthogonal will be called a set of mutually orthogonal v X r permutation
arrays (which we shall write for short m.o.p.a. (v x r) or simply m.o.p.a. when we
do not need to specify the size). Note that we can always assume that the first row
of each array of the set is (1,2, ..., r) otherwise all we need to do is to rename
symbols within each array. Such renaming does not affect the intersection structure
nor orthogonality (cfr. page 158 of [7] for the case of latin squares). A set of m.o.p.a.
(v x 7) such that the first row of each array of the set is (1, 2, ..., r) will be called
a standardized set (or unitary set).

We note here that similarity and orthogonality are properties which are in-
herited by subarrays.

Let A, B be two similar v x r permutation arrays with entries in { 1,2,..., r}.
Denote by 4; and B, the j-th column of 4 and B respectively. If E(4,), E(B,) denote
the sets of entries in A; and B; respectively, define the bijection g; : E(4;) - E(B;)
by setting g;(x) = y if and only if x appears in 4; in the same cells where y appears
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in B, (this definition is allowed by the similarity of A and B). Extend g, to a mapping
g;:{1,2,...,r} > {1,2,...,r} U {0} by setting q;(x) = co whenever g;(x) is not
defined. Consider table (1.3). If we restrict our attention to those cells which contain
a symbol different from oo, table (1.3) gives the multiplication table of a partial
operation H on the set R = {1,2,...,r} and (R, H) is a partial groupoid or half
groupoid (see [15] or page 18 of [7] or [3]). Since in table (1.3) no symbol, except
possibly co, appears twice in a column, we have that if for given j, ke {1,2,...,r}
the equation H(x, j) = k has a solution for x, then such solution is unique. We shall
refer to such property by saying that the partial groupoid is column-inversive or left
inversive (clearly, if we define similarly a row-inversive partial groupoid, we have
that a partial quasigroup is a partial groupoid which is both row- and column-inver-
sive, see [15] or page 118 of [7]). We shall denote by Q(4, B) the column inversive
partial groupoid constructed from the similar permutation arrays A and B in the
manner indicated above. ’

The described procedure can be reversed. Let 4 be a v X r permutation array
and let Q = (R, H) be a column-inverse partial groupoid (R = {1, 2, ..., r}) repre-
sented by a table of type (1.3), where the cells corresponding to pairs for which the
partial operation H is not defined are filled with the symbol co. We say that Q is
applicable to A if and only if for each je {1, 2, ..., r} we have E(4;) = {i : q,(i) +
+ o0} (as above E(A4;) denotes the set of entries in column A4;). For each column 4;
of A form a column B; by substituting an entry i with ¢;(i). Then B = (B, B,, ..., B,)
is a v x rarray with entriesin {1, 2, ...,r}. Clearly 4 and B satisfy property (1.1), but
it may well be that Bis not a permutation array (i.e. there may be repetitions of symbols
in the rows of B). We say that Q is compatible with A if and only if B is a permu-
tation array and in such case we say that B is obtained from the action of Q on A.

Recall that two partial groupoids (R, H) and (R, H') are said to be orthogonal
if and only if the partial operations H and H' are defined on the same pairs of elements
of R and when we superimpose the multiplication tables, the pairs of symbols in
corresponding cells are all distinct (cfr. [15]).

Let (R, H) be a partial groupoid. Define partial operations I; and I, on the same
pairs on which H is defined by setting I,(x, y) = x, I,(x, y) = y. Then (R, H) is
row-inversive if and only if it is orthogonal to (R, I,) and it is column-inversive if and
only if it is orthogonal to (R, I,). Hence (R, H) is a partial quasigroup if and only if
it is orthogonal to both (R, I,) and (R, I 2)- Clearly if A is a permutation array then
the partial groupoid Q(4, A) is of type (R, I,).

Proposition 1.1. Let 4 = ((a;;)), B = ((b;)) be two similar » x r permutation arrays.
A and B are orthogonal if and only if Q(4, A) and Q(4, B) are orthogonal partial
groupoids (equivalently: if and only if (4, B) is a partial quasigroup).

