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Department of Chemical Physics, Charles University, Prague*)

Received 29 September 1982

1t is shown that using some properties of the Bessel functions the integro-differential general-
ized master equation can be transformed into a system of linear matrix equations. The simplicity
of the system makes possible wide applicability of this method. Various properties of this repre-
sentation of the generalized master equation together with an illustrative example are given and
discussed in detail.

B pabore moxa3aHO YTO C NMOMOLIBIO HEKOTOPBIX CBOMCTB ¢yHKumMii beccens BO3MOXHO
uHTerpo-nuddepeHunanbHOEe 0000IMIEHHOE KHHETHYECKOE YPABHEHHE CBECTH K CHCTEME JIMHEHHBIX
MATpHYHBIX ypaBHeHMil. [IpocTOTa 3THX ypaBHEHHIf ITO3BOJISAET LIMPOKOE NMPHUMEHEHHE 3TOr0 MOI-
xona. JleTaibHO OBCYXJAFOTCH pa3Hbie CBOKCTBA 3TOro NpeACTaBIEHHA 0000MEHHOrO KHHETHYECKO-
rO ypaBHEHUS ¥ IPHBOJAUTCS MPOCTOM IIPUMED €r0 IIPHMEHEHHUS.

V praci je ukdzano, Ze s pouZitim né&kterych vlastnosti Besselovych funkci lze integro-
diferencialni zobecnénou kinetickou rovnici pfevést na systém linedrnich maticovych rovnic.
Jednoduchost tohoto systému umcZiiuje $irokou pouZitelnost navrzené metody. V praci jsou
uvedeny a diskutovdny rizné vlastnosti této reprezentace zobecnéné kinetické rovnice spole¢né
s ilustrativnim piikladem.

1. Introduction

Starting from the work of Pauli [1], the master equations play an important
role in various fields of physics. We mention here the theory of transpoit phenomena
and relaxation processes and the theory of lasers. Further examples and references
are given e.g. in [2].

The most general form of the master equation is the so called generalized master
equation (GME) [3, 4]. 1t is convenient for example for the unified description of
the coupled coherent and incoherent motion of excitons.

The most elegant way of the derivation of GME is based on the decomposition
of the density matrix ¢ into some relevant and irrelevant parts. Starting then from the
Liouville equation for g, the equation for the relevant part only (usually the diagonal

*) Ke Karlovu 3, 121 16 Prague 2, Czechoslovakia.
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of @) can be derived. This non-local in time integro-differential equation is known as
the generalized master equation. This equation for the relevant part of g contains the
kernel consisting of so called memory functions which aie characteristic for a given
system and do not depend on the dynamical process in question. For given memory
functions and initial conditions, the time evolution of the relevant part of g is given
by GME. On the other hand, if the time evolution of ¢ is known (for example from
the solution of the corresponding Schrédinger equation), GME can be used for the
evaluation of the memory functions.

In this work, we describe a new way of the solution of GME based on some
properties of the Bessel functions. The simplicity of this approach leading to a system
of linear matrix equations makes possible to take into account the most general form
of GME with the so called non-retarded texms (section 2). The expansion of the
probabilities in terms of a simple modification of the Bessel functions is discussed
in section 3. Simple example illustrating the foregoing theory is given in section 4.
The time scaling proceduie is described in section 5. The appendix summarizes
the relevant results from the theory of the Bessel functions.

2. Algebraic Representation of GME

In this work, we discuss GME in the form

t
IPult) _ " sk, (1 = 5) Po(s) ds + 0u(t). (1)
dt on
where P,(t) are the diagonal elements of the density matrix, K,,,(t) are the memory
functions and Q,(t) are so called non-retarded terms. Although P,() and Q,(t)
are not in general independent [4], P,(), K,.(f) and Q,(f) may be from our point
of view arbitrary functions satisfying (1). In many important cases the non-retarded
terms vanish [2—5].

To simplify the notation, we re-write GME (1) into the matrix form. For this
aim, we consider the probabilities P{() and the non-retarded terms Q%(¢) for dif-
ferent initial conditions P{’(0) and the corresponding Q4(0), i = 1,2,... and
define matrices

P(1), PP(1), ...
P(t) = | PV(1), PP(2), ... (2)

and
o(1), 02(1), ...
(1) = [ (1), 2(0). - |- )
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GME (1) then becomes

t
dP(t) _ J K(t = ) P(s) ds + Q). @)
dr .

where K(t — s) = {Kp(t — 5)}ms=1.2,... is also matrix. For the problem of the order
N (m runs from 1 to N) we use N independent initial conditions so that all three
matrices P(z), K(r) and Q(¢) are the square matrices of the order N.

