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ON A PRODUCT OF METRIC SPACES

JAN BORSIK—JOZEF DOBOS

Introduction

There is a. natural way of introducing an- algebraic structure on a product of
algebraic structures of the same type. For example, if (A, +) and (B, -) are groups,
then (A X B, ), where (ai, b,) = (az, b2) = (a,+ a,, by~ b,) is a group as well. The
application of this method to a collection {(A,, d;)}:cr of metric spaces yields
a mapping (04(x, y))(¢) = d.(x(¢), y(¢)) which need not be a metricon [] A,, since

teT
its values are in R”. However, a metric can be obtained from that mapping by

composing it with a suitable f: R” — R. In fact, the usual metrics on product spaces
(as V(0*+ 0%), max(p, 0), 0 + 0, the Fréchet metric) can all be described in this
way. Therefore it seems useful to investigate the set #(T) of all such mappings f:
RT—R. A subset of #(T) (consisting of all nonnegative, monotone, subadditive
mappings vanishing exactly at the constant zero function) is studied in [2]. In [1],
the set A (T) is described in the special case when T has only one element. In the
present paper we give a complete characterization of #(T) in the general case
when T is an arbitrary set, and establish a necessary and sufficient condition for
fo04 to metrize the product topology. Theorem 2.11 was inspired by a suggestion
of T. Salat.

1. Preliminary considerations

1.1. Definition. Let T be a set. Let d=(d,).cr be a collection of mappings

d,;: A2— B,, where (A:)ier, (B\): et are collections of sets. Define a mapping Q.-
2

(I1A) = 1B by (0a(x, Y)(®) = d(x(t), ¥()) for each x, ye[] Au teT.

teT teT teT

3 3
Define a mapping 0: (I—LA‘) - (HTB:) by ou(x, y, z) = (0a(x,y), 0a(x, 2),
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04(y, 2)) for each x, y, ze || A,. Denote Ed-—-{g,,(x,x): XE€ HA,}, and F, =

teT

={9a(x, y):x,yellA, x#—y}.
teT

1.2. Theorem. Let BolImo, be a set (where 'Imf= {f(x): xe X} for each
mapping f: X— Y). Let f: B—R. Then fop, is a metric if and only if the following
three conditions are satisfied :

(1) Eandzﬂ,
(2) Vxelmos: f(x)=0<xeE,,
3) Vx,y,zelmos: (x, y, 2)eImos=> f(x)=f(y) + f(2).

Proof. Necessity. Suppose that ae E;nF,. Then 3x, y,. zellA, y#z
t T

0a(x, x)=a=4(y, z), therefore 0= (fops) (x,x) = f(0a(x,x)) = f(0a(y, 2))
= (fo0a) (3, 2), a contradiction. This shows that E;nF;—@ Let x e Imo,. Then
Ja, be[] A x=gu(a, b), therefore 0=f(x) = f(0.(a, b)) — (f 04) (a, b)<>a

teT

= bex = g4(a, b)eE,.
Let (x,y,z)elmo,. Then 3a, b, ce[[A:: x=04(a,b), —ou(a,c), 2=

teT

04(b, c), hence f(x) = f(oa(a, b)) = (fo0d) (a,b) = (food) (a,c) + (f 04)
(b, c) = f(oa(a, c)) + f(oa(b, ;)) = f(y)+f(2).
Sufficiency. Let x, ye[[A. Then 0=(fop.) (x,y) — f(os«(x,y)) <

teT

04(x,y)eEs < x=y. Let x, y, ze || A.. Then ou(x, y, z) € Ima,, hence (f 0.)

teT

(x, ¥) = foa(x, y)) = f(0a(x, 2)) + f(0a(y, 2)) = (fo0d) (x,2) + (f 0a) (¥, 2).

1.3. Corollary. Let h=(h,),.r be a collection of mappings h, C:— D,, where
(C)ier, (Di)ier are collections of sets. Let E,=E,, E,nF, @, Imp,cImg,,
Imo, clmos. Let B> Imo, be a set. Let f: B— R be a mapping such that f o, is
a metric. Then f.p, is a metric.

