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TORSION PRIME SELECTORS OF hl-GROUPS
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(Communicated by Stanislav Jakubec )

ABSTRACT. In this paper we introduce two notions: A torsion class of hl-groups
is a class closed under taking convex hl-subgroups, joins of convex hl-subgroups
and hl-homomorphic images; a torsion prime selector of hl-groups is a function
assigning to each hl-group G some subset M(G) of P(G). We show that there
exists a complete lattice isomorphism from the family of torsion classes into the
family of torsion prime selectors.

1. Introduction

M. Giraudet and F. Lucas introduced a new concept of half [-groups
in [4]. The concept of half [-groups is a natural generalization of [-groups. For
the definitions and standard results concerning [-groups, the reader is referred

to [1], 2], [3], [5].

Let G be a group with unit e and a non-trivial ordered underlying set. Set
Gt={9€G| <y = gz <gy for all z,y € G},
Gl={9geG| z<y = gr>gy forall z,y € G}.

G1 is called the increasing part of G and G| the decreasing part of G. G is
called a half |-group (abbreviated: hl-group), if

(1) z <y implies zg < yg for all z, y and g € G;

(2) G=GTUG

(3) G7 is an [-group.

For cxample, the set M (w) of all monotonic permutations of a chain w is an
hl-group. Let G, be the set of all hl-groups (and similarly for G, ). Let G be an
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hi-group and G # 0, then the index (G, GT) =2, s0 G1 is normal in G. An
clement in G1 and an element in G are never comparable. G1 is isomorphic to
Gl as a lattice. G = GTUaGT, where a € G can be selected to be an element
of order 2 ([4], [9]). Put E(G)={z € G| 2> =¢, z #e}.

A subgroup H of an hl-group G is said to be a half [ -subgroup (abbreviated:
hl-subgroup) if Ht = H N G7 is an [-subgroup of GT. An hl-subgroup H of
G is called convez, if H?T is convex in G71. A normal convex hl-subgroup of GG
is called an hl-ideal of G. G7 is an hi-ideal of G. We denote by C(G) the sct
of all convex hl-subgroups of G. Let X C G and a € G. We denote by G(.Y)
the convex hl-subgroup of G generated by X, which is the smallest convex
hl-subgroup of G containing X, and G(X,a) the convex hl-subgroup of G
generated by {X,a}. Let H be an [-group and G an hl-group with GT — H:
then G is called an h-extension of H.

A mapping ¢ from an hl-group G onto an hl-group G’ is called an hl-homo-
morphism, if

(1) ¢ is a group homomorphism,
(2) ¢|GT is a lattice homomorphism of Gt onto G'7.

A 1-1 hl-homomorphism is called an hl-isomorphism. It is denoted by G ~ G .
The join in a lattice L is denoted by Vv, .

PROPOSITION 1.1. Let G be an hi-group and {G, | X € A} CC(G . Ther
(N G, is also a convex hl-subgroup of G ; moreover, ( N G>\>T — N G\1T.
Y NEA A A

The assertion of this proposition is obvious and we omit the proof.

Let G be an hi-group and {G, | A € A} € C(G). By Proposition 1.1, we
can define meets and joins in C(G) as follows:

/\ G)\: ﬂGw

AEA AEA

VGA_ﬂ{I(EC(G)| K2 UGA}.
AEA ACA

Thus, C(G) becomes a complete lattice. Let H be an [-group and X € H We
denote by (X)), the convex [-subgroup of H generated by X .

PROPOSITION 1.2. Let G be an hl-group and {G, | Xe \} C(G , G
G\TUa\G\T with a, € E(G,) for each X\ € A. Then

G = G, tUAa A A 1.1
(/\\E/’\ ’\)T <)\LEJA AT { )\a’,u | WURS }>GT
and
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VG, = <,\\6/AG)\)TUGA<)\\€/AGA)T for any a, € E(G,)

AEA (1‘2)

=(v G/\)Tub(A\E/AGQT for any be U a,Gy1.

