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T-EXTENSION AS A METHOD OF CONSTRUCTION
OF A GENERALIZED AGGREGATION OPERATOR

JULIJA LEBEDINSKA

Generalized aggregation operators are the tool for aggregation of fuzzy sets. The ap-
paratus was introduced by Takaéi in [I1]. T-extension is a construction method of a gen-
eralized aggregation operator and we study it in the paper. We observe the behavior of a
T-extension with respect to different order relations and we investigate properties of the
construction.
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1. INTRODUCTION

This paper is a contribution to the theory of generalized aggregation operators
(shortly gagops) introduced by Takaci in [I1]. The term generalized refers to the
inputs of an aggregation operator (shortly agop), they are a special type of fuzzy
sets. In the sequel we study a method of construction of a gagop by means of an
arbitrary continuous t-norm, called T-extension. Another construction method and
namely pointwise extension of an agop was previously studied in [f].

For more convenient reading the basic knowledge of the theory of fuzzy sets and
the theory of agops is required. For the information on the first topic the reader can
refer e.g. to [2, B [[0]. Basic knowledge on the theory of agops is provided in the
sequel, but for the deeper understanding sources [Il 3] can be advised.

The paper is organized as follows: Section 2 contains basic notions related to
the theory of agops; Section 3 contains results on a continuous t-norm, these results
play an important role in many proofs provided in the contribution. We recall the
definition of a gagop in Section 4; Section 5 is the main part of the contribution and
it is structured in the following way: first we recall the definition of a T-extension,
after that we study possible sets of input of a T-extension, then we study T-extension
w.r.t. different order relations, we conclude the section by some properties of a T-
extension; and we conclude the paper by Section 6.
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2. PRELIMINARIES

Aggregation of several input values into a single output value is an indispensable
tool not only of mathematics or physics, but also when studying different problems
in engineering, economics and other fields of science. The problem of aggregation is
very broad in general, we generalize agops defined on the unit interval and having
the finite number of input values. In the sequel we give the definition, examples and
the main properties of agops which are needed for our work. For more information
an interested reader can refer e.g. to [I} B].

Definition 2.1. A mapping A : U,en[0,1]" — [0, 1] is an agop on the unit interval
if for every n € N the following conditions hold:

(A1) A(0,...,0)=0
(A2) A(1,...,1)=1
(A3) (Vi=T1,n) (z; <) = A(z1, 22, .., 20) < A(Y1,Y2, -+, Yn)-

Conditions (A1) and (A2) are called boundary conditions, and they ensure that
aggregation of completely bad (good) results will give the completely bad (good)
output. Condition (A3) resembles the monotonicity property of A.

In general, the number of the input values to be aggregated is unknown, and
therefore an agop can be presented as a family A = (A(,))nen, where Ag,) = Aljg 1.
Operators A,y and Ay, for different n and m need not be related.

A specific case is the aggregation of a singleton, i.e., the unary operator Ay :
[0,1] — [0,1]. Throughout the work we will follow the convention A)(z) = z,z €
[0, 1].

Definition 2.2. An element = € [0;1] is called A-idempotent element whenever
Amy(x,...,2) = 2,¥n € N. A is called an idempotent agop if each = € [0;1] is an
idempotent element of A.

0 and 1 are trivial A-idempotent elements for an arbitrary agop.

Definition 2.3. An agop A is called a symmetric agop if

Vn € NoVay,. ..,z € [0;1] 2 A(z1,.. ., 20) = A(Tr1), .-+ Tr(n)) for all permuta-
tions m = (7(1),...,7(n)) of (1,...,n).

A weighted mean W(zy,...,2,) = >i ) wgn)xi, with wzm) > 0 and such that

S wgn) =1 for all n € N is an example of nonsymmetric agop.

Definition 2.4. An agop A is associative if VYn,m € N,Vrq1,..., %0, Y1,...,Ym €
[0;1]: A(z1, oy Ty Y1y - oy Ym) = A(A(Z1, .y 2), A(Y1, - - s Yn))-

The associativity of an agop allows to aggregate first some subsystems of all inputs,
and then the partial outputs. For practical purposes we can start with aggregation
procedure before knowing all inputs to be aggregated.

Definition 2.5. An agop A is bisymmetric if Vn,m € N,Vx11,...,Zmn € [0;1] :

A(mn) (1‘11, ceey mmn) = A(m) (A(n) (1‘11, ceey l‘ln), ceey A(n) (J)ml, ce ,xmn)) =
= A(n) (A(m) (mlh S 7xm1)7 ) A(m) (leu S 7xmn)
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The bisymmetry allows to aggregate first rows and then partial outputs or first
columns and then partial outputs if information is stored in the form of the matrix.
Bisymmetry is implied by associativity and symmetry.