Proof. Suppose A4, B are orthogonal. We must show that Q(4, B) is row-inver-
sive: g;(a) = g;(a) = b, b + o0 = j = j’. If q;(a) = q;(a) = b, b + oo then there
must exist indices i, i’ such that a;,; = a, b;; = b and a,.;, = a, b;.;, = b. Hence
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a;j = ayj, b;; = by, and orthogonality implies that j = j" as required. Conversely
suppose that Q(4, 4) and Q(4, B) are orthogonal (i.e. Q(4, B) is row-inversive) and
a;;=ay; =a, b;;=by; =b. Hence qfa) = b and q;(a) = b. Thus g,(a) =
= gq;(a) = b with b % oo and since Q(4, B) is row-inversive we have j = j' as
required. Od

According to the definition of regular partial quasigroup given in [15], we can
observe that the partial quasigroup Q(A4, B) defined by two orthogonal permutation
arrays A, B is regular as soon as each column of A (and hence of B by similarity)
contains at least two distinct entries: this last requirement is obviously no restriction,
otherwise if the entries of a column are all equal we can suppress that column from
both 4 and B and get two orthogonal v x (r — 1) permutation arrays.

As a generalization of proposition 1.1 we have

Proposition 1.2. Let A', 42, ..., A* be similar v x r permutation arrays. They are

mutually orthogonal if and only if the partial groupoids Q(A4*, A'), Q(4*, 4%), ...
. Q(A', A") are mutually orthogonal (equivalently: if and only if Q(A4', A?),...
., 0(A*, A") are mutually orthogonal partial quasigroups).

Proof. Suppose A', A2, ..., A' are mutually orthogonal. Set 4* = ((d};)) k =
=1,2,...,t. From the orthogonality of 4!, A" we get, using proposition 1.1, that
0(4*, A") is orthogonal to Q(A*, A'). Represent Q(A4', A") by a table of type (1.3);
say ((¢%(iy)) with i, j e {1, 2, ..., r}. Let us prove that Q(4*, 4%), Q(4*, 4*) (h, k > 1,
h # k) are orthogonal:

’

45’(m)=QZ'(rn')=a*00}=,m=m', i=J.

q5(m) = gj(m’) = b + oo
1

In fact the hypothesis means that there must exist indices i, i’ such that m = a

ij?
m’ = a}.;, and thus af; = a},;, = a, d;

i = a'i‘,j, = b. From the orthogonality of
A", A* we get j = j'. From g¢/(m) = q(m’) = a # oo and the fact that Q(A*, 4") is
column-inversive, we get m = m'.

Conversely suppose Q(A!, A'), Q(A', A?),..., Q(A', A") are mutually ortho-
gonal partial groupoids. The orthogonality of Q(4", A'), Q(4*, 4") implies that A*
is orthogonal to A" by proposition 1.1. Let us prove that 4*, 4* are orthogonal
(hk>1, h k)

=a, a~=a’,f,j,=b=>j=j’.

— B
=q ij

h
a i

i
Set aj; = m, a}.;, = m’. Then our hypothesis means ¢’(m) = ¢j(m') = a, 4(m) =
= g5(m’) = b. The orthogonality of Q(4', A") and Q(4', 4") implies j = j’,
m=m'. O

Again if we recall the concept of regularly orthogonal partial operations
given in [15] we can observe that the orthogonality of the partial groupoids in pro-
position 1.2 is regular as long as each column of A' (and hence of all the other
permutation arrays) contains at least two entries.
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An r-design is a v x b matrix D with entries in the set {0, 1} such that the sum
of the entries in each row is equal to r and with the further requirement that each
column contains at least one entry equal to 1.

From the geometric standpoint D represents the incidence matrix of an incidence
structure (2, %,1) to which usually the term “design” is reserved: each point is
incident with exactly r blocks and each block is incident with at least one point
(cfr. [5]) Each point p e £ is represented by a row of D and each block Be 4 is
represented by a column of D.