The right hand side of GME (4) contains the time convolution between K(t — )
and P(s). One way of its solution consists in the application of the Laplace transform
to (4) which leads to a product of the corresponding transforms instead of the
convolution of the originals (see e.g. [5]). Instead of using the Laplace transform,
we make use of the Neumann type series (see Appendix) for the expansion of P(t),
K(¢) and Q(¢) as functions of time.

For this aim, we define functions

J,@:W, i—o,1,..., 5)

where J(t) are the Bessel functions of the first kind. From our point of view, these
functions have the following important properties

dJot) _ _, 5 a
dt B %Jl(t)’ (6)
PO 470 - @1 =12 )

and
J' Tt = 5) T(s)ds = Tou,a(t) ()

leading to a significant simplification of (4).
We assume now that P(t), K(f) and Q(t) are expanded in terms of the functions

J{(2)
P(1) = .g‘opi Ji(1), (8)

(1) =§) K, J{1) ©)
and
o =3 0:7(). (10)

where P;, K; and Q; are the matrix-type expansion coefficients. It appears that the
mathematical assumptions for which the series (8)—(10) can be used are sufficiently
general (see Appendix).
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Substituting now (8)—(10) into GME (4) and equating the coefficients before
J (1) on both sides of (4) we get the following infinite system of matrix equations

3P, = Q, (lla)

3(P, — Po) = KoPy + Q4 (11b)

%(PS"Pl)fKopl'*'KlPo'*'Qz» (11c)
’ i—-1

YPisy = Po) =Y KPiy, + Qi i=12, ... (11d)
i=o

Thus, it appears that GME (4) is equivalent to the matrix system (11) which represent
the reccurrent relations for the determination of one unknown functionfrom P(t), K(t)
and Q(t) in terms of two remaining ones.

If the matrix coefficients K; and Q; are known, the matrices P; can be evaluated

in an obvious way. Assuming that the initial value P(0) is given it follows from (A4)
that

P, = 2P(0). (12)
Further matrices Py, P,, ... can be found from (11)
Pl = 2Q0 > (13)

P2=2(K0P0+Q1)+P09
P; = 2A(KoP, + K Py + Q,) + P,

If the memory functions are to be evaluated, we solve (11) in a similar way
Ko = [3(P, = Po) = Q,] P5 ", (14)
K, =[%(P3—P1)—K0P1 - QZ]PSI,
K2=_ B(P‘t_Pz)"Kon_KxPl - Qs]Pc;l-

Note that the matrix P, is regular for independent initial conditions so that Py '
exists. In many cases (see e.g. [5]) the initial condition has the form P(0) = 1 so that
Pyl =05.1 _

The evaluation of Q; in terms of P; and K; is straightforward and requires no
comment.

Multiplying equations (11) by Jo(), J,(1), ... and summing them we get the fol-
lowing form of GME

%t) S (T K P ) ) + 0. (15)



This equation explicitely displays the essence of our method. The “‘continuous”
convolution in (4) is transformed to a ““discrete” convolution in (15). In the discrete
convolution, time ¢ appears in the functions J () only. GME (15) is local in time,
however, the value of the convolution depends on all X;, P,, (i =0,1,... orasit
can be shown on all detivatives of P(r) and K(t) at t = 0. Truncating the series
(8)—(10) i.e. assuming P; = K; = Q; = 0 for i > n, we search for the solutions
exact to the n-th power of ¢ (see (A1)). It follows from (15) that the corresponding
truncated expression for the convolution is then exact to the (n + 1)-th power of t
so that it can also be truncated. Therefore, this form of GME is particulaily suitable
for finding approximate solutions exact to a given power of .

.

3. Evaluation of the Matrices P;

In this section we discuss the way by which the memory kernel K(¢) can be evalu-
ated. Assuming the initial conditions for which Q(f) = 0 we find the matrix of the
probabilities P(t) from the solution of the corresponding Schrédinger equation
Having P(t), we derive the formulae from which the matrix coefficients P; can be
evaluated. The calculation of the memory kernel from (14) and (9) is then straight-
forward.

We consider here the problem of the motion of excitons in the coherent case
(see e.g. [5]). For this aim, we assume the time independent electron hamiltonian

H=Y |m)H,,<n|, - (16)

where |n> are some localized states. We suppose here that the solutions of . the
Schrodinger equation
Hl = B (17)

are known and introduce frequencies w, by
E, = ho, . (18)

In the representation of the states ln), Eq. (17) becomes ‘

Y Huln | @) = ESm | a). (19)
Our aim, however, is to investigate solutions of the time Schrodinger equation

., 0

ih— <[> = Hn |y (20)
which has a general solution

(n |y = Ye,exp (—iwgt) (n|a). T (21)
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Now, as it is usual we require the fulfilment of N independent initial conditions

n|y(t=0),=6,, p=1,..,N, (22)

i.e. we assume that the solution (21) is at t = 0 localized at site p, p =1, ..., N.
This requirement directly leads to

