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ABSTRACT. In this paper there are given for nonlinear retarded differential
equations y(")(t) = f(!, y(T(t))) the conditions of the absence and the existence

of solutions that have the property

(=D ) >0 for >, >0 (i=0..., n—1).

We will consider the nonlincar differential equation with retarded argument

y) = £(t (). (1)

where f: Ry xR —> R, Ry = [0, 00), and 7: Ry — R are continuous functions,
() <t for t >0, lim 7(f) = oc.
t—o0

Below we will assume that there exist 6 > 0, A > 1 and a continuous function
p: Ry — R4 such that one of the next inequalities holds:

(=1)"f(t, y) > p(t)y* (2)

for t e Ry, y€]0,0] or

0 < (=1)"f(t, y) < p(t)y* (3)

for t € Ry, y € (0, 8. It is the well-known fact (see. e.g., [2, 4]) that if (2)
holds, p(t) £ 0 in any neighbourhood of co and 7(f) = t, then the equation
(1) has a solution y: [ty, 00) — R which satisfies the following conditions:

(_1)ly(1)(f)>0 for tZtIZtOEO’ i:o,...,?L—l,

: : (4)
0< thm y(t) < 6.
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If 7(t) < t, then the solutions that satisfy (4) can be absent (sce [3. 5]).

In this paper such conditions will be established under which the equation
(1) has not the solutions that satisfy (4) and likewise conditions that guarantee
the existence of a solution which has the property (4) (cf. [3]).

Let r: R4 — R4 be continuous and increasing on [tg, 00), to € Ry, r(t) <t
for t > t.

For ¢t > r~!(t1), t, > to, we define the function
m(t) =m, T <t < Zypyr, m=0,1,...,
where zg = 771 (t,), Tme1 =1r"(2,,) and r71(t) denotes the inverse function
of r(t).
We denote the mth iteration of the function r(t) = ro(t) as rm(t), m =

1,2,.... Thus with regard to the function m(t) for arbitrary ¢ > r~!(t;) we
have

tl < "‘171(1)(t) S 7'_](t1)-
THEOREM 1. Suppose that (2) holds for some 6 >0, A > 1 and
T(t)<r(t) <t

fOTtho,
t

n—1

lim / [s= ' ()] ps)ds = oo, (5)
r=1(r (1))

Then the equation (1) has not a solution which satisfies (4).

Proof. Assume the contrary, i.e. the equation (1) has a solution that sat-
isfies (4) and

y(t) <6 for ¢ _>_ 1 > to,
T(f) 2 tl for t Z t2 Z t1 .

(6)

From the identity

8

n—1 ) () s . _1\n
y(t) = §<—1)J%(s — 1y 4 ks [e- o,

t

where s > t, with regard to (1), (2), (6) we have
1 T n— A
W2 / (s = 0" p() [u(r()] s ()
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for t > t, . We choose ¢ > 0 such that

t

[s —r! (T(t))]"—lp(s)ds >c(n—1)!
r=H(r (1))

for t > t, and if for arbitrary t > r~'(¢;) we take £ such that
T(€) =r(t),  1(s)<r(t)
for s < €, then according to (7), (8) we get

¢
y(t) > !

r=1(r(§))

1
2

r=1(7(£))
A
> c[y(r(t))] , r(t) > 1,.

Using the last inequality we find by iteration

)\m+l

y(t) > ! HAT AT [y(rm(t))] . rm(t)>ty, me{0}UN.

Thus there follows:

m

y(t) > exp[z AMlnc+amH! lny(rm(t))] , rm(t) > t,, me {0JUN.