1.4. Proposition. Let f: A— R and g: B— R be mappings, where A, B> Imog,.
Define a mapping f+g: (AnB)—>R by (f+g)(x) = f(x)+g( ) for each
x€ AnB. Define a mapping max(f,g): (AnB)>R b max(f, g)(x)
= max(f(x), g(x)) for each xe AnB Let fop, and qoo, b metrics Then
(f+ g)o04, max(f, g).0, are metrics.

Proof. Let xeImg,. Then O0=(f+g)(x) = f(x)+g(x) f(x) — 0&g(x)
= 0 < xeE,. Let(x,y, z)eIlma,. Then (f+g)(x) = f(x)+g(x) = f(y)+f(2)
+ g()+g(x) = (f+ g)(y) + (f+g)(z). Then by 1.2, (f+ g).p4 1s a metric.
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Let x eImg,. Then 0= (max(f, g)) (x) =max(f(x), g(x)) < f(x) = 0&g(x)
= 0 < x€E,. Let (x, y, z)eIma,. Then f(x) = f(¥)+f(z) = max(f(y), 9(»)
+ max(f(z), 9(2)), g(x) = g(¥) + 9(z) = max(f(y), 9(¥)) + max(f(z), 9(z)),
i.e. (max(f, g))(x) = max(f(x), g(x)) = max(f(¥), 9(y)) + max(f(z), 9(2))
= (max(f, 9))(y) + (max(f, g))(z). Then by 1.2, max(f, g) is a metric.

1.5. Proposition. Let {f.}i-, be a sequence of mappings f;: C;— R, where
G oImoa. Let {fi(x)}Z; converge for each x €(1C. Define a mapping lim f;:

i=1

ﬁ Ci— R by (lim f)(x) = lim f,(x) for each x € ﬁ C. Let Vx e F,: (lim f;)(x) #0.
i=1 i i—® =1 iaoo
Let fio04 be a metric for every i€ N. Then (lim fi)o0a Is a metric.

Proof. Let (x, y, z) eIma,. Then (lim f)(x) = ]L’E} fi(x) = !Lrg (f.(y) + fi(2))

= lim fi(y) + limf(z) = (lim f)(y) + (lim f))(z). Then by 1.2, (lim f)oa is

a metric.

1.6. Corollary. Let > f; be a series of functions f;: C;— R, where C; >Img.. Let
i=1

> fi(x) be convergent for each x € ﬁ C. Let f,004 be a metric for all i e N. Then
i=1 i=1

(lim '_ilf.-)ogd = (é:f.)ogd is a metric.

n—o

i= 1
Proof. By 1.4 (zﬁ)ogd is a metric for any ne N. Let xe F,. Then Vie N:

1

fi(x)>0, therefore Vne N: éf,-(x) = fi(x), i.e. ('1'1_{2 if,) x) = 'lll_rg Zf.-(x) =

fi(x)>0. Then by 1.5 (lim Zﬁ)ogd is a metric.
e =1

1.7. Proposition. Let f=(f.).: be a collection of functions f,: C,— R, where
C.oImg, and I#0. Let the set A, = {f.(x): (eI} be bounded above for each

x€(C. Define a function sup f: [JC,—>R by (supf)(x) = supA, for each

tel tel

x€(MC. Let f.o0s be a metric for every te€ 1. Then (supf)o0. is a metric.

tel

Proof. Let x € F,. Then Ve I: f,(x) >0, thus A, = (0, ), i.e.sup A, >0. Hence
VxeImo,: (supf)(x)=0 < xeE,. Let (x,y,z)elmos. Then Vtel: fi(x) =
f(»)+f(2) = supA, +sup A,. Then by 1.2 it follows that (sup¥). o, is a metric,
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2. Characterization of /(T

2.1. Definition. Let T be a nonempty set. Suppose R” is ordered coor-
dinate-wise, i.e. x=y (x<y) if and only if x(1)=y(t) (x(t)<y(t)) for each x,
y€eRT, teT. Define a function ®@: T—R by ©(t)=0 for each te T. Denote
T*={xeR": x=©O}. Denote by M(T) the set of all functions f: T* — R such that
foo0a is a metric for every collection of metrics d =(d,),.r.