Definition 2.6. An element e € [0;1] is called a neutral element of A if Vn €
N,Vay,..., 2, € [0;1] if z; = e for some ¢ € {1,...,n} then

A(J?l,. ..,xn) = A(J?l,.. 3 Li—1, Ti41, - ,xn)

So, the neutral element can be omitted from aggregation inputs without influencing
the final output.
Typical examples are the following;:

M(xy,...,2n) = qz; with e =1,

min(zy,...,o,) = min(z,...,z,) with e = 1,
max (1, ...,%,) = max(z1,...,x,) with e = 0.

AgOpS
1 s n n 4 - Ty,
=

Yn > 2 (x1,. .., xn) £ (1., 1) Ay (x1, ..., 20) =0,
Vn>2(x1,...,2n) #(0,...,0) : As(z1,...,2,) =1
G(Z‘l,...,l‘n) = (H?le‘i)l/n

do not have neutral elements.
The existence of the neutral element is not related to the previous properties such
as continuity, symmetry, associativity or bisymmetry.

Definition 2.7. An element a € [0;1] is called an absorbing element of A if

VneN, Vey,...,zn, € [0;1] s a € {z1,..., 2} = A(z1,...,2,) = a.

3. RESULTS FOR CONTINUOUS T-NORM

In this section we provide results related to continuous t-norms. Basics and impor-
tant results on t-norms can be found e.g. in [E]. For the sake of brevity we skip
proof of theorem B3l it follows from theorem Bl and it can be also found in the
author’s thesis [1].

Below provided results appear in literature with different combinations of t-norm
and properties of fuzzy sets. Combination of continuous t-norm and upper semicon-
tinuous fuzzy sets with bounded a-cuts Va > 0 is important for us, thus we prove
these results for this case.

Theorem 3.1. If x : R x R — R is a continuous operation, T' is a continuous t-
norm and P,Q € F(R) are upper semicontinuous fuzzy sets with bounded a-cuts
VYa > 0 then for all z € R, 2 = x xy Jxg,y0 € R such that z = z¢ * yo and

(P xQ)r(2) = T(P(x0), Q(y0))-
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Proof. According to the extension principle

(P+Q)r(z) = sup T(P(x),Q(y))-
THRY=2
The case when (P Q)r(z) = 0 is evident. Therefore we assume that (P Q)r(z) =
a >0 and

T(P(x),Qy) <a= sup  T(P(x),Qy))
z,yER:xxy=2
forall x,y:z*xy = z.

According to the definition of supremum there exists a sequence (ay,): an, — «
from below and moreover we can construct sequences (), (yn) : Vn @, %y, = z and
T(P(xn),Q(yn)) = an.

P, @ are upper semicontinuous fuzzy sets with bounded a-cuts P%, Q% Va > 0,
this implies that Ya > 0 a-cuts are closed and bounded intervals and as a result
sequences (x,,), (yn) are bounded. It is a known fact that a bounded sequence has a
convergent subsequence, therefore 3(x,, ) C (z,,) which converges to some point .

Further we consider (y,,) a subsequence of (y,) with corresponding to (z,)
numbers. Again (yn,) is a bounded sequence in compact sets Q% and we can
extract (yn,, ):

(Ynr,) € (yny) and yn,, — yo when I — oo.

We go back to (zn,) and extract subsequence (zn, ) with corresponding to (yn,,)
numbers. Tn,, — 0 (as a subsequence of the convergent sequence). The continuity
of x and constructions of (z,), (y,) allow us to state that xg * yo = 2.

Further we assume that

P(xnkl) = Bnk,
Q(ynkl ) = Ty, -

As (6nkl), ('ynkl) are bounded sequences, then we can extract convergent subse-
quences (similar reasoning like above allows us to extract subsequences with the
same index numbers):

(Bm) € (ﬁnk,) and §,, — 3 when m — oo

(Ym) € (Yny,) and v — 7 when m — oco.

By construction of (8,,), (Ym) we have:

T(BmsYm) = .

By construction of the sequence () a,, — a from below.
By continuity of x*:
To * Yo = 2,
by continuity of T":
T(8,7) = a.

Since P(Zy,) > Bm, Vm this implies that P(xg) > B, Vm and as a result P(zq) > 0,
and similarly Q(yo) > 7.
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Using monotonicity of T we can write:

T(P((Eo),Q(yo)) > T(ﬁav) > a,

thus we have obtained that T'(P(zo), Q(yo)) > «, but « is the supremum, so only
the equality is possible. O

We use the following definition of fuzzy quantity in the paper:

Definition 3.2. A convex, upper semicontinuous fuzzy set M : R — [0,1] with
bounded a-cuts for all a > 0 is called a fuzzy quantity.

Theorem 3.3. If x: R x R — R is continuous operation, 7" is an arbitrary contin-
uous t-norm and P, Q are fuzzy quantities then (P * Q)7 is a fuzzy quantity.

4. GENERALIZED AGGREGATION

The problem of aggregation can be generalized if we use fuzzy subsets as input infor-
mation. This approach is initiated in [I1] by Takaci. Other interesting, conceptually
different approaches of generalization can be found in the literature, e. g. in [8, @ [2]
and others.