In the sequel we shall always denote an r-design by its incidence matrix D even
though all the definitions and properties could be stated in terms of points and blocks
rather than of rows and columns (as for instance in [5]).

A resolution class of D is a set of columns of D with row-sum equal to 1, i.e.
the sum of the columns of the set (cosindered as column vectors) is the column with
all entries equal to 1. Equivalently we can say that for a given row there exists a unique
column of the resolution class having entry 1 in that row.

A resolution of D is a partition of the columns of D into resolution classes.
Clearly each resolution of D contains r resolution classes. An r-design which admits
a resolution will be called resolvable. Given a resolution R of the r-design D we shall
usually assign a numbering to the resolution classes of R. Thus the concept which we
consider is rather that of an ““ordered” resolution of D.

If R={R;,R,,...,R}, R"={R}, R}, ...,R;} are two resolutions of the
r-design D, we say that they are orthogonal if and only if |Rj N R,’,| <1 for all
ibhe{l,2,.. r}.

Let D = ((d;;)) be an r-design of size v x b and suppose R = {R;, R, ..., R,}
is a resolution of D. Denote by D; the column

dy;
dy;
d,;
of D. For i,i"e€{1,2,...,v} define G, (D) ={j:1<j<b,d;=d;; =1} and
Gii(D,R)={s:1<s<r DjeR,, d;;=d;; = 1}. The symmetric v x v matrix
G(D) = ((G;,+(D))) is called the intersection structure of D; the symmetric v X v
matrix G(D, R) = ((G;,;(D, R))) is called the intersection structure of the resolvable
design D associated to the resolution R. It is easy to provide examples showing that
the intersection structure G(D, R) does depend on the resolution R: even orthogonal
resolutions may give rise to distict intersection structures, as shown in figure (1.4).

2. Equivalence statements and a construction

In this section we prove the equivalence between an r-design with ¢ + 1 mutually
orthogonal resolutions and a set of ¢t mutually orthogonal permutation arrays.
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Proposition 2.1. If there exists an r-design with v rows which admits a set of t + 1
mutually orthogonal resolutions, then it is possible to construct a set of ¢t m.o.p.a.
(v x 7). Moreover the intersection structure of the arrays turns out to be the same as
the intersection structure of the design relatively to one (previously fixed) resolution.

Proof. Let D = ((d,,)) be an r-design of size v x b and let

be the m-th column of D. Suppose R°, R, ..., R* are mutually orthogonal resolutions
of D. Denote by R", R%, ..., R" the resolution classes of R", h =0,1,...,t. For
k =1,2,..., t define the v x r matrix A* = ((a};)) by setting:

aj; = s <> there exists m such that d;,, =1 and D, eRj nRk.

It is not hard to verify that A', A%, ..., A" form a set of m.o.p.a. (v x r) and that for
each k = 1,2,...,t, F(4") = G(D, R°). O

The above proposition is actually the first part of theorem 2.1 in [5]; the second
part of that theorem does not hold if we only require the arrays to be orthogonal in
the sense of [5], but it does hold if the arrays are orthogonal according to the defini-
tion in section 1 of our paper. The permutation arrays in figure (2.1) are orthogonal
in the sense of [5] but not in our sense since they are not similar.

Proposition 2.2. If A", A%, ..., A" are m.o.p.a. (v x r), then it is possible to construct
an r-design with v rows which admits ¢t + 1 mutually orthogonal resolutions. More-
over the intersection structure of the design relatively to a certain one of these resolu-
tions turns out to be the same as the intersection structure of the arrays.