2.2. Proposition. Let f: T*— R be a function such that

(1) f(©)=0,

(i) 3a>0VxeT", x+ O: f(x)e(a, 2a).

Then fe M(T).

Proof. Let d=(d)..r be a collection of metrics d,;: M, X M,— R. Then
E,={©}, ©¢F,, hence E;nF,;=0. Let xeImg,. Then f(x)=0 < x=60 <«
xeE, Letx,y, zelmoy, (x, y, 2) eImo,. If x= 0, then f(x)=0 = f(y) + f(2). If
y =0, thenx =z, hence f(x) = 0+ f(z) = f(y)+ f(z).If z= O, then x =y, hence
< f(x) = f(y)+0 = f()+f(z). If O&{x,y,z}, then f(x) = 2a=a+a =
f(y)+ f(z). Then by 1.2 we see that fop, is a metric.

2.3. Lemma. Let fe #(T). Then
VxeT : f(x)=0<x=0.

Proof. Let p: S XS— R be a metric such that Va = 03x, yeS: o(x,y)=a
(for example S =R, o(u, v) = |u—v| for every u, veR, x =a, y=0). Define
a collection of metrics d=(d,),.r by d,=0 for each teT. Then Img,=T",
E,={0©}. Hence by 1.2 it follows that Vxe T": f(x)=0 < x€E;, < x=0.

2.4. Lemma. Let fe #(T). Then Vx, y, ze T :
(x=y+z&y=x+z&z2=x+y)> f(x)=f(y)+ f(2).

Proof. Let 9: S X S— R be a metricsuch that Va, b, c=0,a=b+c,b=a+c,
cSa+b3x, y, ze$S: o(x,y)=a, o(y,2)=c, o(x,z)=b (for example
S=R xR, o(u,v) = |lu—v|| foreach u, veR xR, x=(a/2,0), y=(-a/2, 0),
z=((c*-b»/(2a), (V((@a+b+c)-(a+b—-c)-(a—b+c)-(—a+b+c))/(2a))
for a# 0, z= (b, 0) for a =0). Define a collection of metrics d = (d,),r by d, =0
for all teT. Let x, y, zeT", xSy+z, y=Sx+z, z=x+y. Since
{(x,y,2)e(T"Y:x=Sy+z,y=x+z,z=x+y}cIma,, by 1.2 we obtain f(x) =
f)+ 1)

2.5. Lemma. Let fe #(T). Then

(i) Vx, yeT": f(x+y)=f(x)+£(y),

(i) Vx, yeT": x =2y = f(x) =2f(y).

Proof. Letx,yeT".Since (x+y) = x+y,x=(x+y)+y,y=(x+y)+x,by
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2.4 we have f(x+y) = f(x)+f(y). Let x, yeT", x=2y. Since x=y+y,
y=x+y, by 2.4 we get f(x) = f(y)+f(y) = 2f(y).

2.6. Theorem. Let f: T*—R. Then fe M(T) if and only if

(i) VxeT": f(x)=0=x=0,

() Vx,y,zeT : (xSy+z&y=x+z&z=x+y) > f(x) = f(y)+1(2).

Proof. Sufficiency. Let d =(d,),.r be a collection of metrics d,;: M, X M,—» R.
Then E, = { @}, O ¢ F,, therefore E;nF,;=0.Let x eImg,c T*. Then f(x)=0 <
x=0 < xeE,. Let (x,y,z)elmo,. Then x=y+z, y=Sx+2,z=x+y, hence
fx) = f(y)+£(2).

Necessity. By 2.3 and 2.4.

2.7. Proposition. Let f, ge M(T). Then f+geM(T), max(f, g)e M(T).
(See 1.4) '

2.8. Definition. Let (M, d) be a metric space and let Q denote the first
uncountable ordinal numier. The transfinite sequence

(1) {ae}e<a

of elements of the space M is said to be convergent and to have a limit a € M if for
each £ >0 there exists an ordinal number a < $2 such that d(a;, a) <& whenever
a=§5< Q. If (1) has a limit a, we write lim az = a (or briefly a;— a). (See [3], [4].)