Let F(X) be the set of all fuzzy subsets of the universe X, < be some order
relation defined on F(X). Element 0 € F(X) is the minimal and 1 € F(X) is the
maximal element w.r.t. <.

Definition 4.1. (Takaci [IT]) A mapping A : UpenF(X)* — F(X) is called a
generalized aggregation operator w.r.t. the order relation <, if for every n € N the
following conditions hold:

(A1) A@,....0)=0

(A2) A,...,1)=1

(43) (Vi=Tn) (P <Qi) = A(Pr,...,Py) < AQ1,...,Qn),
where Py,..., Py, Q1,...,Qn € F(X).

A gagop can be presented as a family A = (fl(n))neN, usually we consider an arbi-
trary m-ary restriction of this family.

We use convention fl(l)(P(a:)) = P(x) VP(x) € F(X).

We use the concept of definition BTl but we vary properties of relation < (is should
not necessarily be a partial ordering with properties of reflexivity, antisymmetry and
transitivity); we also consider different modification of 0 and 1; and we change sets
of input and output values.

5. T-EXTENSION OF AN AGOP A

Definition EZTl provides the concept a gagop. We need to specify a construction
method to be able investigate it in more details. Different methods are summarized
n [I1]. We recall definition of T-extension.

Let T be an arbitrary t-norm, A be an arbitrary agop defined on the subset of
X, then:
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Definition 5.1. (Takaci [IT]) A mapping A : U,enF(X)® — F(X) defined in the
following way

A(Py, ..., P,)(z) =sup{T(Pi(x1),..., Pu(zy))]
(1, ) € X" Ay, ..., 2n) = 2}, (1)

is called a T-extension of an agop A.

We put the following restriction on T-extension studied in the paper:
1. number of input values is finite
2. t-norm 7' is continuous
3. agop A is continuous agop defined on the unit interval

4. input values are upper semicontinuous fuzzy sets with bounded a-cuts for every
« > 0 defined on the unit interval and taking values from the unit interval.

Formulating results further in the paper we by default assume that conditions 1. — 3.
are fulfilled. If it is not required we specify it separately.

In the paper F*([0,1]) = {P|P : [0,1] — [0,1]} denotes the set of upper semicon-
tinuous fuzzy sets with bounded a-cuts for every a > 0.

We also use sets FQ([0,1]), FI([0,1]), FN([0,1]) (correspondingly the set of all
fuzzy quantities, fuzzy intervals and fuzzy numbers defined on the unit interval) in
the role of the set of input and output values. When we restrict the set of inputs we
require that output values belong to the same set.

We give definitions of fuzzy interval and fuzzy number used in the paper (defini-
tion of fuzzy quantity is specified before, see definition B2):

Definition 5.2. A fuzzy quantity P is called a fuzzy interval if 3 = [a,b] C
(—00,4+00) : P(x) =1« x € I. Interval I is called the core of P.

Definition 5.3. Fuzzy quantity P is called a fuzzy number if 3lz € R : P(x) = 1.
Point z is called the core of P.

5.1. The set of inputs of a T-extension

Provided restrictions 1,2 and 3 we ensure that aggregated result belongs to F*([0, 1])
when input values are taken from the same set. ~
Consider F'Q([0,1]) in the role of the set of inputs of A.

As a corollary from theorem we get the following result:

Corollary 5.4. If A is a T-extension of an agop A given by @ and P,...,P, €
FQ([0,1]) then B
A(Py, ..., P,) € FQ([0,1]).

The proposition formulated below indicates case when the result of aggregation of
fuzzy intervals is a fuzzy interval (as a corollary we get the same result for fuzzy
numbers).
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Proposition 5.5. If A is a T-extension of an agop A given by (ﬂ]) P,...,P, €
FI([0,1]) and I,..., I, are their corresponding cores then A(P;, ..., P,) € FI([0,1])
and its core is I = {A(ml, v xa)|(@, . xn) tas € Lyi=1,000 0}

Proof. The class of fuzzy intervals is a subclass of fuzzy quantities, therefore
according to the results of corollary Bl A(Pi,. .., P,) will be a fuzzy quantity at
least, when Py,..., P, € FI([0,1]). This implies, that if A(Py,...,P,) has a core,

then it is in the form of continuous interval, otherwise A(Pl, ..., Pp) will not be
convex.
Now we show that A(Py, ..., P,)(x)=1iff z € I.
Assume x € T this implies that 3(x,...,z}) 1 2f € I;;i =1,...,n and A(z7,...
A
Consider

A(Pl, ooy Po) () = sup{T(Pi(x1), ..., Po(xn))|zi € [0,1] : A(z1,...,2,) = x}
> T(Py(a}).... Pala) = 1

and hence A(Py,...,P,)(z) =1.