Proof. Set A* = ((a};)) and assume the set of entries is {1, 2, ..., r}. For each
j = 1,2, ..., r the number of distinct entries in the j-th column of the matrix A* does
not depend on k, because of similarity; call e(j) this number. Label the entries of the
j-th column of 4* as bY,, b,, ..., bl,;,: such labelling must be done starting from the
top of the column going down and giving the next available label to the next new
symbol encountered. Foreachj = 1,2, ...,rand foreachx = 1, 2, ..., e(j) introduce
a column D;, which has v rows and has entry 1 precisely in the rows where the j-th
column of A* has entry b%, (0 elsewhere). Set

D = (Dyy, Dygsoovs Dygirys Days Doy ooy Dagays o+ Dypys Dyay <oy Dyery) -
It is readily seen that D is an r-design. Define resolution classes
R} ={Dj,:x=1,2...e(j)} j=12..r;
RE={Dj :b,=m} m=1,2..,r, k=12,...,1;

28



define resolutions

R° = {R},RY, ..., R} ;
R ={R{, R, ..,R} k=1,2..¢.

It is not hard to verify that R,, RY, ..., R* are mutually orthogonal resolutions of D
and that G(D, R®) = F(4*)foreach k = 1,2,..., 1. O

From the above statements we have that if we want to construct an r-design
with v rows possessing two orthogonal resolutions we can simply write downa v x r
permutation array; of course the matter becomes more complicated if we require
that the design enjoys further incidence properties, for instance the property of being
a balanced incomplete block design (for an account of what is known on balanced
incomplete block designs with two orthogonal resolutions see section 1 of [16]).
Balanced incomplete block designs with three or more mutually orthogonal resolu-
tions have also been constructed: see section 2 of [16] or section 1 of [8], [17].

We give here a construction of sets of m.o.p.a. which is based on latin squares.
Let t, s be integers t, s = 2. Let m,, m,, ..., m,; be integers such that for each I e
€{1,2,...,s} there exist ¢ mutually orthogonal latin squares of order m;, say
A}, A}, ..., A}, with AF = ((df;) ke€{1,2,...,t}, i,j,€{0, 1,...,m; — 1}. Let us
also assume that: the squares A}, Af, ..., A} have entries in the set {1, 2, ey ml};
the squares A}, A3, ..., A5 have entries in the set {m; + 1, my + 2,...,m; + m,};
...; the squares A!, A2, ..., A! have entries in the set

s

{(:zllm,) + 1, (sé:zm,) +2, ..., IZ m} .

=1
Set

s
r=zm‘,
=1

v = least common multiple (m,, m,, ..., m,). For ke {1,2,...,t} construct a v X r
array A* as follows. For i€{0,1,...,v — 1} and le{L,2,...,s} let i(l) be the re-
mainder of the division of i by m,. Then row i of A* is obtained by writing sub-
sequently row i(1) of 4%, row i(2) of A5, ..., row i(s) of A%

Proposition 2.3. The arrays A, A%, ..., A® constructed above form a set of m.o.p.a.
(v x 7).

We omit the proof, which is a simple check; we illustrate the procedure with an
example in figure (2.2): the parameters are t = s =2, my = 3, m, = 4. Let us
remark that since two orthogonal latin squares exist for all orders different from 2,6
the above procedure gives us many possibilities for constructing two orthogonal
permutation arrays (i.e. design with three mutually orthogonal resolutions, even
though the designs will not be balanced incomplete block designs).
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3. Bounds and seminets

Proposition 3.1 which follows here below is an obvious generalization of theorem
3.1 of [5] to our situation (we are considering also permutation arrays which are not
equidistant).

Let D be an r-design. A complete column is a column with all entries equal to 1.
If R is a resolution of D then a complete column of D forms itself a resolution class
in R. Hence if we delete a complete column from D we also throw out a resolution
class in R, obtaining thus an (r — 1)-design D’ with resolution R’. If R, S are ortho-
gonal resolutions of D, then the resolutions R’, S’ obtained after deleting a complete
column are orthogonal resolutions of D’. Hence with no loss of generality we can
assume that D has no complete columns. If we look at this fact from the standpoint
of permutation arrays (via the equivalence theorems of section 2) it amounts to
considering permutation arrays such that each column contains at least two distinct
entries, which we can always assume, as pointed out in section 1.

