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R4adové odhady velidin », = E[(X, — ©)2] pro Fabianovu
stochastickou aproximaéni metodu

MARIE VOSIKOVA
Katedra matematické statistiky MFF Karlovy university, Praha

(Doslo 21. prosince 1964)

Necht R je redlnd funkce, necht @ je hodnota, v niZ R nabyvé lokdlniho maxima.
V ¢&ldnku jsou za jistych omezujicich pfedpokladli odvozeny fddové odhady
velitin b, = E[(X, — @)?] pro Fabianovu aproximaéni metodu formulovanou
v praci (1).
Utitime predpoklady:
(a) Necht a, ¢, 7, 7 jsou ¢isla, pro néz
0<a, 0<c, O<r<1/2, 0<n.
(b) Necht pro kazdé ptirozené Cislo n plati
an = an~, cp = cnT .
(¢) Budiz Xj libovolnd ndhodna veli¢ina; pro » > 1 poloZme
Xns1 = Xn + an Yau,
kde Y. = Vu1— Va1,
Yu, 1t = Va,i + R(Xn + icn) »

i=—1,1,

kde V1,4, V1,1, V2,1, ... jsou nezdvislé, identicky rozdélené spojité ndahodné ve-
li¢iny, necht hustota f ndhodnych veli¢in V,,1 — Vi, -1 je spojitd v nule.

Budeme uvaZovat jen tu ¢ast funkce R — oznalme ji S, kterd je rostouci pro
x < O a Klesajici pro x > 6. Budiz S definovdna na <A, B>.
Kone¢né ptfedpokladejme, Ze (Xn + an Yn)e < A, B >, (Xn+cn) € < A, B>
pro vSechna n.

K fddovym odhadim veli¢in b, pro Fabianovo aproxima¢ni schéma je zcela
obdobné jako v praci [2], kde se vyS$ettuji fddové odhady b, pro Kiefer-Wolfowitzovu
aproximacéni metodu, pouZito lemmatu, které odvodil K. L. Chung [3].
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Lemma: Necht {b,} je posloupnost redlnych ¢isel, pro vSechna n > ng necht
plati

bn+1g(1—i) ba+ o s
n

ns

kde0 <s <1, s<t, ¢>0,c’ >0. Potom

!

. c
lim sup nt-8 b, < — .
n—>oo 4

Véta 1: Necht plati (a) (b) (¢). Necht S je parabola:
Sx)=—a(x—02 +8, kdea >0, 4 <O <B. Pak

nl

Ap = S(Xn + Cn) - S(Xn — Cn) 5

Dikaz:
Ozna¢me

f budiz hustota Vi, 1 — Vy,-1; oznaéme G(x) = [ f(v) do.
0

Je
E(Ya/Xa] = 2| f(0)do = 26(dy)
Z (¢) plyne ’
O E[(Xn11 — 0)%/Xy] = (Xa— 0)? + a; + 4an(Xn — 0) G(4a) .
Predpokldddme

Sx)=—a(x—02 +p, >0, A<6 <B.
Odtud Ay = — 4o cp (Xn—0);
(2) G(An) = Ay Gl(ﬁAn) :Anf('&An)-

Vzhledem k tomu, 2e | X, — @ | < B— A, plati 4, — 0 pro n— oo a tedy ze
spojitosti f v bodé nula, f(94,) — f(0). ProtoZe veli¢iny Vy,1 a Vp, -1 jsou spojité,
nezavislé a stejné rozloZené, je f(0) kladné.

Z toho plyne

3) Gdn) = — 4o cn(Xn—0){f(0) + P1sn e},
kde |f,n| < 1 pro vdechna n > ng(e) (a pro libovolné ¢ > 0).
Dosadime (3) do (1):
E[(Xn1—0)2 | Xu] = (Xn—0)2[1 — 16 0 an ca {f(0) + 1, ne}] + a2 .
Odtud

H 16 0) — 2
buss < bn |1 — “““rf.{ﬂf 8}]+“7
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pro n > ng(e). UZitim lemmatu dostaneme

ni-r

coZ jsme méli dokazat.

Véta 2: Necht plati (a) aZ (e) a pro S budiz:
(I) Kolx—é)]g]S’(x)]gKllx—@l, Ko >0, Ki >0,
(I1) S+ (@) =0, |SE+2) (x)| < M2%k+1 2k + 1)!
proA<x<B, k=1,2,... anéaké M >0. Pakje

1
=0 (=) -

Diikaz:

Budiz
1
0 << —=

M)/2

Potom

St = D o s,
k=0

k
S(x —¢) =Z (— 1) % S® (x)
k=0 )
jsou absolutné konvergentni fady a tedy

4=S8kx+c)—Sx—c)= 22(2;2:_—+11)' S@H(x)
=0

Oznatme xg(x) = — xS_(x)@ pro x# 0 a x¢(0)=Kp.
Ze (I) plyne
4) Ko < xe(x) < Ky

25+1
A =1—2xe(x)c + 22#4_1)—, 5@ [0 + B (x— O)]{ (x—6)
j=1

R c3M3
(5) Z < 22 LM = 2 —E2 < e

Ze (4) a (5) plyne
(Xn—0)Ar < —2—n) Kocn (Xn—0)2,

kde 0 <7 < 2 pro n > no(n).
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Je [viz (1) a (2)]:
E[(Xns1 — 0)2/Xn] = (Xn— O) + a2 + 4an(Xn — O)Ap (B Ay).
Ponévadz | X, —O@| < B— A, platid, -0, tedy f(&4,)— f(0).
Dale
E[(Xnnn— 0)2/Xy) = (Xa—0)2 4 a2 + 4an(Xn — O) A0 {f(0) + D1, n e} <
<(Xn—0) +a; —42—n) Koancn {f(0) — e} (Xn—0)? <

< (u—op (1 HE=DRUO—clac) | o
Z toho
bt < b (1_ 4(2—n)1<no‘/§{r(0)—e}ac> +a72.