AEA AEA (1.3)

Proof. Put H = \/ G,. Let C € C(G). Then Ct 2 H? if and only if
AEA

c12 UG,tu( UaGta,G,t) = UGtu( UG teeG,t),ifand
AEA A HEA AEA A UEA
only if

cCt 2 </\LEJAG/\T U{aya, | A n€ A}>GT.

So we get (1.1). For any A\, u € A,
a,G,t=ayaya,G,1 CaHT.
Hence for any A, p € A, a, Ht =a,HT. So we have (1.2) and (1.3). O

COROLLARY 1.3. Let G be an hi-group and {G, | X € A} € C(G), G, =

G\t U a,G\1 with a, € E(G,) such that Gyt = H for any A\ € A. Then

( V GA>T = V G\t if and only if () a,G 1 #0 if and only if G, =G, for
AEA AEA AEA

any A\, pu € A.

Proof. If ( VG/\)T = \ G,1, then ay,a, € VG, = H for any
AEA AEA AEA
A pt € A by (1.1). Since ay € Gy, so a, € Gy|. Hence G,=GUa,G,T=
HUa,H = G, forany A, pu € A.Hence () a,G, # 0. Conversely, if there exists
AEA

a€ (NaG,t, let @’ =aVva'. Then o' € E(G,) and G, = G\t UG, =
AEA

HUG'H for cach A € A. It follows from (1.1) that ( V/ G\)t= V Gyt =H.
AeA AEA
O

2. Torsion classes of hl-groups

A family R of hl-groups is called a torsion class if it is closed under

(1) taking convex hl-subgroups,
(2) forming joins of convex hl-subgroups,
(3) taking hl-homomorphic images.
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Let R be a torsion class of hl-groups, and G be an hl-group. Then there exists a
largest convex hi-subgroup R(G) of G belonging to R. R(G) is called a torsion
radical of G. It is invariant under all hl-automorphisms of G, and in particular,
it is an hl-ideal of G. The mapping G — R(G) is called a torsion radical
mapping. Let T denote the family of all torsion classes of hl-groups and T* the
complete lattice of all torsion classes of {-groups. The notion of torsion classes
of hl-groups is a generalization of torsion classes of [-groups. Torsion classes
of [-groups were studied by Martinez and torsion classes of hl-groups were
investigated by M. Giraudet and J. Rachunek [Varieties of half lattice-
ordered groups of monotonic permutations in chains, Prepublication No 57, Paris
7CNRS LOGIQUE, 1996]. Let R be a family of hl-groups. Put

R!'={H €G,| H= Gt for some G € R}.

THEOREM 2.1. Let R be a torsion class of hl-groups, and let G be an
hl-group. Then

(1) R' is a torsion class of 1-groups,

(2) RYG?T) has at most one h-extension in G belonging to R,

(3) R(G)t =RYGT).

Proof.

(1) is clear, because G, € G, and Gt € C(Q) for any hl-group G.

(2) Let G, and G, be two hl-subgroups of G belonging to R such that
Gt =Gt = RYGT), G, #0 # G, and G| # G,). Then G, VG, € R.
If there exists a € G;4 N G,l, then G,| = aG,t = aG,1 = G,|, which is a
contradiction. So G,JNG,) = 0. Hence (G, V G,)t 2 R!(G1) by Corollary 1.3.
But (G, VvV G,)T € R, which is a contradiction.

(3) Since R(G) is the largest convex hl-subgroup of G belonging to R,
R(G) 2 RY(GT) and so R(G)t = R(G)N Gt 2 RYGY). On the other hand,
R(G) € R and R(G)T € C(R(G)) imply R(G)tR!(G?1). 0

Theorem 2.1 tells us that, for a torsion class R of hl-groups, the torsion
radical R(G) of an hl-group G is uniquely determined by the torsion radical
RY(G?) of the increasing part G1 of G. This fact is very useful in what follows.