Proposition 3.1. Let D be an r-design with v rows (v = 2) and let R% R', .., R’
be mutually orthogonal resolutions of D. Furthermore assume D has no complete
columns. Set 2 = min {|G,-,i,(D, RO)I: i,i"e{l,2,...,v},i # i’} (i.e. Ais the minimum
number such that two distinct rows of D have in common A column entries equal
to 1). Then ¢t + 1 < r — 4, and if equality holds then A = 0.

Proof. Set D = ((d;;)) i = 1,2,...,v,j = 1,2, ..., b. Consider any column D;
of D and an index i such that d;; = 0 (which certainly exists since there are no com-
plete columns). In each resolution R*, k = 0, 1, ..., t, there is a unique resolution
class to which D; belongs and in this resolution class there must be a unique column D,
such that d;, = 1. Moreover D, has entry 0 in all positions where D; has entry I.
Hence t + 1 is bounded by the number of columns having entry 1 in row i and entry 0
in all rows where D; has entry 1.

Case 4 > 0.

In this case two distinct rows have at least a common 1. Let g, s be distinct indices
such that row g and row s have exactly . common 1’s. Let j be such that d,; = d;; = 1
and let i # g, s be such that d;; = 0 (again we need the fact that there is no complete
column). We have |{m tdyn = diy = 1}| 2 4. Thus, since there are exactly r
columns having entry 1 in row i, there are at most » — A columns having entry 1
in row i and entry O in all rows where D; has entry 1. Suppose the number of such
columns is exactly » — 1. Then l{m g = diyy = 1}| = A. Since there must be at
least 2 columns D, such that d,, = d;,, =1 we have {m:d,, =d,, =1} =
={m:d,, =d,, =1}. Fromd;; =0,d,; = d,; = | we get |{m:d,, =d,,
= 1}| = 2 + 1 contrary to the fact that row g and row s of D have exactly A com-
mon 1’s. Hence the number of columns with entry 1 in row i and entry 0 in the rows
where D; has entry 1 is strictly less than r — 4, ie. t + 1 <r — A
Case 4 = 0.

Il
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Let i, g be two distinct indices such that row i and row g have no common 1. Let D;
be a column with entry 0 in row i and entry 1 in row gq. There are precisely r columns
having entry 1 in row i, hence the columns having entry 1 in row i and entry 0 in all
the rows where D; has entry 1 are to be found among these r columns, i.e. t + 1 <
<r=r-A4A O

As a direct consequence of the previous proposition and of section 2 we have
the following statement.

Proposition 3.2. Let A*, A%, ..., A" form a set of m.o.p.a. (v x r) with v > 2 and such
that each column of every array contains at least two distinct entries. Set 4 =
= min {|F,-’i,(A")| ti,i'=1,2,..,r}. Then t <r — 4 — 1.

We remark here that the pair of 2 x 4 permutation arrays shown in figure (2.1)
does not satisfy this bound. Moreover, in case the arrays of proposition 3.2 are latin
rectangles, we obtain the usual bound t < r — 1.

We give here the definition of a k-seminet as in [14] or [15]. Let T be a non-
empty (finite) set and let L;, L,, ..., L; (k = 3) be non-empty mutually disjoint
families of subsets of T. The elements of T are called points and the elements of the
sets L,, L,, ..., L, are called lines. Then (T, Ly, L,, ..., L) is said to be a k-seminet if

(3.1) any two lines from different classes L;, L; intersect in at most one point;
(3.2) the lines of each class L; form a partition of the point set T.

The numbers m = max{|L,.| ci=1,2,...,k} and n = max{|l, :leLyuL,u...
... U L} are called respectively the L-order and the T-order of the k-seminet. If all
the lines have the same cardinality n and hence all classes L, have the same number
of lines m, then we get a so called (m, n)-Mano configuration (cfr. [10]); in such
case if m = n then we have a k-net of order m (see for instance [7]).