E-Q

2.9. Definition. Let X be a set and let (Y, d) be a metric space. The transfinite
sequence

(2) {fe}e<a
of functions fz: X— Yissaid to be convergent and to have a limit functionf: X —Y

if for each x € X we have lim fz(x)=f(x). If (2) has a limit function f, we write
E-Q

lim f, =f (or briefly f;—f). (See [3], [4].)

E-Q

2.10. Lemma. Let (M, d) be a metric space, a; € M(E§<S) and a;— a. Then
there exists an ordinal number a < €2 such that az = a for each § with a =E< Q.
(See [4; lemma 1].)

2.11. Theorem. Let f; € M(T)(E< Q) and Iet fy—f. Then fe M(T).

Proof. Let aeT". Since f—f, by 2.10 there exists an ordinal number
a = a(a)< Q such that fy(a) = f(a) whenever a =£<Q. Then 0= f(a) = fu(a) <
a=0., - .

Leta,b,ceT ,a=b+c,b=a+c,c=a+b. Since f—f, by 2.10 there exists
an ordinal number = f(a, b, ¢)< R such that f:(a)=f(a), f(b)=f(b), fe(c)=
g(c) for each & with B=E< Q. Then f(a) =f(a) = fa(b) +fs(c) = f(b)+f(c).
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2.12. Proposition. Let {f;}:Z, be a sequence of functions f, € M(T) such that the
sequence {f:(x)}i-, converges foreach xe T". Let Vxe T", x# ©: (lim f)(x) # 0.

Then lirgﬁeJ(/t(T). (See 1.5)

2.13. Proposition. Let > f; be a series of functions f; € M(T) such that the series
i=1

> fi(x) converges for each x e T*. Then (lim Ef,) e M(T). (See 1.6)
=1 nee s

2.14. Propeosition. Let f = (f;).: be a collection of functions f, € A(T) such that
the set {f.(x): tel} is bounded above. Then supfe M(T). (See 1.7)

2.15. Theorem. Let f € #(T). Then f is continuous if and only if f is continuous at
the point ©.

Proof. Denote by J the usual topology on R. Denote by ¥r the product
topology on R”. Let £ >0. Then

AUeSr, OeUV¥xeUNT": f(x)<e.
Therefore there exists a base element Vc U, @€V, ie. AFcT, F is finite

nonempty Yte F3U,e T, 0e U,: V= \x;'(U,), where r, is the projection from

teF

R7into R, i.e. m(x)=x(t)foreachxe R". Let te F. Then 3y,>0: (-, yv.)c U..
Denote y=miny,. Then [z, '((-v,7)) <V, therefore VxeT : (VteF:

teF teF

x()<y) = f(x)<e.

Let xeT", x#+ ©. Denote d =y/2. Let ye T" be a function such that Ve F:
lx(t) - y(n)| <.

Define a function z: T— R by

z(t)=min(d, x(t)+ y(t)) for teF,
z2()=x(t)+ y(t) for teT-F.

Thenze T, x=Sy+z,y=x+z,z=x+y,VteF: z(t)<y, hence |f(x)— f(y)| =
f(z)<e. Therefore VxeT', x¥OVe>03aIWePr, xeWVyeWnT":

[F() = fO)l<e <W=ﬂn," (S(x(1), 6))) and since, by the hypothesis, f is
teF
continuous at the point @, f is continuous.
2.16. Lemma. Let fe #M(T) be continuous. Then

Ye>03xeT", x>0: f(x)<e.
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Proof. Let £ >0. Since f is continuous at the point @, we have AU € ¥r, @ ¢ U
VxeUNT": f(x)<e. Since Ue%r and @e U, 36>0 IFcT, F is finite

nonempty: (\n;' (S(0, 8))c U. Define a function x: T— R by x(£)=6/2 for
ieF
each te T. Then x e UNnT", therefore f(x)<e.