THEOREM 2.2. Suppose that R is a torsion class of hl-groups and G s an
hl-group. Then
(1) if AeC(G), then R(A) = ANR(G);
(I1) if p: G — H is a surjective hl-homomorphism, then p[R(G)] € R(H .
Conversely, any mapping ¢ assoctating to each hl-group G an hl-ideal and

satisfying properties (I) and (1I) always defincs a uniqu torsior cla s R o
hil-groups such that R(G) — ¢(G).
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Proof. By the above Theorem 2.1(3) and [7; Proposition 1.1] for any A €
C(G) we have

R(A)T = RI(A1) = AT NRY(GT) = ATNR(G)T = (ANR(G))1T.

So R(A) and AN R(G) are all h-extensions of R!(At), and Theorem 2.1(2)
implies that R(A4) = ANR(G).

If p: G — H is an onto hl-homomorphism, then R(G) € R and so
¢[R(G)] € R. Hence ¢[R(G)] € R(H), because R(H) is the largest con-
vex hl-subgroup belonging to R.

Conversely, suppose that the mapping ¢ satisfies (I) and (II). Let R =
{Geg,| ¢(G) = G}. It is easy to show that R is a torsion class of hl-groups.
For each hi-group G, ¢(¢(G)) = ¢(G) implies ¢(G) € R and ¢(G) € R(G).
On the other hand, R(G) = ¢(R(G)) = R(G) N ¢(G). Hence R(G) = ¢(G).

Suppose that {R, | A € A} £ T'. Since the intersection of a family of torsion
classes of hl-groups is also a torsion class, we can define

ARy= NR,,

AEA AEA

VRy=[{{ReT| R2R, forall A€ A}.
AEA

Thus, T becomes a complete lattice and we have

(VTRA)lzm{RIGTI| R' 2R} =V Ry
€A

AEA
O
THEOREM 2.3. If {U, | A€ A} C T. Then for any hl-group G
(V)@ = Vi@ (2.2)
AEA AEA

The proof is similar to that used in [7].

3. Torsion prime selectors of hl-groups

The prime subgroups are the most important subgroups of an /-group in the
theory of I-groups. All representation theorems and most structure results come
from properties of prime subgroups. So we want to define a similar concept in
an hl-group. Let L be a lattice. An element a € L is called meet irreducible, if
a A a, implies a = a, for some A € A; a is called finitely meet irreducible,

\EA

n
if a A a, implies a = q,, for some k (1 <k <n).
1 1
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A convex hl-subgroup P of an hl-group G is prime, if whenever e < a,
e<band aVbe P, then either a € P or b € P. Let P(G) be the set of all
prime subgroups of G.

THEOREM 3.1. Let P be a convex hl-subgroup of an hl-group G. Then the
following conditions are equivalent:

(1) P is prime,

(2) P71 is prime in GT as an l-group,

(3) ifgANh=e, then ge P or he P,
(4) if gh € GT\ P, then gAh > e,

(5) {A€C(G)| A2 P} is a chain,

(6) P is finitely meet irreducible in C(G),
(7) g,h € GT\ P implies gAh € Gt \ P.

Proof.

(1) < (2) is evident.

It is clear that (1) = (3) = (4).

Now suppose that (4) is valid and A,B € C(G), A2 P and B2 P. If At
and Bt are incomparable, then there exist ¢ < a € A\ B1 and e < b € B\ A?T.
Then a = a’(aAb) and b=b'(aAb), where e <a' € GT\P and e <be Gt\P
and a' A b = e, which is absurd. If At € Bt and Al € B, then 4 C B.
If At C Bt and Al 2 BY, let A} = fAT with f € A} and B} = gBt with
g € E(B) € A]. Then A} = B} = ¢gBt. This implies that AT 2 B?. Hence
AT =Bt and A2 B.

(5) = (6) is also clear.