Assume A(Py,...,P,)(z) =1, according to theorem Bl
Jak, ..,k A(xl,...,x;) =gz and A(Py,...,P,)(x) = T(Pi(z}),. .., Pu(xX)).
Since A(Py,...,P,)(z) = 1 by neutrality of t-norm versus 1 we have Pi(xf) =1,
t=1,...,n, thus z} € I; and by definition of I we have x € I. O

5.2. T-extension w.r.t. vertical order relations

We introduce the class of order relations (together with the minimal and the maximal
element) and explore behavior of T-extension w.r.t. it, namely we study properties

(A1), (AZ) and (A3) from definition EZT1
We introduce order relation C%;.

Definition 5.6. Let o € [0,1], P,Q € F([0,1])
PC Q& (Vo 0,1)(P@) > a = Px) < Q).
Let denote =%, the following relation:
P=% Q& PC% Qand Q C%;, P.

Relation =%, is equivalence relation on the set F([0,1]) and C%, is reflexive, anti-
symmetric and transitive order relation w.r.t. it.
The maximal element w.r.t. C%; is defined in the following way:

I(z) =1,vz €0,1]. (2)

Let o
© = {0(z)|0(z) < o, Vx € [0, 1]}.

© is the class of minimal elements.
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_We consider all elements of © to be equivalent and we say that boundary condition
(A1) in definition Bl amounts to

for all n € N and for all 61,...,6n € 0.
Now we formulate result, which shows that T-extension is a gagop (in the sense
of definition ELTl) w.r.t. C%,.

Theorem 5.7. Let o € [0,1]. An arbitrary T-extension A - UnenF*([0,1])" —
F*([0,1]) of an arbitrary agop A given by () is a gagop w.r.t. the order relation
Ca

=F1-

Proof. If we consider an arbitrary vector (x1,...,2,) € [0,1]™ then applying the
restriction from above of an arbitrary t-norm by Th; we obtain:
T(01(x1),...,00(x,)) < Tar(01(x1), ..., 00 (). (4)

According to the definition of 0;, Va; € [0,1] 0;(z;) < « thus the same is true for
the minimum, i.e.: ~ .
TM(Ol(J?l),...,Ol(J)n)) < a. (5)

Evidently using formulas @), (@) for an arbitrary z € [0, 1] we obtain modified (A1)

(formula B)).

According to the definition of 1 (formula () for an arbitrary vector (z1,...,z,) €
[0, 1]™ the following holds:

T(1(zy),...,1(x,)) =T(1,...,1) = 1 for an arbitrary = € [0, 1]

and thus (A2) is straightforward. ~
Consider the proof of (43). We take an arbitrary = € [0,1] : A(Py,..., Py,)(z) > a
and consider A(Py, ..., P,)(x) and A(Q1,...,Qn)(x):

according to theorem B3 (x7,...,2}) :

) n

and
A(Py,...,P))(x) = T(Py(z}),..., Py(z))). (6)

n

Similarly 3 (xll, ce T

and R
AQ1,...,Qn)(x) =T(Q1(x}), ..., Qn(x},)).
We remind that

and using Vi P; C% @i, i.e.

(Pi(z7) =2 o) = (Pi(z7) < Qi(x}))



1086 J. LEBEDINSKA

and formula (@) we can write
o S T(P(}),..., Pa(al)) < Pi(a}) < Qulal), Vi.
Using the monotonicity of t-norm we can continue in the following way:
T(Pi(21), -5 Pu(zy)) < T(Qu(27), - -, Qn(ay))-

But according to the definition of vector (zf,...,7)

T(Qi(27),- -, @n(xy)) < T(Qu(x)), ..., Qn(a},))

and thus ~ ~

A(Pr, ..., Py)(z) < A(Q, - -, Qn) (@) (8)
Point 2 was chosen according to the formula ([) and we obtained inequality (&),
thus we have shown that (A3) holds. O

Order of fuzzy sets by inclusion is a special case of C% when o = 0, thus the
above result holds also for this order relation.

5.3. T-extension w.r.t. horizontal order relations

In this subsection we study the behavior of a T-extension w.r.t. another class of
order relations.

Definition 5.8. Let a € (0,1], P,Q € F([0,1])
PCf Qe P <@,
where

P*={z:P(z) >a}, minP*=P%  maxP*=P",
Q" ={z:Q@) >0}, minQ*=Q°, maxQ"=q".
Let denote =%, the following relation:
P =%, Q& PChyQand QChy P.

Relation C%, is antisymmetric and transitive order relation w.r.t. =%,.
The classes

O = {0(z)|0(z) = 1, if z = 0 and 0(z) < « if 2 € (0,1]},
Y= {i(2)[i(z) =1, if r=1and I(z) < aif z €[0,1)}

will be called correspondingly the class of minimal and maximal elements.

We consider that elements of the class of minimal elements © (respectively from
the class of maximal elements X) are equivalent. We say that the boundary condition
(A1) w.r.t. C¢, is satisfied if (@) holds. The boundary condition (A2) in definition
ETl amounts to

A(n)(ll,...,in) ex
o 1n

for all n € N and for all 11,.. €.
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Theorem 5.9. Let o € [0,1]. An arbitrary T-extension A - UnenF*([0,1])" —
F*([0,1]) of an arbitrary agop A given by () is a gagop w.r.t. the order relation
Ca

=F2

Proof. First we show that the modified border condition (A1) holds.
We consider A,)(01,...,0,)(x) in an arbitrary point = € [0,1] and for arbitrary
n € N. Two different cases x = 0 and = # 0 will be considered separately.

