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Abstract. The open neighborhood N¢(e) of an edge e in a graph G is the set consisting
of all edges having a common end-vertex with e. Let f be a function on E(G), the edge set
of G, into the set {—1,1}. If > f(z) > 1 for each e € E(G), then f is called a signed

zENg(e)
edge total dominating function of G. The minimum of the values > f(e), taken over
e€E(G)
all signed edge total dominating function f of G, is called the signed edge total domination
number of G and is denoted by v4,(G). Obviously, v4.(G) is defined only for graphs G
which have no connected components isomorphic to K3. In this paper we present some
lower bounds for 7,;(G). In particular, we prove that v4,(T) > 2 — m/3 for every tree T of
size m > 2. We also classify all trees T with 7. (T) = 2 — m/3.

Keywords: signed edge domination, signed edge total dominating function, signed edge
total domination number

MSC 2010: 05C69, 05C05

1. INTRODUCTION

Let G be a graph with vertex set V(G) and edge set E(G). We use [2] for ter-
minology and notation which are not defined here and consider simple connected
graphs only. Two edges ej, e of G are called adjacent if they are distinct and have
a common end-vertex. The open neighborhood Ng(e) of an edge e € E(G) is the
set of all edges adjacent to e. Its closed neighborhood is Ngle] = Ng(e) U {e}. For

a function f: E(G) — {—1,1} and a subset S of E(G) we define f(S) = > f(e).
eesS
The edge-neighborhood Eg(v) of a vertex v € V(G) is the set of all edges at the
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vertex v. For each vertex v € V(G) we also define f(v) = > f(e). A function
e€Eq(v)
f: E(G) — {—1,1} is called a signed edge total dominating function (SETDF)

of G, if f(Ng(e)) > 1 for each edge e € E(G). It is clear that there exists an
SETDF only for graphs G which have no connected components isomorphic to Ks.
Throughout this paper we assume G is a simple connected graph of order n > 3.
The minimum of the values f(E(G)), taken over all signed edge total dominating
functions f of G, is called the signed edge total domination number of G. The signed
edge total domination number was introduced by B. Zelinka in [5] and denoted by
~t:(G). The signed edge total dominating function f of G with f(E(G)) = v.,(G) is
called the ., (G)-function.

Similarly, a function f: E(G) — {—1,1} is called a signed edge dominating
function (SEDF) of G, if f(Ngle]) > 1 for each edge e € E(G). The minimum of
the values f(E(G)), taken over all signed edge dominating functions f of G, is called
the signed edge domination number of G. The signed edge domination number was
introduced by B. Xu in [3] and denoted by v.(G).

Here are some well-known results on v.(G) and ~.,(G).

Theorem A [1], [4]. For every tree T of order n > 2, v.(T') > 1.

Theorem B [5]. Let G be a graph with m edges and with no Ks-components.
Then ~.,(G) = m (mod 2).

Theorem C [5]. Let P, be a path of length m > 2. Then ~.,(Py,) = m.
Theorem D [5]. Let C,, be a cycle of length m > 3. Then ~,,(Cy,) = m.

Theorem E [5]. Let T be a star with m > 2 edges. If m is odd, then v.,(T) = 3.
If m is even, then v.,(T) = 2.

The following terminology and notation are useful to prove our results. A graph
G with an SETDF f of G, denoted by (G, f), is called a signed total graph. For
simplicity, given a signed total graph (G, f), an edge e is said to be a +1 edge of (G, f)
if f(e) = 1. Similarly, an edge e is said to be a —1 edge of (G, f) if f(e) = —1. We
write EY (G, f) ={e € E(G); f(e) =1} and E~ (G, f) = {e € E(G); f(e) = —1}.

For any signed total graph (G, f), the two spanning subgraphs G (f) and G~ ()
of G are defined as V(G (f)) = V(G (f)) = V(G) and E(GT(f)) = ET(G, f) and
E(G™(f)) = E~(G, f). For every vertex v € V(G) we have f(v) = degg+ (s (v) —
degg-(5)(v).
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2. A LOWER BOUND FOR SETDN OF TREES

In this section we study the signed edge total domination number of trees. We first
prove that for every tree T of size m > 2, v,(T) > 2 — m/3. Then we characterize
all trees T for which v/, (T) =2 —m/3.