Pouzitim uvedeného lemmatu plyne

¢imz je diikaz proveden.

Véta 3: Necht plati (a) (b) (c). Necht pro viechna xe < 4, B > je |S"(x)| < M
a|S'(x)| = Ko|x—©]|, kde Ko, M jsou kladné konstanty. Pak

Dukaz:

Taylorovym rozvojem v bodé¢ X, dostaneme
1

N S’”(Xn 3—i— 191 Cn) Cn3 .

PoloZzme
S”’(an—:- h Cn) & =7
Je
| 21| < % M c .
Obdobné pro
S(Xn— cn) -

Pak
Ap = 28'(Xn) cn + O(c) .



Qdtud a z predpokladu
|S'(x)| = Ko|x— 6|

plyne
6) Xn—0)4, < —2 Ko(Xn— 0)2cp + O(3).
Z toho, Ze | X, — ©| < B— A4 opét plyne 4, — 0
a tedy
f(® 4z) — £(0) .
Dosazenim (6) do (2) dostaneme:
Q) (Xn—0) G(dn) < — 2 Ko(Xn — 0)? {f(0) — £} cu + O(c3) .

Dosazenim (7) do (1) obdrzime -
E[(Xn11 — 0)2/X3] < (Xn — 0)2 + a2 — 8an Ko(Xn — 0)2{f(0) — ¢} cn +

+ O(c}) an
8ac { f(0) — ¢} Ko

n’/|+f

E[(Xnn — 0)%Xn] < (1 — ) (Xn— O)2 +

1 a?
+0 () +5

bn+1sbn(1—— 8“{f(°)—8}K°) +0 (;) + 2,

n'lstr n3"+‘/:

Piedchozi vztah splituje pfedpoklady lemmatu. Dostdvame poZadované tvrzeni

1 1
b"‘=0(_;17/?:-f_) pro 7'2—6-,

1 1
=0(n2') pro r<?.
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Oyenxa nopsadxa eausun by, = E[(X, — 0)2] 041 cmoxacmuueckozo anpoxcumayuon-

no20 memooa B. DPabuana.

(Pe3ome)

B paGoTe BbIBeAEHBI OLEHKH MOPAAKA BeIMYMH b, = E[(Xn— ©)2] ana croxacTHuecKoro
anpoKCcHMalMOHHOro MeToAa B. dabuana npusenennoro B [1]. ITycts X1 mobas ciryuaiiHas Beu-
ypHa ¥ A n > 1 onpenensieM Xy ,1 = Xn + an Yn, T€ an ¥ Yn YOOBJIETBOPAET YCJIOBUAM (@),
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(b), (¢). ®—3T0 3HaUeHHE, B KOTOPOM GYHKIMs S, onpeneneHHas aisa x € < A, B >, npuoGpe-
TaeT CBOM JIOKAJIbHBIA MaKCHMYM. .
Insa nomyuyeHus OuUEHKH nopsanka b, nmomssyemca nemmoit K. JI. Wikyna [3]. Ecmu S(x) =

=—oa(x— 02+ g, tne « >0, A<@<B,Tobn=0(%),0<r <%.Ecm{ycno—
n'T

Bua (I) u (II), To cuoBa bp = O (ﬁr—-) . Ecu mna Becex x € < A, B > | S"(x)| < My
P

H|S®|=Ko|x— ©® |, roe Ko 1 M1 nojoxkutebHbIE MOCTOSTHHBIE, TO

1 1
by = (_n_l/:'_) s 1'2—6—,

— (_1_) $)6; 4 r < l
- n2r A 6

The Order Estimates of b, = E[(Xn, — ©)?2] for Fabian’s Stochastic Approximation
Method.

(Summary)

In the paper the order estimates of b, = E[(X,—®)?] for Fabian’s stochastic approximation
method [1] are given. Let X be an arbitrary random variable and for n>>1 define X1 =Xn+an Yn,
where a, and Y, satisfy the assumptions (@) (b) (c). Let O be the value, in which the functions S,
defined on < A4,B > achieves its maximum. The order estimates of b, are derived with help of alemma
of K. L. Chung [3].

If S) = — o (x — ©) + B where @ >0, A< O < B, then b,.=o(%) ,
n'*—
o<r< —;— . When (I) and (II) are valid, the same estimate holds true. If forall x e < 4, B >,
| $”(x)| < My and | §"(x) |> Ko | x — © | where Ko and M are positive constants, then
1 1
b,,:O(n,/._r) for U=t

1 1
= O(W) for r<—6~-.
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