Let D be an r-design with ¢ + 1 mutually orthogonal resolutions (r > 2).
Clearly the columns of D and the resolution classes of the given resolutions are respec-
tively the points and the lines of a (# + 1)-seminet in which the L-order is equal to r
(the cardinality of each resolution). In this seminet there are further subsets of points
corresponding to the rows of D (for a given row consider the set of columns having
entry 1 in that row): the intersection of each of these subsets with each line contains
exactly one point and of course these subsets cover the set of points. We should remark
that a family of subsets with these properties does not always exist in a seminet, take
for instance the 3-seminet given by

T ={1,2,3,4,5,6,7};

Ly = {{1,2}, {3,4}, {5,6,7}} ;
L, = {{1,7}, {2,3,6}, {4,5}};
Ly = {{1,3,5}, {2,7}, {4,6}};
(note that |L,| = |L,| = |Ls| = 3).
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Conversely, if a (t + 1)-seminet (T; Ly, Ly, ..., L,4,) is such that |L,| =
= |L2l =..= |L,+1| = r and there is a family & of subsets of T which covers T
and with the property that each element F of & intersects each line exactly once,
then we can construct an r-design with ¢t + 1 mutually orthogonal resolutions in the
following way. Assume T = {1, 2,..., b} and |.7"| = v. For each element F of &#
form a 1 x b row with entry 1 in position j if j € F, entry O if j ¢ F: with these rows
form a v x b matrix. Each line [ of the seminet gives a resolution class, namely the
set of columns whose indices belong to I, and similarly each family L; gives a resolu-
tion, namely the set of those resolution classes deriving from the lines of L;.

4. Similarity and extension by rows

We have defined orthogonality only for similar permutation arrays: clearly
similarity is an equivalence relation and we can speak of the similarity class of a given
permutation array (i.e. the set of all permutation arrays which are similar to the given
one). The following proposition shows that the similarity class of a permutation
array may be very poor in some cases.

Proposition 4.1. Let A and B be standardized v x r permutation arrays and assume
that the set of permutations given by the rows of A has the following property (4.1)
the stabilizer of each element is transitive on the remaining elements.

Then if A and B are similar we have A = B.

Proof. Set A = ((a;;)), B = ((b;;)) and suppose a;; = x and b;; = y with
x + y. Since the arrays are standardized we have i # 1. Also x # j, y % j (other-
wise from a,; = j or by; = j and the fact that A and B are similar we get a contra-
diction). From hypothesis there must exist an index m such that a,, = y, a,; = x
(i.e. row m fixes y and moves j to x). From apmj = a;; = x We get b,,; = b;; = y.
From a,, = a,,,y we gety = b,, = b,,,. Hence b,; = b,, = y with y % j, contra-
dicting the fact that row m of B is a permutation. O

As a corollary to proposition 4.1 we can say that if a permutation array A is
such that its rows form a 2-transitive set of permutations then the similarity class
of A consists of A alone.

Let A, A2, ..., A® form a system of similar v x r permutation arrays. We say
that the system is extendible by rows (or row-extendible) if it is possible to adjoin
one row to each of the arrays (distinct from the previous rows) so that the resulting
(v + 1) x r arrays are similar permutation arrays.

We shall be mostly interested in row-extending sets of orthogonal permutation
arrays, in particular orthogonal latin squares.

Let A4 be a latin square of order r. A column-transversal of A (briefly: c-trans-
versal) is a set of r cells of A such that

(4.1) no two cells are on the same column;
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(4.2) not all the cells are on the same row;

(4.3) no two cells contain the same entry.

Clearly such notion is a generalization of the concept of transversal (cfr. [7]).

Proposition 4.2. A set of latin squares of order r is row-extendible if and only if the
squares admit a common c-transversal.

Proof. Let A', A%, ..., A" be the squares, 4* = ((a};)). Suppose they are row-
extendible and let (a}, 1, a1 1,2 .- abyq,,) be the adjoined row of A*: call B
the resulting (r + 1) x r permutation array. Since 4* is a latin square, for each
je{1,2,...,r} there exists a unique index i(j) such that af,, ; = af;, ;. Clearly i(})
is independent of k because of the similarity of the permutation arrays B!, B2, ..., B".
It is easily checked that the cells (i(1), 1), (i(2), 2), ..., (i(r), r) form a c-transversal
in each square.