1st case x = 0:
since A(0,...,0) = 0 by (A1) of definition BTl we have that

1> Ag,)(01,...,0,)(0) > T(0:(0),...,0,(0)) = T(1,...,1) =1,

hence

Ay @1,+-,0,)(0) = 1.

2nd case x # 0:

according to theorem Bl and definition of T-extension 3 (zf,...,z),):
A(xh,...,z)) =z and

fl(n) (01,...,0,)(x) = T (01 (), ...,0u(z)). (9)
(xy,...,2z)) # (0,...,0) otherwise A(z,...,2}) = A(0,...,0) = 0. Thus among
x},i = 1,...,n there exists at least one z} such that z} # 0 and according to

definition 0x(2},) < a. Evidently using t-norm neutrality versus 1 formula ()
can be continued in the following way:

A(n)(ﬁl, o 00) (@) =T(01(2),...,0,(2))) < Op(z}) < a.
Thus we have obtained that

<~ ~ 1, ifx=0

A0, 0n)(z) = { oy < a, otherwise

and this means that modified (A1) holds. Similarly we show that modified (A2)
holds. ~

In order to prove the monotonicity (A3) we should show the following implication:

(\V’Z =1,...,n, B g%z Qz) = (A(Pl,,Pn) g%z A(Ql;y@n)) (10)
We denote A% a-cut of A(Pl, Py, de.
C={x:A(P,...,P))(z) > a}.

We take an arbitrary € A% according to the definition of T-extension and theorem
BI3 (zF,...,2%): Axy,...,z)) =2 and

) n

A(Py,...,P)(2) = T(Py(z2),..., Pu(at)) > a. (11)

n
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Formula () gives us the following result:
Piz})>aVi=1,...,n

and this means, that =} belongs to the a-cut of P; for every i € {1,...,n}.

Similarly A denotes a-cut of A(Ql, ey, Qn):

§={y: AQ1,...,Qu)(y) > a}
and for arbitrary y € A3 3 (v1,...,95): Ayi,...,y;) =y and

AQ1,- -, Qu)(y) = T(Qu(yi): -, Qulyn)) = v

The same reasoning like above leads us to the following result:
yi €{y: Qily) = o}
If we translate the left part of the implication [[) into language of a-cuts we get:
o N
Pi é Qz 9 (12)

where P; = max,{z : P;(z) > a} and QY = miny{y : Qi(y) = a}. Given that,
and the fact that =7 belongs to the a-cut of P; for every i € {1,...,n} we refer to
formula ([[2) and get the following result:

x; <y’ Vi=1,...,n.
Applying the monotonicity of agop A we get:
Ay wh) < AWy,
thus for an arbitrary z € A% and an arbitrary y € Ag we get inequality
x <y

and as a result:
max A% < min A%.

5.4. Symmetry, associativity and bisymmetry of a T-extension

This and the subsequent subsections are devoted to the properties of a T-extension.

In the sequel we show that it is easy to obtain symmetric, associative or bisym-
metric A, and the corresponding properties are implied by the same properties of A.
More precisely the same property of a t-norm is essential, but any t-norm is symmet-
ric and associative (and as a result bisymmetric) by definition, therefore additional
conditions for the t-norm are not required.

Result on associativity of a gagop is provided with proof, all other results are
provided without proof as it can be performed in the similar manner (other proofs
can be found in [1]).
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Definition 5.10. [SYMMETRY] A gagop A : U,enF(X)" — F(X) is called a sym-
metric gagop if

VYn € NYP,...,P, € F(X): A(P1,...,Py) = A(Pr(1ys - - -y Prgn)
for all permutations 7 = (w(1),...,m(n)) of (1,...,n)
Definition 5.11. [ASSOCIATIVITY] A gagop A : UpenF(X)" — F(X) is associa-
tive if
Yn,m e N,VP, ..., P, Q1,...,Qm € F(X):

A(Pla--mele--me) :A(A(P1;7Pn)7A(Qla7Qm))
Definition 5.12. [BISYMMETRY| A gagop A : U,enF(X)™ — F(X) is bisymmetric
if

Vn,m € N,VPi1,..., Pun EF(X)
Ay (P11, Pran) = Ay (A (Pr1, - oo Pin)s oo Ay (Pt - <+ Pran)
:A(n)(lzl(m)(Pllv---val)v---vlzl(m)(Plnw--aPmn))

Proposition 5.13. Let A be a symmetric agop. An arbitrary T-extension A :
UnenF*([0,1])™ — F*(]0,1]) of A given by () is a symmetric gagop.