Theorem 1. For every tree T of size m > 2, v.,.(T) > 2 —m/3.

Proof. The proof is by induction on m. The statement holds for all trees of
size m = 2,3,4. Assume T is an arbitrary tree of size m > 5 and that the statement
holds for all trees with smaller sizes. Let f be a +},-function of T. We consider two
cases.

Case 1. There is a non-pendant edge e = wv € E for which f(e) = —1.

Let 77 and T3 be the connected components of T — e with w € T} and v € T5.
Obviously, the sizes of T} and T are greater than 1 and ., (T) = f(F(Th)) — 1 +
f(E(Ty)). For i = 1,2, the function f, restricted to T3, is an SETDF of T;, hence,
v (T3) < f(E(T;)). By the inductive hypothesis, v.,(T;) > 2 — m;/3, where m; is
the size of T;. Thus

(1) (7)== =1+ 2-m1/3)+ (2—-m/3)=3—(m—1)/3>2—-m/3.

Case 2. The only edges e for which f(e) = —1 are pendant edges.

By assumption we have f(v) > 0 for each v € V(T) with deg(v) > 2. Let
Z ={veV(T); deg(v) > 2and f(v) = 0}. First, let Z = (). Then f is an SEDF of
T. Since m > 5, by Theorem A we have

(2) Va(T) = f(E(T)) 2 7(T) 21> 2-m/3.

Let Z # 0. It is easy to see that Z is an independent set in 7. Let Z = {u;; 1 <
i < k}. Obviously, there is no +1 pendant edge at u; for each i. Let N'(u;) = {u €
N(u;); deg(u) > 2}. Let first |[N'(u;)| > 2 for some i. Without loss of generality
we may assume |N'(u1)| > 2 and vy, va € N'(u1). Let 71 and T3 be the connected
components of T'—ujv; for which v1 € V(T}). Let T| be obtained from T3 by adding
a new pendant edge viw; and let T4 be obtained from 75 by deleting one of the —1
pendant edges at u;. Now define ¢g,: F(T]) — {—1,+1} by

g(vywy) = +1 and g(e) = f(e) if e € E(TY).

Obviously, g is an SETDF of 77 and f|r; is an SETDF of 7T3. By the inductive
hypothesis, v.,(T}) > 2 — m;/3, where m; is the size of T and m; + my = m — 1.
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Thus

(3) Ve(T) = f(E(T)) = g(E(TY)) + flny(E(T3)) — 1
> =14 (2-m1/3)+ (2 -my/3)
>2—m/3.

Now let |[N'(u;)] = 1 and N'(u;) = {v;} for 1 < ¢ < k. It is clear that f(v;) > 3 for
each i. Let T” be obtained from T' by deleting all leaves and the vertices of Z. Then
since |N'(u;)| = 1 for each ¢, T” is a tree. Let w € {v1,v2,...,vs}. Hence, f(w) > 3
and deg(w) > 3. We consider three subcases.

Subcase 2.1. degp (w) 2 1, e =wwy € E(T’) and f(w1) =1inT.

By the construction of 7" we have degr(wi) > 2. Since f(w;) = 1 and each edge
at wy in T” is a +1 edge, there exists a pendant edge ¢’ in T' at wy. Let T} and T5 be
the connected components of T'—e containing w, wy, respectively. Let T} be obtained
from T by adding a new pendant edge ww’ at w and Ty = Ts — ¢’. It is easy to see
that the sizes of T] and T4 are greater than 1. Define ¢g1: E(T]) — {—1,+1} by

g(ww') =1 and g(e) = f(e) if e € E(Th).
Obviously, g and f|7; are SETDFs of T and T3, respectively. By the inductive

hypothesis, v.,(T}) > 2 — m;/3 where m; is the size of T} and m; +ma = m — 1.
Thus