Conversely suppose the cells (i(1), 1), (i(2), 2), ..., (i(r), r) form a c-transversal
in each square. Then define the adjoined row by setting for each k : a',‘“,j = a'lf(j),j.
It is easily seen that the obtained matrices form an extension by rows of A, 42, ..., A".

' O

The extending procedure of the above proposition is somewhat similar to the
prolongation process for latin squares described on page 39 of [7]

In figure (4.4) we exhibit a pair of orthogonal latin squares possessing a c-trans-
versal which is not a transversal: the squares are taken from the complete system
shown in figure 8.4.3 in [7].

If A', A%, ..., A® are mutually orthogonal latin squares of order r possessing
an orthogonal mate, then they have r disjoint common transversals and thus it is
possible to adjoin r new rows to each square maintaining similarity.

Proposition 4.3. A complete set of latin squares is not extendible by rows.

Proof. Let us prove that a complete set of latin squares cannot possess a common
c-transversal. In fact a c-transversal contains two cells which are in distinct rows and
distinct columns. By a well known property of complete systems of latin squares
(and more generally of latin rectangles, cfr. [13]) there exists a unique square of
the set having the same entries in the two cells, contradiction. O

The requirement that the added row must be distinct from the previous ones is
crucial as the following example shows. Let 4!, 4%, ..., A' form a system of similar
v x r permutation arrays, A* = ((ak,)) with g€ {0,1,...,v — 1}. Fix a positive
integer f. For i €{0, 1, ..., of — 1} define: b}; = a}; if and only if [ is the remainder
of the division of i by v; set B* = ((b%;)). Then B!, B?, ..., B' form a set of similar
of x r permutation arrays, as it is easily checked. Moreover if A4, A2, ... A are
mutually orthogonal then so are B, B?, ..., B'.

Proposition 4.3 might not be true if we take a set of orthogonal squares which is
maximal but not complete (maximal means that the squares donot have a common
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orthogonal mate): for instance it has been shown in [9] that there exist two orthogonal
squares of order 10 with a common transversal but no orthogonal mate.

We shall say that a permutation array A is transitive if each symbol appears
at least once in each column (in other words the permutation set given by the rows
of A is a transitive set of permutations). Clearly if 4 is transitive and B is similar to 4,
then B is also transitive.

Proposition 4.4. Suppose A', A%, ..., A' form a set of transitive m.o.p.a. (v x r)
with the property that it is possible to adjoin s rows to each array so that the resulting
(v + s) x r permutation array B', B%, ..., B* are similar. Then B!, B ..., B' are
mutually orthogonal.

Proof. Set B* = ((b};)). Suppose b}; = b, and bf; = bl.;, with h + k. Then
distinguish cases.

a)1<i,i'sr
Then from the orthogonality of 4%, A" we get j = j'.

b) one or both of i, i’ are greater than r. Than there exist ¢, ¢’ such that 1 <
<4q,q <r and b}; = b, b}, = b.,.. Since B*, B" are similar we have also the
equalities bf; = b

R ph  _ ph ko 1k ho_ pho .
g Dirj» = by ;.- Hence we have by; = by.;. and by; = by.;.: now we

are back in case a). 0

As a particular case of proposition 4.4 we have that if it is possible to extend by
rows a set of mutually orthogonal latin squares, then what we get is a set of m.o.p.a.

Proposition 4.4 may be false in case A*, A2, ..., A are not transitive. Even if we
start from a complete set of latin rectangles, we may be able to add one row main-
taining similarity but not orthogonality as figure (4.5) shows; the 2 x 6 latin rectan-
gles exhibited there could have also been extended to a set of five latin rectangles
of size 3 x 6(see theorem 3.1.1 of [ 7]): such set cannot consist of mutually orthogonal
latin rectangles otherwise it would be possible to construct a pair of orthogonal
squares of order 6 (see for instance [2]), while it is well known that such possibility
does not exist.