Proposition 5.14. Let A be an associative agop. An arbitrary T-extension A :
UnenF*([0,1])™ — F*(]0,1]) of A given by () is an associative gagop.

Proof. Consider A(Py,...,P,,Q1,.. o Qm)(2).
According to theorem B3 s7,...,s5, 65, ...t

A(sT, ... sh th, .. tr ) =2

cren

and

APy Py Qs Q) (2) = T(PL(s1), - Pa(sy), @i(8), -5 @(87,))-

Consider A(A(Py,...,P,), A(Q1,...,Qm))(2). Let’s assume that

A(P,,...,P,) =P
and B
A(le RN Qm) = Q*v
where P*,Q* € F*([0,1])
Thus we consider A(P*, Q*)(z) : according to theorem B 3 z*, y*:
A", y") = 2

and

A(P",Q%)(2) = T(P"(2"),Q"(y"))- (13)
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Following the definition of P* Q* and employing theorem Bl for an arbitrary
x*,y* €10,1] we can write:

P(a") = T(Pi(21), ., Pul2y,)), (14)
where a7, ..., 2% A(af,...,z}) = 2* and
Q™ (") =T(Q1(y1), -, Qum(yn)), (15)

where y3,...,uyk Ayt ..., uh) =y
We put (@) and (@) into (@) and obtain:

A(P*,Q")(z) = T(T(P(27),..., Pa(23)), T(@1(51), -, Qm(yn))),  (16)

where
A(A(zy, .. x0), AT, .- us)) = 2. (17)
Using associativity of 7" and A we continue ([@) and (@) in the following way:
A(P*,Q)(2) = T(Pr(a7), -+, Pu(@},), Q(y1), -, Qu(y7h))
Ay, .. @yt ) = 2.
By definition of A, we immediately deduce that

A(Plv"'vpnana"'an)( ) (A(Plvapn)aA(Qlaan))(z)

Further, by the associativity of T, we have that

A(Plv .. '7PnaQ1a .. an)(z) = T(Pl(ST)v <. '7P’ﬂ(S;)7Q1(tT)7 <. 7Q77L(t:n))
= T(T(Pu(s1),- -, Pulsy), T(Qu(t1), - -, Qun(t7)))-

If we set s := A(s],...,s;,) and t := A(t],...,t;,), we know that A(s,t) = z, hence,
by definition of A and the monotonicity of T', we derive that
TR, Plel) T@UD. .. nC)
< T(A(Por.... P Q. Qu)(E) < AP Q") (2).

O

Proposition 5.15. Let A be a bisymmetric agop. An arbitrary T-extension A
UnenF*([0,1])" — F*(]0,1]) of A given by () is an bisymmetric gagop.

5.5. Idempotence of a T-extension
We consider the idempotence property of A in this subsection.

Definition 5.16. [IDEMPOTENCE] An element P € F(X) is called A-idempotent
element whenever A(,)(P,...,P) = P,¥n € N. A is called an idempotent gagop if

each P € F(X) is an idempotent element of A.
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In general, i. e., if we take an idempotent T" and an idempotent A, the corresponding
extension is not idempotent. The convexity of input values is crucial here. Let’s
consider A(z1,z2) = ©4%£2 and not convex set P such that P(z*) = 0 and P(z) >0
Va € [a,z*) U (z*,b] C [0,1]. It is intuitively clear that result of aggregation in the
point z* may have value greater than 0.

Proposition 5.17. Let A be an idempotent agop. Ths-extension A : UnenFQ([0, 1)
— FQ([0,1]) of A given by () is an idempotent gagop.

Proof. We consider an arbitrary P(z) € FQ([0,1]) and * € [0, 1], then according

to the definition of a T-extension and theorem Bl 3 7, ...,z s.t.:
Ay, ... o) ="
and R
We denote S = {(x1,...,2,) : A(xy, .. ) x*} and (xl, Lak)es.
A is an idempotent agop, therefore (x *,. Lx*) € S and Ty (P(z*),...,P(z*)) =

P(z*).
Idempotence and monotonicity of A imply compensation property, i.e. for an arbi-
trary (21,...,2,) € S the following hold:

min—y ., < A(xy,...,2,) < MaXi—1 . n T (18)
minj—1,_, % < * <max;=1, ;. (19)
For an arbitrary (z1,...,2,) € Ss.t. (z1,...,2,) # (x*,...,2*) one of the following
properties holds:
(i) I3z, w, 1 <k<n—1:2; <2*Vj=1,...,k and for the rest

x, s¢{l,....k}: z;, >a*

(i) Faiy, .. w4, 1 <k<n—1:z; >x* Vj=1,...,k and for the rest
i, s ¢{l,... k}: @y, <a*.