(4) Ya(T) = f(E(T)) = g(E(TY)) + flry(B(T3)) =1 >2—m/3.
Subcase 2.2. degp (w) > 1, e =wwy € E(T’) and f(w1) >2in T.
Let T1 and T» be the connected components of T'— e. Let T} and T3 be obtained

from T; and T, by adding new pendant edges ww’ and wqw}, respectively. Define
g1: E(T{) — {—1,+1} by

g(ww') =1 and g(e) = f(e) if e € E(Th),
and g2: E(T5) — {-1,4+1} by
g(wiw)) =1 and g(e) = f(e) if e € E(T5).

Obviously, g; is an SETDF of T/ for i« = 1,2. Let m; = |E(T})|. Then we have
m1 + mo = m + 1. By the inductive hypothesis,

() Va(T) = f(E(T)) = g1(E(T})) + g2(E(T3)) = 1 > 2 —m/3.
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Subcase 2.3. degy (w) = 0.

This implies that wu, € E(T) for each 1 < ¢ < k. If there exist two pendant
edges at w, say €’,¢e”, such that f(e’) = —1 and f(e”) = 1, then using the inductive
hypothesis on T' — {¢’, "} we have

(6) v (T)=>2—(m—2)/3>2—m/3.

Finally, let f assign —1 to all pendant edges at w and let  be the number of pendant
edges at w. By assumption k — r = f(w) > 3. Furthermore, since f(u;) = 0, there
exists a pendant edge u;v; for each i. Therefore, m > 2k+r and hence, r < m/3—2.
On the other hand, we have ~,,(T) = —r. Therefore, v.,(T) > 2 — m/3. This
completes the proof. O

Now we characterize all trees that attain this bound. We use the notation of
Theorem 1.

Theorem 2. Let T = (V, E) be a tree of size m > 2. Then v,,(T) =2 —m/3
if and only if V. = {w,u;,v;,w;; 1 < i < k,k > 3andl < j < k— 3}, and
E(T) = {ww;j,wu;,uv;; 1 <i<kandl<j<k—3}

Proof. Let~.,(T)=2—m/3. Obviously, m =0 (mod 3). By Theorems C, D
and E we must have m > 6. Let f be a v/,-function of T. By (1), f must assign 1 to
all non-pendant edges of T. Obviously, f(v) > 0 for each v € V(T) with deg(v) > 2.
By (2), we have Z # ). Let Z = {u;; 1 < < k}. Obviously, there is no +1 pendant
edge at u; for each ¢ and Z is an independent set of T. By (3), |N’(u;)| = 1 for each
i. Since f(u;) = 0, there exists precisely one pendant edge at u;, hence deg(u;) = 2
for each i. By (4) and (5), the subtree 7" of T is of order one. Let w € T'. Then
w € N¥_ N'(u;). By (6), f assigns —1 to all pendant edges at w. Let 7 be the
number of pendant edges at w. Then we have 2 — (2k+1)/3 = f(E(T)) = —r, which
implies r = k — 3 and k > 3.

Conversely, let G be a graph with the structure described in the theorem. By
Theorem 1 we have v.,(G) > 2 — (3k — 3)/3. Define g: E(T) — {-1,+1} by

glwu;) =1, g(uiv;)) = -1 (1 <i<k)and glww;) = -1 (1< j<k—3).

Obviously, g is an SETDF of T and g(E(T)) = 2 — (3k — 3)/3. This completes the
proof. O
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3. LOWER BOUNDS

In this section we find some lower bounds for signed edge total domination numbers
of simple connected graphs. Let G be a simple connected graph of order n and
size m > 2. For every edge e = uv € V(G), the degree of e, d(e), is defined by
d(e) = deg(u) + deg(v) — 2. First we present a lower bound in terms of n, m, §
and A.