2.17. Proposition. Let T be a finite set. Let f € M(T). Then f is continuous if and
only if

Ve>03xeT", x>0: f(x)<e.
Proof. Sufficiency. Let £ >0. Then for e >0 thereisae T, a> O: f(a)<e/2.
Since Vxe T": x=2a = f(x) = 2f(a)<e, hence for U=z (S(0, min a(t)))
teT

ieT
there holds Ue &r, @ € U, Vx e UNnT": f(x)<e, therefore f is continuous at the
point © and by 2.15 f is continuous. Necessity follows from 2.16.
2.18. Example. Let f: {0, 1}"— R be defined as follows:

f{(0,x), (1, y)})=1 for x+0,
f{(, x), (1, y)H)=min (1,y) for x=0.

Then fe ({0, 1}), f is not continuous and we have
Ve>03xe{0,1}", x+0O:f(x)<e
(for example x = {(0, 0), (1, min (1/2, £/2))}).

2.19. Corollary. Let T be a finite set. Let f € #(T). Then f is not continuous if
and only if

In>0Vxe T’, x>0: f(x)=n.

2.20. Lemma. Let f: S— T be a bijective mapping. Define a mapping f*:
T"—>S* byf*(a)=aofforallae T". Let g: S*— R. Then g € #(S) if and only if
(gof*) e M(T).

Proof. Necessity. Let ae T*. Then 0=(gof*)(a) = g(f*(a)) < f*(a)=0 <
VieS: a(f(1))=0 < VteT: a(t)=0 <a=0.

Leta, b, ceT',asSb+c, b=Sa+c, cSa+b. Then f*(a) = f*(b)+f*(c),
f*b) = fa)+f*(c), f*(c) = f*(a)+f*(b), hence (gof*)(a) = g(f*(a)) =
g(f*(b)) + g(f*(c)) = (gof*)(b) + (gof*)(c). Then by 2.6. we obtain
(gof*) e M(T).

Sufficiency. Since f': T— S is a bijective mapping, we have g = (gof*)o(f )* €
M(S).

2.21.Lemma. Let S = T be a nonemptyset, i: S— T, i(x) = x.'Define a mapping
ix: S*> T for each aeS™* by (ix(a))(t)=a(t) for teS and (ix(a))(t)=0 for
teT—S. Let fe M(T). Then (foix) e M(S).
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Proof. Let aeS™. Then 0=(foix)(a) = f(ix(a)) < ix(a)=0 < a=0.

Let a, b, ceS", aSb+c, b=a+c, c=Sa+b. Then ix(a) = ix(b)+ix(c),
ix(b) = ix(a)+ix(c), ix(c) = ix(b)+ix(a), therefore (foix)(a) = f(ix(a)) =
f(ix(b)) + f(ix(c)) = (foix)(b) + (foix)(c). Then (foix) e M(S) (by 2.6).

2.22. Proposition. Let S be a nonempty set. Let f: S— T be an injective mapping.
Define a mapping i: Imf— T by i(x)=x. Let g: Imf— S be a bijective mapping
such that f=iog™'. Define a mapping fx: S*—T" by fx=1ix0g*. Let he M(T).
Then (hofx)e M(S).

Proof. Since by 2.21 (hoix)e M (Imf), it follows from 2.20 that hofx
= (hol.*)og* € ./%(S)

2.23. Remark. Let # and & be categories whose objects are nonempty sets and
morphisms are injective mappings and mappings, respectively. Assign the set #(T)
to each object T of #. For every morphism f: S— T of the category ¥ define

a mapping J(f): M(T)— M(S) by (H(f))(g) = gof+ whenever g € M(T). Thus
we have described a countervariant functor #: 3% — &.