If neither (i) no (ii) holds then (z1,...,z,) s.t.
x; < x* Vi
ot x; > ¥ Vi
But in the first case according to the compensation property (([¥), (Id)) we obtain
Az, ..., zn) <max(x1,...,2,) < z”
in the second case we obtain

¥ <min(x1,...,2,) < A(z1,...,T5)

but then (x1,...,2,) ¢ S.
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Now we take an arbitrary (x1,...,2,) € S and assume that (i) holds:
for an arbitrary x; < x* and arbitrary xx > x* convexity of P implies that

P(a") = Tu(P(21), P(y)). (20)

If we add the rest coordinates of the vector we can only reduce the minimum thus
we can continue formula (Z0) in the following way:

So, we have obtained that for an arbitrary vector (z1,...,2,) € S
Ta(P(x*),...,P(x")) = P(x*) > Ty (P(x1), ..., P(zy)).

The assumption that (ii) holds will lead us to the same result.
and this means that

Ay (P,..., P)(x") = Ty (P(a"),..., P(z")) = P(a").
O

Remark 5.18. Recall that T is the only idempotent t-norm. Now we show that
only T)s-extension ensures idempotence of A (given conditions of Proposition BI1).
If we take an arbitrary t-norm T < Tj; then according to the proof of Proposi-

tion 11
V(z1,...,2n) € S, P(z*) =Ty (P(z"),...,P(z"))
= max{Ty(P(x1),..., P(an))|(z1,...,2,) € S} (21)
Now applying the upper bound of the class of t-norms we obtain
max{Tp(P(x1),..., Plxzy))|(x1,...,25) € S}
> max{T(P(x1),...,P(xn))|[(x1,...,2n) € S} = Ay (P, ..., P)(x"). (22)
Combining the result of formulas 1) and [Z2) we obtain:

P(*) > Ay (P,..., P)(a").

5.6. Neutral and absorbing elements

Now we study neutral and absorbing elements of a T-extension. First we provide
definitions and results on uniqueness of neutral and absorbing elements. After that
we provide constructions of the corresponding elements.

Definition 5.19. [NEUTRAL ELEMENT]| An element F € F(X) is called a neutral
element of A if Vn € N,VPy,...,P,,€ F(X) if P, = FE for some i € {1,...,n} then

A(P17-"5Pn):A(nfl)(Pla'"aP’i—laP’H-la"-;Pn)-

The following result hold for the neutral element of a gagop:
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Proposition 5.20. If A'is a gagop w.r.t. < and E € F(X) is a neutral element of
A then it is unique.

Proof. Let’s assume that E and E* are neutral elements of A and E # E*.

We consider an arbitrary n € N and vector (Py,..., P,) s.t.:
. E ifiel
PZ{ E*, ifie I,

where Iy = {1,...,k}, L ={k+1,...,n}.
Using neutrality of A versus F we obtain:

Ay (Pry.. Py = Ay (Paye oo s Py) = o= Ay (Prgr, .-, Pr)
= Ap_n(E*,...,E") (23)

now we apply neutrality of E*, convention fl(l)(P) = P and continue (Z3)):

Ay (E* .. E*) = A1y (E*,...,E*) = ...= A (E*) = E".
In the same way first employing neutrality of E* and then neutrality of E we obtain:
AP,....P) =Ap1)(Pr1,....Poor) = ... = Auy(P1,.... Py) = Ay (B, ..., E)
= Aw(E,...,E)=A4_(B,....,.E)=...= An)(E) = E.
We have obtained contradiction. ]

Definition 5.21. [ABSORBING ELEMENT] An element R € F(X) is called an ab-
sorbing element of A if

VneN,YP,...,P,,e F(X):Re{P,...,P,} = A(P,,...,P,) = R.
Absorbing element like neutral element is unique if it exists:

Proposition 5.22. If Ais agagop wr.t. <and R € F(X) is an absorbing element
of A then it is unique.

Proof. Let’s assume that R and R* are absorbing elements of A and R # R*.
We counsider an arbitrary n € N and vector (P, ..., P,)s.t. R,R* € {P1,...,P,}.
R is an absorbing element therefore according to definition B2

A(Py,...,P,) =R.

R* as well is an absorbing element of A, therefore:

AP,...,P)=R*

We have obtained contradiction, thus our assumption on existence of R* is incor-
rect. 0

Further formulated results outline the nature of neutral and absorbing elements
of A.



1094 J. LEBEDINSKA

Proposition 5.23. Let A be an agop with neutral element e. An arbitrary 7-
extension A : Un,enF™*([0,1])" — F*(]0,1]) of A given by () has a neutral element

given by
1, ifx=e
E(x):{ 0, ifz#e.

Proof. Consider vector (P,...,P,), such that P, = E, and A(Py,..., P,)(z).
According to theorem B3 =7, ...,z :

A(z],...,z)) ==z (24)
and
APy, Po)(@) = T(Pi(27), - ., Pa(a7))- (25)

Let us assume that xf = e in the formula (24)), therefore applying neutrality of A
versus e we can continue (24):

* * * * * *
Ay, ... x) = A(x], ..., 2] _q, e, 204 ,... @)
* * * *
=Am-n(@],..., 2] 1,27 ,...2),) = T.