(6) = (7) is shown by the fact that P € G(P,g)NG(P,h) = [PVG(g9)]N
[PVG(h)] =PVG(gAh)=G(P,gAh).

For (7) = (1),if e<aAbg P, thenclearly a€ P or be P. O

Now we shall give a special kind of prime subgroups for an hl-group. Let G
be an hl-group and e # g € G. By Zorn’s Lemma there exists a maximal convex
hl-subgroup G, of G' not containing g. G, is called a value of g and is also
called a regular subgroup of G. The convex hl-subgroup G(G,,g) generated
by {Gg,g} is a cover of G_. As in [1; Theorem 1.2.8] we can prove that a
convex hl-subgroup P of an hl-group G is meet irreducible in C(G) if and
only if P is regular. The proof of the following lemma is similar to that for [1;
Theorem 1.2.13].

LEMMA 3.2. Let G be an hl-group and H € C(G). Then p: P - P' = PNH
is a 1—1 correspondence from {P € P(G)| H ¢ P} onto P(H).
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A function M assigning to each hl-group G a subset M(G) of P(G) is
called a torsion prime selector of hl-groups if the following is true:

(1) if A€ C(G) and P € P(G), then
M(A)={PNnA| PeM(G) and A¢ P},
(2) if p: G — H is an onto hl-homomorphism, then
M(H) 2 {p(P)| P e M(G) and P 2Ker(p)}.
Now let Al be a torsion prime sclector of hl-groups. Set
R(M)={Geg, | M(G)=P(G)}.

THEOREM 3.3. For each torsion prime selector M of hl-groups, R(M) is a
torsion class of hl-groups.

The proof is similar to that for [-groups.
Let R be a torsion class of hl-groups. We define a function

M(R): G- {HeP@G)| R(G)¢ H}.

THEOREM 3.4. For each torsion class R of hl-groups, M(R) is a torsion
prime selector of hl-groups; moreover, for any hl-group G we have G € R if

and only if M(R)(G) = P(G).

The proof is analogous to that for [-groups.

4. Connection between torsion classes
and torsion prime selectors

Let Al and M* be two torsion prime selectors of hl-groups. We definc
M < M* if M(G) & M*(G) for any hl-group G. Let {M, | i € I} be a
family of torsion prime selectors of hl-groups. We define M,(G) = (\M,(G)
and M,(G) — | M,(G) for any hl-group G. el

el

THEOREM 4.1. M, and M, are all torsion prime selectors of hl-groups.

Proof. We prove that M, and M, satisfy conditions (1) and (2).

(1) Let G be an hi-group and let A € C(G). If Q € M,(A) = () M,(4),
iel
then for each ¢ € I we have @ € M,(A), and there exists Q) € M,(G) such that

A¢Z Q) and Q=Q,NA. So Q;t € P(G?) for each i € I. But
QINAT=(QNA)t=Qr= (@ N A)t=Q;tNAT.
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So Q;t = @'t for any i # j € I by [1; Theorem 1.2.13]. Hence Q! = Q/tUaQ't
Q TUaQ T for any i # j, where a € Q. Let Q' = Q! for any ¢ € I. Then
Q< ﬂM(G M,(G),andso Q € {PNA| Pe M,(G) and A ¢ P}.

el
Conversely, it is clear that {PNA| P € M,(G) and A ¢ P} C M, (A).
Therefore

M (A)={PNA| PeM(G) and A ¢ P}.
We have proved that M, satisfies the condition (1).

(2) Suppose that ¢ is an hl-homomorphism of an hl-group G onto an
hl-group H. Since each M, is a torsion prime selector of hl-groups,

M;(H) 2 {¢(P)| P € M/(G) and P 2 Ker(p)}
for each ¢ € I, and so
M,(H) 2 {¢(P)| P € NM(G) and P 2Ker(p)}
iel
for each 7 € I. Hence

M,(H) = (\M(H) 2 {@(P) | P € M,(G) and P2 Ker(p)}.
i€l

We have proved that M, satisfies the condition (2).
We can prove that M, satisfies the conditions (1) and (2) similarly. O

Now we define

= A\ M, and M,=\/M,.
i€l i€l

Thus, the set S of all torsion prime selectors of hl-groups is a complete lattice.
And we have the mappings

R:S—>T and M:T—S.