(n | Y1)y, = Y (n| oy exp (—iw,t) x| p) - (23)

Further let us denote the probability to find the excitation at site n by P{(1),
where p denotes the initial localization of the excitation

P ’('p)(o) = 0, - (24)
We get from (23)

PP() = [Kn [ ylo)y,|* = ZﬂGﬁf’ ) exp (~ i), (25)

where the elements of the matrix G®” are formed by the components of the eigen-
vectors {n | o)

GiP = (n|ay<a| p><p| B> <B|n). (26)
Therefore, the matrix of the probabilities appearing in (4) equals
P(t) = Y G exp (—iwgt) - (27)
a,p

The matrices G“P are in general hermitian
GO — GEp* (28)

and fulfil the relation
G@P = GP»* (29)

For the real hamiltonian the matrix of the probabilities is symmetric

P(t) = Z,, G cos (w,yt) = P(1)" . (30)

Assuming now that P(t) (27) is known we evaluate the matrices P; in the expan-
sion (8). Since the only time-dependent term in (27) is the exponential one it is suf-
ficient to determine the coefficients c,(w) of the expansion

exp (—iwt) = Y ¢ () J,(1). (31)
n=0
First we determine co(w). Putting ¢ = 0 and using (A4) we get
1= Z cn(w) jn(O) =1 CO(“’) (32)
n=0
so that :
co(w) =2. (33)
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In order to determine c,(®), n = 1,2, ... we calculate the derivative of both sides
of (31) and use (A3)
0

—iw exp (—iwt) = co(w) (—3) T1(t) + ¥ ci(@) (o= 1(t) — Tors(1)) . (34)

1

Substituting for exp (—iwt) from (31) and equating the coefficients before J,(7),
n=20,1,2,... on both sides we get the following reccurrent formulae

ci(w) = —2iw co(®), (35a)
enr1(@) = ¢, y(0) = 2iw c(w), n=1,2,.... (35b)
For a given o, these equations and Eq. (33) determine c,(w), n = 0, 1, 2, ... uniquely.

Because of the difference equation (35b), the coefficients c,(w) are closely related
to the Gegenbauer and Tschebyschev polynomials [6].

The matrices P, necessary in (11) can be now easily found. It follows from (27)
or from

P(t) = Y G*P exp (—iwgt) = Y. P, J,(1) (36)
ap n=0
that
P, =Y GCP Co(@4p) - (37)
ap
Since
(@) = (=1) ¢)(— ) (38)
we get also
P, =2 ZG(“"’ + 23 cyfw,s) Re GP (392)
a a<p
and
Pov1 = 21 ) copr1(@yg) Im GEP) . (39b)
a<p

These formulae are general. If the hamiltonian is real we get

Py =0 (40)
and
Py = P (41)
In many cases, P(t) is an even function of ¢ so that the expansion of cos (w,st)
instead of exp (—iw,4t) is necessary. The coefficients of the expansion

coswt = Y b(w) J,(?) (42)
n=0
can be determined analogously. First it is obvious that
b,(®w) = Re c,(w) (43)
so that
b2k+1(w) = 0 . (44)
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For non-zero coefficients we get the reccurrent relations
bo =2, (45)
by, =2 — 82,
byksz = (2 - 4w2) ba — bay—2 -

It follows from (37) that the matrices P; are determined by the energy spectrum
of the hamiltonian (w,; = (E, — E,)[h) and the corresponding eigenvectors (ma-
trices G®). According to (14), the memory kernel K(t) depends also on w,; and
G“P. This dependence, however, is in general complicated. For short times it is
given by

P(t) =Y P, J (1) (46a)
i=0

and
K@) = ¥ K T (1), (46b)

where P; = Pw,s G®') and K; = K{(w,s, G®”) with the accuracy to the n-th
power of 1.

4. Example

In this section, a simple example illustrating the use of our approach is
given. Further applications are prepared for the publication.