Since P, = E and xf = e we have Pi(z}) = Pi(e) = E(e) = 1 thus applying
neutrality of t-norm 7T versus 1 we continue formula (23 in the following way:

A(Py,...,P)(x) = T(Pi(z}),..., Py (x)))

= T(P(27),- s Pic1(zi_1), 1, Pia(2744), -, Pa(ay,))
Tin-1y(Pr(7),. o, Pic1(zi_1), Piga (@7 41), - -+, Pul(,))- (26)

Now we consider A,_1(Py,...,Pi_1,Pipq,... , Po) ().
according to theorem BT 3 7, ..., ¥/ 1,41, - ¥n_1:

A(yfa N ay;—lay'zf+17'- -7?}»2_1) =7

and
Ay 1 (P, Pi1, Py, ..., Py)(2)
= T(Pu(yi)s- s Pica(Yi1)s Prva (Wisa)s -+ Pa(yp—1))- (27)
If we assume that A(Py,...,P,)(z) > Ap_1(P1,...,Pi_1,Piy1,..., Pn)( ) then ac-
cording to formulas £0) and 7)) we can take vector (z7,...,z}), 2} = e instead of

Wiy ¥i1:Yit1 -+ Yn_1) and we obtain higher value of An,l(Pl, cors Pi1, Pigq,
.., Py)(x) than obtained previously, but this contradicts definition of vector (y7, ...

.- 7yZ—17yZ+17 SRR y;,l)-
To the similar contradiction will lead us the assumption

A(Py,...,P)(x) < Ay _1(P1,...,Pi_1,Pij1,..., P (x).
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According to Proposition E20 E(x) is the unique neutral element.

Since F'N([0,1]) € FI(]0,1]) C FQ([0,1]) and E(x) € FN([0,1]) then defining
T-extension on the classes F'N ([0, 1]), FI([0, 1]) or F'Q([0, 1]) we obtain a gagop with
the neutral element given in Proposition

Now we consider an absorbing element of an arbitrary T-extension.

Proposition 5.24. Let A be an agop. An arbitrary T-extension A : UpenF*([0,1])"
— F*(]0,1]) of A given by () has an absorbing element given by

R(z) =0Vvz €]0,1].

Proof. Vector (Py,...,P,) such that P; = R is given, consider A(Py, ..., P,)(x).
According to theorem B3 =7, ..., 2} s.t.:

and

APy, ..., Po)(x) = T(Pi(21), ..., R(x7), ..., Pulay,)). (28)

For an arbitrary =} € [0,1] R(z}) = 0 using this fact and applying absorbing prop-
erty of 0 for an arbitrary t-norm T we continue £5):

A(Py,...,Py)(z) = 0.

We have shown that for an arbitrary o € [0,1] A(Py,..., P,)(x) = 0 and thus the
assertion holds. g

There is no other absorbing elements as the uniqueness of R(x) is ensured by
Proposition

The question how to interpret R(z) arises. On the one hand element R belongs
to the class F*(]0, 1]), but on the other hand it does not have any real value, i.e. any
point is possible with value 0. Thus question on nature of R is rather philosophical.
We skip the philosophical part of this question and consider that absorbing element
of T-extension exists, it is from the class F*([0, 1]) and it is given in Proposition B2

Since R(x) € FQ([0, 1]) T-extension defined on the class FQ([0,1]) has the same
absorbing element.

R(z) ¢ FI([0,1]) and there is no other absorbing element in FI([0,1]). If we
assume that there exists R*(z) € FI([0,1]) and it differs from R(z) then R*(x) €
F*([0, 1]), but this contradicts result of Proposition[2.22 Thus defining a T-extension
on the class FI([0,1]) or FN([0,1]) we deal with a gagop without the absorbing el-
ement.

The interesting fact should be noticed here: T-extension of an agop without an
absorbing element can result in a gagop with absorbing element.
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6. CONCLUDING REMARKS

Properties of a T-extension are tightly related to properties of the corresponding
t-norm and sometimes we can manage to obtain a desired property by choosing an
appropriate t-norm, but not always it is possible. For an example in the case of
absorbing element, the form of absorbing element can not be changed, because 0 is
the only absorbing element of any t-norm. Thus such cases can not be managed by
changing t-norm. But substituting t-norm in the definition of a T-extension by e. g.
a nullnorm ([]) N we obtain an N-extension:

A(Pry ..., Pp)(x) = sup{N(Pi(z1), ..., Po(xn)|(A(z1,...,20) = 2)}.

Performing U-extension, i.e. extension via a uninorm U ([]) we can obtain a neutral
element with different properties and also we can use compensation property of
uninorms.

The definition of a T-extension can be generalized via an arbitrary agop A* (with
desired properties):

A(Pr,..., P)(@) = sup{A*(Py(21), .., Palwn)|Ala1, ..., ) = 2}.

Extension (via a t-norm, an u-norm or other function) is a flexible construction
method as far as it relates to properties of a gagop. The research of properties of a
gagop constructed in this way is a direction of further study.
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