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ABSTRACT. In this paper a necessary and sufficient condition for the embedding
HY C Vp are given.

Let p be a given constant for which 1 < p < oo holds. Then the function f
defined on the interval [a;b] is said to have finite p-variation if

N 1/p
Vp(f;a,b) :Sgp{ZIf(sk) _f(sk—l)lp} < o0,
k=1

where the supremum is taken over all decompositions G = {si} of the interval
[a;b] with @ < sp < 51 < -+ < sy < b. The set of all functions with finite
p-variation on [a;b] will be denoted by V.

The functions from V), are important in the theory of Fourier series as we
can see in the following proposition.

PROPOSITION. Let p > 1 and let f be a continuous function with finite
p -variation on [0;2w] . Then the trigonometrical Fourier series of f is uniformly
convergent. (See [2, p. 283].)

Embeddings of Lebesgue spaces into V), are studied in papers of
G.H.Hardy and J.E.Littlewood [3], A.P.Terjokhin [6],
P.L.Uljanov [7] and others.

Remark. Just for simplicity we note, that the whole investigation will be
proceed on the interval [0;1].
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DEFINITION 1. Any function w(t) defined, continuous and nondecreasing
on [0;00[ is called a modulus of continuity if w(0) = 0 and w(t, + t2) <
w(ty) + w(ty) for any nonnegative t; and ty.

DEFINITION 2. For any function f continuous on [0;1] we define the modulus
of continuity of f as follows

w(t, f) = sup |f(z+h)—f(z)]. (1)
0<h<t

0<z<1-h

DEFINITION 3. Let w be a.modulus of continuity. By H"” we denote the class
of all functions f continuous on [0;1] for which the moduli of continuity (1)
satisfy the following condition

w(t, f) <c-w(t),
where w(t) is a given modulus of continuity and c is some positive constant.

DEFINITION 4. Let 0 <r < 1. For w(t) =a-t" denote by H" .the set H* ,
where a is some positive constant. It is a Hélder class of functions.

LEMMA 1. The inequality
w(c-t) <(c+1)- w(t)

holds for any positive ¢ and for any modulus of continuity w(t).
(See [4, p. 177].)

LEMMA 2. Let t € [0;1]. Then for arbitrary modulus of continuity w(t) # 0
there ezists a concave modulus of continuity w*(t) such that w(t) < w*(t)
<2-w(t). (See [4, pp. 182-183].)

Remark 1. On the symbols O and o see e.g. in [1].

Remark 2. From Lemma 2 we get that both of the functions w(t) and
w*(t) define the same set H" . Therefore we can consider the modulus of con-
tinuity w(t) to be concave.

Remark 3. According to the expression (1) and Remark we are interested
in t€[0;1]. :

DEFINITION 5. We shall say that the function g: R — R preserves the con-
vergence of the series Y a, if from the convergence of this series there follows
the convergence of the series Y g(an).
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LEMMA 3. The function g: R — R preserves the convergence of the series
Y an if and only if there exists a real constant b such that g(z) = b-z holds
for any z from some neighbourhood of zero. (See [5, pp. 84-85].)

THEOREM. Let p be a given constant from [1;00[ and w(t) be a given modulus
of continuity.

a) If w(t) = O{t'/?} for t — 0+, then the embedding HY C V, takes
place.

b) If w(t) # O{t'/?} and, moreover, t'/P = of{w(t)} for t — 0+, then
there exists a function f € HY such that f ¢ V.

Proof. Let f € H* and w(t) = O{t'/P}. Then there exists some positive
constant d such that
w(t) < d- /P

holds for any t € [0;1]. For every decomposition G of [0;1] we have
N . N N
> I (k) — flze-1)lP < > wP(zk — Tk-1, f) < ZC” - wP(z — Th—1)
k=1 k=1 k=1

N
< (C'd)pZL’L‘k —zp-1[P/P = (c-d)P.
k=1
Therefore f € Vj,.

Now let we have ¢!/ = o{w(t)}. According to Lemma 2 and Remark 2 we
can put w(t) = w*(t). From the continuity and concavity of w(t) there follows
an existence of some positive to such that w(t) will be increasing on [0;to]. If
to > 1, then according to Remark 3 we can put to = 1. Denote Ty = w(to).
Then for the function w(t) there exists an inverse function w_;(t), which is
defined on [0;T0]. From the assumption t!/? = o{w(t)} we get

w_1(t) =0o{t’P} for t—0+, te€[0;Ty).

According to Lemma 3 there exists a sequence {t,}, t1 < Tp, t, — 0+,
such that

Z (tn)p = 0 (2)
n=1

and

oo
> woata) =8,
n=1
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where S is some positive constant.
We construct the decomposition G of [0;1] using the following points

Lo = (I/S) Zw_l(tk) and T2i4+1 = To; + (1/25) . w_l(ti_H)
k=1

0
for i =0,1,..., putting > w_;(tx) =0.
k=1

Define the function f as follows:

w(2S[z — x2:)) if z2; <z < Xit1,
f(x) = ¢ w(2S[raiz2 —x]) if Taip1 < T < Taiya,
0 ifo=1,

for :=0,1,....

We can see that the function f is continuous on [0;1]. We will now prove
w(t, f) < c-w(t), (3)

where ¢ =25 + 1. According to (1) we shall investigate the following absolute
value

f@+h) - f@), kel (4)
The supremum of (4) will be attained in some interval of monotonicity of function
f . It is equivalent to the investigation on the corresponding interval of increasity
of this function f. Then there exists a natural number ¢ such that
Zoi < < Taip1 —h.

Using (1) we obtain

sup |f(z+h)—f(z)|= sup Iw(25[$+h;ﬂ32i+1])“w(25[x—$2¢+1])|~
0<z<1-h 0<z<1-h

From the Definition 1 we get
w(z + h) < w(z) + w(h) forany >0 and h2>0

and
w(z + h) —w(z) <w(h).
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Therefore we obtain the supremum if z — z5;4; =0, i.e.

sup|f(z+h) - f(&)] = w(2Sh).

0<e<1-
According to (1) and using Lemma 1 we have

w(t, f) = sup w(2Sh) =w(2S5t) < (25+1) - w(t).
0<h<t

It proves (3). Therefore f € HY.
Finally we shall prove f ¢ V,. For a given constant p > 1 we have

D If(zx) = flar-a)P

k=1
=S {If(@ars1) = F@2)l” + | f (B2rn) — flmarin)P} =D 27
k=1

k=1

Using (2) we obtain

Vo(£;0,1) 2 2) ()7 = 0.
k=1

Therefore f ¢ V,,. Proof of the Theorem is complete.

COROLLARY. Let p be a given constant from [1;00(. Then the condition
r > 1/p will be the necessary and sufficient condition for embedding H™ C V,,.

Proof.

Sufficiency we obtain from the proof of Theorem with respect to Definition 4.

Necessity. Let r < 1/p. Then there exists some positive ¢ < 1 such that
r = c/p. Hence according to Definition 4 there follows w(t) = a - t/? i.e.
w_1(t) = a~P/c . tP/¢ Choosing zx = k=P from the proof of Theorem we get

o0 oo

P _ -1 _
> sh=) k=00
k=1

=1

and

%) 0o -

E w_l(:ck) = E a—P/C . k(—l/P)(P/C) — a—p/c . § :k_l/c < 0.
k=1 k=1 k=1

The proof of the Corollary is complete.
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