5. Systems of mutually orthogonal latin rectangles

We report here some results about the construction of systems of mutually
orthogonal v x r latin rectangles (briefly: m.o.Lr. (v x r)).

Proposition 5.1. Let r, v be integers such that r = v = 2 and v does not exceed the

smallest prime divisor of r. Then a set of r — 1 m.o.L.r. (v X r) can be constructed

([13D-

The construction of the rectangles in proposition 5.1 makes use of the ring of
integers modulo r: the first author in [2] has generalized this construction to other

34



rings and groups, obtaining also some non-isomorphic systems of m.o.Lr. (v x r) for
some given parameters v, r. Note also that since any set of m.o.L.r. (v x r) contains at
most r — 1 elements, we have that the systems constructed in [13] reach this bound
(i.e. they are complete systems).

The following result yields several constructions of sets of m.o.l.r. which are
incomplete in most cases.

Proposition 5.2. If (aj, a3, ..., a,),(a%, a3, ..., a?), ..., (a}, a5, ..., al) are v-tuples
with entries in {0, 1, ..., r — 1} (r 2 v 2 2) such that the entries of each v-tuple are
distinct and for each pair of distinct indices h, k the differences a — a%, a — a5, ...
..., ay — aj are all distinct modulo r, then there exists a set of # m.o.Lr. (v x r)([12]).

In [12], an application of the above technique gives sets of v — 1 m.o.L.r. (v X r)
withvanoddprimeandrng—3orr=20—5(incasev§5)orr=2v—7
(in case v 2 7). Systems of v — 1 m.o.Lr. (v x r) are also obtained in [1] with v an
odd prime and r = 2v. Note that the partial orthogonality defined in [1] is the same
as usual orthogonality once the rectangles are standardized.

The following result can be obtained as a special case of proposition 5.2.

Proposition 5.3. If there exists a permutation (ao, ay, ..., a,—;) of the elements
0,1,...,7 — 1 such that for some m (m < r) we have the following property:

. or all ke{l,2,...,m; the numbers of the sequence b; = a;,, — a;(mod r
5.1) fi lke{l h b f th b% d
i=0,1,...,r — (k + 1) are all distinct;

then there exists a set of m + 1 m.o.l.r. ((r — m) x r) ([15] or [14]).
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(1.3)

1 2 r

1 q,(1) g,(1) q,(1)

2 | @@ 9 22

r ql.(") qz.(") qy.(’)

(1.4)
1234567891011 1213 1415
101010100 1 0 0 1 00
D=[011001010 01001 o]

010110001 00 1 0 01
Ry = {1,2} Ry = {1,8,15}
R, = {3,4} Ry = {3, 12}
Ry = {5, 6} Ry = {5, 14}
R,={7,8,9} Ry ={1,4,11}
Rs = {10, 11,12} 5 =={10,2}
Re = {13, 14,15} Ry = {13,6,9}

R={Ry, Ry, R3, Ry, Rs, R} R’ = {R{, R}, R}, R}, RS, R}

R and R’ are orthogonal resolutions of D.
Since G,3(D, R) = {1} and G,3(D, R’) = {5} we have G(D, R) = G(D, R’).

2.1
1234 1234
2134 1243

(2.2)
A} A}
123 4567
231 6745
312 7654
5476
A} A3
123 4567
312 7654
231 5476
6745
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Al
123 4567
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123 4567
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231

6745

5476
123 6745

312 7654

123 5476

312 45617

231

45617
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7654
123 5476
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123 7654
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231

45617
123 7654
312 5476

231

312 4567

123 6745

7654
312 5476

231

6745

231

4.4)

[1[2[3]4]5]6]7 8 9

[1]2]3]4]5]6]7 8 9

48

5327196

489675231

53

96127 4[8

815342967

361987452
798261345

794368125

215837964

856943210
4871253[96

678591432
349682571

5371946 2(8]
642819573

956723814

274538196

(4.5)

0123 4[5

(=]
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012345
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012345

345012

051234
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