=0
For arbitrary ¢t > r~!(¢;) we define

m(t) =m, Tm <t < Tyt m=0,1,...,
Ty = 7‘_1(t2), Tl = r‘l(xm)
and

t

Conty = sup{C:
ro1(r (1)

(n—=1)! / [S —r! (T(f))]n—lp(s) [y(r(c))] * ds

13
2 [ o] oaleo)]

(8)

(9)

[s — 7! (T(t))}n—lp(s) ds > C, Tm <t< Tmi } ’
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where m € {0} UN, 2o =171 (t2), Ty =77 H(am).
Hence we have
t2 < 7‘m(t)(t) S 7‘-1(t2) (10)

for ¢t > r71(¢3) and by virtue of (9), (10) we obtain

m(t)
y(t) > exp[ Z A ln Coy + Am(O+1 1ny(7"l (t2))

1=0
for ¢t > r~1(¢3). Therefore y(t) — oo as t — oo and this contradicts (6).
COROLLARY 1. Assume that for some 6 >0, A > 1, (2) holds and
TI(t) <t for y>1, t>t,

t

lim / [s —77(1)] "—lp(.s)ds = 00.
t—oo

T (t)
Then the equation (1) has not a solution with the property (4).

Proof. The assertion of the Corollary 1 follows from the Theorem 1 if we
1

put r(t) =t7 .
THEOREM 2. Suppose that for some 6 >0, A > 1 (2) holds and

T(t) <r(t) <t for t>tg,

t

1 n—1
liminf ———In / [s —r7H(r(2) ] p(s)ds >0, (12)
t—oo p(7(t)) ()
(7 (1))
/\m(t)
liminf —— =0, (13)

t—oo m(t

}:0 X (ri(t))
where ©(t) 13 a continuous function such that
tlim p(t) = o0o. (14)
Then the equation (1) has not a solution with the property (4).

Proof. We continue as in the proof of Theorem 1. With regard to (12),
(14) there is t; >t and ¢ > 0 such that

In / [s — 7! (r(t))]ndp(s) ds > % +c
r=1(r(t))

e(r(1))
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for t > t, and if for arbitrary ¢t > r~'(¢3) we take £ such that

T(€) =r(t), 7(s)<nr(t) for s<¢,

we get

y(t) > exp [cv(r(é))] [y(v'(t))]A = exp [f'so(v'(f))] [y(v'(t))]x, r(t) > t2.

Using the last inequality we find

m Am+l

y(t) > exp [CZ /\iﬁf”(ri(t))] [y(r,,,(t))], rm(t) >t2, me {0}UN.

i=0
With regard to the last inequality and (10) we get

m(t)
y(t) > exp [c Z )\'kp(r,-(t)) 4 Amo+! lny(r“l(l‘g))] , t>r7(ty).

1=0
According to (13) and the above inequality we find that

limsupy(t) = oo,
t—oo

which is a contradiction to (4).

COROLLARY 2. Assume that for some 6 >0, A>1, v >1 and p € (0,1)
(2) holds and

()<t for t>ty,

t

.. 1 ~ n—1 s s
htn_l.lox.}fmln / [s—77(t)]" p(s)ds >0,

T (1)
where ©(t) = (In lnt)“‘(lnt){% .
Then the equation (1) has not a solution which satisfies (4).

Proof. We will show that the condition (13) is satisfied.

If we put »(t) = t“’—l, we have

m-—1

S XNo(ri() =S N le(t),  t>1]7, meN.
i=1

=0
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According to the fact that
e(t) = (In lnt)““(lnt)ll?—‘:' , (15)
we get (cf. [3])
et ") > AT™Mp(t),  t>t), meN.

So we obtain

m—1 . .
3 Np(ri(t) > -';l¢(t), t>t]", meN. (16)
i=0
We have
<t "<l for t>1],
and
Inlnt —Inlnt, —Iny <m(t)Iny < Inlnt —Inlnt, . (17)

With regard to (15), (16), (17) we conclude that

/\m(t)—l /\m(l)
lim inf <lminf ——— =0
t—oo m(t)—1 t—oo 7n(t)<p(t)

;) Aip(r4(1))

THEOREM 3. Let
T(t) <t for t>0,

and let there be § >0, A > 1, p€ (0, \) such that (3) holds and

t T(t)

—n
limsup/s"_lp(s)ds</ s"“lp(s)ds> < 00. (18)
t— oo
0

0

Then the equation (1) has a solution with the property (4).