Theorem 3. For every simple connected graph of order n > 3, size m and § >

—(A=9)(A-1)(n—-9)

Proof. Let f be a «.,-function of G. We have

(7)) 294(G) = 2f(E(T) = 2(|E*(G, /)| = |[E~(G, )])
= Y deggip) = Y deggp(u)

weV (GT(F)) ueV(G~(f))

> flw

ueV(G)

For uwv € E(G) we have f(u) + f(v) — 2f(uv) > 1. Therefore

(8) m+27,(G) < D (fw)+ fo) = 2f(w))+2 > fluw)

wweE(G) w€eE(G)
= > (fw+f)

weE(G)

= Z f(u) degg(u).

ueV(G)

Let By = {u € V(G); f(u) > 1}, Bs = {u € V(G); f(u) < —1} and B3 = {u €
V(G); f(u) =0}. Obviously, for each u € By we have Ng(u) C By U Bs. Hence,

9) 0 < [Ng(u)| < |Bi| +[Bs| = n —[Bal.
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Thus by (7) and (8) we have

m + 275t Z f degG )
uGV(G)

= > flu)degg(u) + Y f(u)degg(u

u€ B u€ B2

SAY f)+6 ) flu)

u€ By u€ By

=AY fw)+(6-4) ) fu)

ueV(G) u€ B2

=209,(G)+ (6 —A) > f(u)

u€ B2
Hence,
(10) 28 = 1)y(G) Zm+(A=8) Y flu
u€ B>

Now for each u € Bj there exists v € Ng(u) such that f(uv) = —1. So we have
fw)+ f(v) = 14+2f(uwv) = —1. Since f(v) < A—2, it follows that f(u) > —(A—1).
Using (9) and (10) we have 2(A — 1), (G) =2 m — (A — )(n — §)(A — 1). Now the
result follows. O

The following result is an immediate consequence of Theorem 3.

Corollary 4. For every simple k-regular graph G with k > 2, v.,(G) > (%m X
(k—=1)].

Theorem 5. For every simple connected graph G with 2 < § < A < 4,
V6(G) = 0.

Proof. Let f be a ~.,-function of G. Since 2 < § < A < 4, we have [Ng(e) N
EY(G, f)| > 2 and |[Ng(e) N E~ (G, f)| < 2. Now it is clear that

2B (G, f)l< > [Nale)NET(G, )|

e€E~(G,f)

= S Nele)nE (G, f)
e€ET(G,f)
<2ABH(G, )

Thus |E~(G, f)| < [E*(G, f)| and hence, v,(G) = [E*(G, f)] = |[E7(G. )| 20
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Theorem 6. For every simple connected graph G of order n > 3 and size m,

2m €o

7a(G) > m(n(A —1) 2m(A-1) 1)

where ¢, is the number of edges of odd degree. Furthermore, this bound is sharp.

Proof. Let A be the set of edges of even degree. It is easy to see that if
uv € A, then [Ng(e) N ET(G, f)| > 3(deg(u) + deg(v)) and if e € E(G) \ A, then
Ne(e) N E*(G, f)| > (deg(u) + deg(v) — 1). Thus

1 1
S IN@NEHG NI =5 3 (deglu) +deg(v) - 55
weE(G) w€eE(G)
_ 1 d ( )2 1
=3 eg(u 5o
ueV(G)
1 2
> (X dewt) - e
ueV(QG)
w1
on 260

On the other hand,

20 -DEYG. Nl = Y INae)

e€EET(G,f)
= Y (Ne(N BTG+ INale) N (G, )
ee E+(G,f)
= > INe@nEYG, NI+ D, INa(e)nE (G, [
e€E+(G,f) e€E+(G,f)
= Y INe(enENG NI+ D INale)nEY(G, f)
e€e E+(G,f) e€eE—(G,f)
= Y [Nale)n EN(G, f)l.
e€E(G)
Therefore |[E+(G. )] > —"" 0 This implies that
erefore |[E( ’f)|/n(A—1)_4(A—1)' is implies tha
, _ _ 2m _ €o B

Theorem D shows that this bound is sharp and the proof is complete. O
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