It is well known that the problem of the excitons in dimer with the hamiltonian
oV
H - (V O) (47)

A% .,V
cos? —t, sngt

= o (48)

. \'%
sin?—t, cos® —t
h h

leads to the probabilities

and the constant memory kernel
2V2 [ —1 1
K(t) = — ’ . 49
0=%(7 ) ()
It can directly be verified that these P(t) and K(t) satisfy GME (4) with Q(r) = 0.
First we introduce a new time scale by the substitution

;:—lat. (50)



Using then the method of section 3 we get as a result

20 = (Goo o t) = 2, Paa Tl (s1)

sin? 1, cos? t

n=0
and
-2, 2 i -
K =("5 _3)= ZKaTal0), (52)
where
2 —_ 24hnil (2" - s)! (_1)n—s+1 24'1"_1 (2” - s)! (—I)"—s+l
o 2%st (2n = 2s)!T T S0 2%s! (2n = 2s)!
P2n = (53)
24nnil (2" _ S)' (_l)n—s+1 2 a 24:-1 (2n _ S)' (_l)n—s+l
s 2%s! (2n — 2s) sso 2%s! (2n — 2s)!
and

om0, o

The first few matrices P, have the form

2,0 _[(—14, 16 _( 210, —208
P"’“‘(o, 2)’ Pz _( 16, —14)’ P“‘(—zos, 210)’ (53)
p._ [—2910, 2912
° 7\ 2912, —2910/°

Matrices P,,,, and K,, . are equal to zero.

5. Time Scaling

The method developed in this paper is based on the infinite expansions (8)—(10)
of P(1), K(r) and Q(¢) in terms of the functions J (). From the computational point
of view, the question of the rate of the convergence of these series and the possibility
of their truncation is to be analyzed. It may appear in this context that the expansion
in terms of the functions J(At) (A + 1) instead of J(t) is more convenient. This
generalization leading to the change of the form of the basis functions can be taken
into account in the following way.

Let us consider GME (4) and define a new time scale by

t=At, o = As. (56)
Then we get from (4)
dP'(z) - J"K'(T — o) P'(o)do + Q'(7) ' (57)
dz 0
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where

P(x) = P(:/4), Q(x) = Q(x/4) (58)

and

K'(7) = 1% K(x/4). (59)

Solving (58) we get the original solutions from

P(t) = P'(At), Q(t) = Q'(A1) (60)
and
K(t) = A’K'(AY). (61)

The time scaling generally leads to the change of the matrix coefficients P;, K; and Q;.
For example, in case of the dimer (section 4) we put A = 2 so that

PO = (G 1 s t) = 5 Pan a2 (©)

sin? t, cos*t) &,
and
-2, 2

K(r) = ( ) = 4% K,, J,(21). (63)
2’ -2 n=0
The expression for P,, then becomes

P, = (1 +(=1y@n+1), 1 —(=1y@2n+ 1)) (64)

L= (=1"@n+1), 1+ (=1)(2n+1)

- 1
Ky = ( i: _1) . (65)
The functions J,(t) appearing in (8)—(10) go for n > ¢t very quickly to zero so
that these series may easily be truncated. It means that to get a sufficiently exact
numerical solution on the interval (0, r) the number of terms of the series (8)—(10)
taken into account must be roughly equal or greater than t. For example, to get P(t)
or K(1) on the period (0, 7) with 7 digit accuracy, it is sufficient to take about 10 first
terms of the series (62) or (63).
From the computational point of view, the scaling parameter A is optional and
can be used for the optimalization of the convergence of the series (8)—(10).

and

6. Conclusions

The suggested way of the solution of GME is applicable to the most general
form of GME with non-retarded terms. There is no limitation of our method as far
as the spatial structure (one, two or three dimensions, perfect or distorted lattice)
and the composition (different chemical components, impurities) of the investigated
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systems is concerned. Because of its generality, it can be used in different fields
of physics. In comparison with other methods, it leads to a simple system of algebraic
equations which can be easily solved. The method is particularly suitable for search-
ing approximate solutions exact to a given power of t.
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Appendix

The functions

I =" ;u 1 (1). i (=" (21) m (A1)

2) m=om!(m + n + 1)!

have the following properties

d-Zot(t) = -1 jl(t) , (A2)
d_.}t(_t} =4Ji() = Tisi(8)], i=1,2,..., (A3)
T0) = 15, »

J:J,.(t — )T (s)ds = Tirnl0) - (A3)

The expansion of a given function in terms of the functions J,(¢) is one of the
forms of the Neumann series of the first kind [7]. Any function f(¢) which can be
expanded into the power series

=3 bit' (A6)
can also be expanded into the series
b(r) = Y. a, J.(1) (A7)
n=0

with the same radius of convergence. The mutual relation between the coefficients
of these series is given by
<n/2 (n _ S)'

2n+l 2

s=0 22’ !

by-3s (A8)

"



and

27 B2 () 1+
b, = Z ( ) ( )al-—Zm'

() wSol—2m+ 1\ m

A few examples is given below.

cost = 22)(—1)" (2k + 1) T,(1),

sin ¢ = 2§0(—1)k 2k + 1) Ty (1),
1= 2,‘20.72,‘0),

cos” 1 = 3 [1 + (=1} @2k + 1)] T(20).

@0

sin? 1= Y [1 = (=1 (2k + 1)] Tp(21).
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