Proof. According to (18) there is ¢ > 0 and to > 0 such that 7(t) >0

for t >ty and
t (1) u
/.s”"lp(s)ds < c(/ s"_lp(s)ds> , t>tg.

0 0

206
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t ;‘_‘—\
= ¢ (/3"_]1)(5)(1s> for t>t,
0

A ] xET
co = [(n - DA - “)—lch

We put

where

and c is so large that v(t) < é for t > tp.
By Cioc ([to, 00); R) we denote the space of continuous functions x: [ty,00) — R

endowed with the topology of local uniform convergence. S C Cloc ([to, 00); IR)
1s the set of functions which satisfy inequalities 0 < z(t) < v(t) for ¢t > ¢y and
F: 55— C’loc([to, 00); R) is the operator which is defined by

F(z)(t) = (n— 157 f t)n_lf(s, l(T(¢))) ds for t>1t;,
v(t) —v(ty) + F(z)(t1) for t€ [to, t1),

where we take t; > ¢ such that 7(¢) > ¢y for t > ¢;.
If z €S, we have

0< F(z)(t) < (le—l)!/s"—]p(s)[:z:(r(s))J/\ds

7(s) _*_1‘_

A Y
< (n(j’l)!/." ! s)[/e" ) ch ds

t

et ] s"-‘p<s)[ / 5""p(e)dej ds < v(t),
t 0

t.>_tl’

since _
B'(t) =0, t>t,

where

h(t) = oit) - (—:tT—), 7 s"“'p<s)[ / £ 1p(c) df] .
t 0

Thus F(S) C S. The operator F' is continuous and the functions belonging to
the set F(.S) are equicontinuous on every compact subinterval of [to, 00). Since
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the set S is closed and convex, according to the Schauder-Tychonoff fixed point
theorem (cf., e.g. [1, p. 231]) F has an clement y € S such that y = F(y). It is
easy to see that y satisfies (1) on [¢;, o) and has the property (4). The proof
is complete.

THEOREM 4. Let
T(t) <t for t>0,

and let there ezist § >0, A > 1, u> X, T €0, 00) such that (3) holds and

o ¢ . A Az
o o ()
/f"“'p(f)(/S"—lp(.c)(ls> dt < A= ( ) )
“ ll

T T

t T(t)

—
limsup/s"‘ﬂ)(s)ds(/ s"_]p(s)ds> < 00.
e T T

Then the equation (1) has a solution with the property (4).

(19)

Proof. With regard to (19) there exist ¢ > 1 and ty > T such that
7(t) > T for t >ty and

¢ T(t) "
/‘q”_lp( Yds < ¢ (/ s’ (18) y t>tg.
4 T
We put
t e
N—p
v(t) = (()(A + /-*‘" P(“)‘l“) for t >+,
e
where

1

(3():[(1*1)(\ MA‘ “] -1
and we choose ¢ so large that
v(t) <4 for t>t.

Now we proceed as in the proof of the above Theorem and we define the operator

F: S — Cioc([to, 00); R) in the same way.
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If x €S, we have

oo T(s) A
o b
0< Fa)t) < W/“Hp (a+ [emerae)™ o
T
C(/J\ i n—1 -1 h n—1 ;‘1_ ‘\{%
S m/s ])(S) A+C " (/E p(f)df) ds
f i
C(/)\ T n—1 n—l -
1) / pls (A +c” /f (l{) ds
t T
C/\C# A i n—1 h n—1 —\
=1 /s ],)(5)<A+ /f p(€) d€ ds < o(t),
b4
t>t >y,
since
h(T) >0, n'(t) >0, t>T.
where
h(t) =
t TI_‘_ A % o0 K] >‘+
o (A-{—/,s‘"_lp(s)ds) —(r:(;—l)'/.s"_lp(s)<A+/f"”p({)df) ds,
T . t T
t>T.

Thus F(S)C S.

Now we continue as in the proof of Theorem 3 and we can prove the existence
of a solution y(t) of (1) which has the property (4). The proof is complete.
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