A mapping ¢ from a lattice L, into a lattice L, is called a complete lattice

homomorphism if, whenever \/ a, and A by exist in L, cp( V aa> =

acA peB acA
V ¢(a,) and ( A b ) = A ¢(bs). A 1-1 complete lattice homomorphism
a€A BeB BEB

is called a complete lattice isomorphism.
THEOREM 4.2. Let U be a torsion class of hl-groups. Then R(M(U)) =

Proof. By Theorem 3.4, G € U if and only if M(U(G)) = P(G), that is,
G € U if and only if G € R(M(U)). |

By Theorem 4.2, we sce that RM = 1., where 1, is the identity mapping
on T.So R is onto and M is 1-1.
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THEOREM 4.3. M is a complete lattice isomorphism of T into S.

Proof. Suppose that {R, | A € A} € T. It is clear that for any hl-group

G and H € P(G), \| R, ¢ H if and only if R,(G) ¢ H for some X € A. By
AEA
Theorem 2.3 we have

(VR)©@ = VR,

A€EA AEA
Hence {H e P(G)| VR,(G)¢ H} = U{H€eP(G)| R,(G) ¢ H}. That
) AEA AEA
is,
M(VR,)(G) = UM®RG)
AEA AEA
for any hl-group G. So

M(VR,) =V MR,
AEA AEA
and M preserves arbitrary joins.
Now consider meets. Let {R, | A € A} & T'. Assume that H € P(G).
If NMMRG) ¢ H, then M(R,)(G) ¢ H for A € A. Conversely, if
AEA

M(R,)(G) ¢ H forall A € A,then [ M(R,)(G) & H by the meet irreducibil-
AEA

ARy )(G) = NM(R(G)) for

ity of regular subgroups in C(G). Hence M(
AEA AEA

any hl-group G. That means
M( AR, = AMR,),

AEA AEA

and M preserves any meets. a

Note that Theorem 4.3 generalizes some results in [6], [8].

REFERENCES

[1] ANDERSON, M.—FEIL, T.: Lattice-Ordered Groups (An Introduction), D. Reidel Pub-
lishing Company, Dordrecht, 1988.

[2] CONRAD, P.: Lattice-Ordered Groups, Tulane University, Tulane, 1970.

[3] DARNEL, M.: Theory of Lattice-Ordered Groups, Marcel Dekker, Inc., New York, 1995.

[1] GIRAUDET,M. LUCAS,F.: Groupes ¢ moité ordonnés, Fund. Math. 139 (1991), 75 89.

[5] GLASS, A. M. W. HOLLAND, W. C.: Lattice-Ordered Groups (Advances and Tech-
niques), Kluwer Academic Publishers, Dordrecht, 1989.

[6] JAKUBIK, J.: Prime selectors and torsion classes of lattice ordered groups, Czechoslovak
Math. J. 31(106) (1981), 325 337.

39



DAO-RONG TON

[7] MARTINEZ, J.: Torsion theory for lattice ordered groups, Czechoslovak Math. J. 25(100)
(1975), 284-299.

[8] MARTINEZ, J.: Is the lattice of torsion classes algebraic?, Proc. Amer. Math. Soc. 63
(1977), 9-14.

[9] SCOTT, T. J.: Monotonic permutation of chains, Pacific J. Math. 55 (1974), 583 594.

Received January 27, 1997 29-305, 3 Xikang Road
Nanging, 210024
P.R. CHINA

E-mail: dao-rong@publicl.ptt.js.cn

40



		webmaster@dml.cz
	2012-08-01T13:39:35+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