3. Metrization of the product topology

3.1. Lemma. Let d = (d,). r be a collection of metrics d,: Mi—R. Let f e M(T).
Denote by Js the product topology on n M, and denote by ; the topology

teT

generated by the metric fogs. Then Ts < T;.
Proof. Let te T. Let U, be an open set in M,. Let x e ; '(U,), where 7, is the

projection from [[ M, into M,, i.e. m,(x)=x(¢) for each x € [IM.. Then x(r)e U,,

teT teT
therefore 3¢>0: S(x(¢), €)= U,. Define a function a: T—R by a(t)=2¢ and
a(i)=0 for each ie T—{t}.

Put 6=f(a)/2. Let yeS(x,8)eJ;. Then (foo.) (x,y)<d, therefore
flou(x, y))<dé = f(a)/2. By 2.6 we have Vbe T : a=2b = f(a) = 2f(b), or
equivalently Vb e T": f(b)<f(a)/2 > 1(b=a/2).

Hence (p4(x, y)=a/2) and therefore, by definition a, we have d,(x(t), y(t))
= (0a(x, Y))() < a(t)/2=c¢. Therefore y e n; '(S(x(1), €)) < x;'(U,). Then

Vxen;(U)3VeT;,xeV: Vea'(U) (V=S(x,9)),
which implies I < 7.
3.2. Proposition. Let d=(d,).cr be a collection of metrics d,: M;—R. Put
H,={teT: M,+ @} (where M’ is the set of all accumulation points of the metric

space (M, 0)). Let F, Hyc FcT, be such a set that T— F is a finite set. Let i:

F— T be a mapping defined by i(x)=x. Let fe M(T). Let foix be a continuous
mapping. Then Is=9;.
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Proof. Since by 3.1 we have J5 < 7, it is sufficient to prove that J; < J.

Let xe [[ M, and £>0. The function foix is continuous at the point ©, i.e.
teT

dKcF, K+0 finite 3y>0VyeF : (VteK: y(t)<y) > (foix)(y)<e.
The set T—F is finite, this implies that there exists § >0 such that Vte T— F
VyeM, y#x(t): d(x(t), y)Zp. Denote 6 =min(B, y) and L =Ku(T—-F).

Put V=a;'(S(x(¢), §)). Then Ve Js and xe V. Let ye V.
telL

Then Vte T—F: (04(x, y))(¢) =0, this implies ix(04(x, ¥)|r) = 04(x, y). Since
04(x, Y)lre F* and Vte K: (0.(x, y)|-)(t) = d.(x(¢), y(t))<y, we have (fo0.)
(x,y) = floa(x,y)) = (foix) (0a(x,y)|r)<e, ie. yeS(x,e). Therefore

Vxe[[M Ve>03VeTs: xe VaS(x,¢), ie. I;=Ts.

teT

3.3. Corollary. Let d=(d,).cr be a collection of metrics d,: M:—R. Let
feM(T) be a continuous mapping. Then Ts = .

3.4. Proposition. Let d =(d,),.r be a collection of metrics d,;: M:— R. Denote
I;={te T: sup Imd, € R}. Let M, be a nonempty set for each te€ T. Let H,n1, be
a finite set. Let i: H;— T be a mapping defined by i(x)=x. Let fe M(T) be
a mapping such that Js=J;. Then f.ix is a continuous mapping.

Proof. If H,=0, then the statement is true. Suppose H,#@. Then by 2.21
foix e M(H,), therefore it is sufficient to prove that foi« is continuous at the point

©. Since M, is nonempty for all ¢ in T, there exists x in [ | M, such that Ve H,:
teT
x(t)e M;. Let £>0. Then S(x, €/2) € I, <= Js, hence

AKcT, K+#0 finite Iy>0: N\ a'(Sx(2), v))=S(x, £/2).
teK

Let F be a nonempty finite set such that H;n(Kul,)cFc H,. Let te F. Since

x(t) € M, there exists y, e M, with 0<d,(x(), y.) <y. Put d =min d,(x(¢), y.). Let
teF
zeH}, ze (7' (5(0, 8)). Then Vte H, — F 3y, e M;: z(t) = d.(x(t), y.). Define
teF .

a mapping y: T— |JM, by y(¢)=y, for te Hi, y(t)=x(t) for te T— H,. Then
teT

ye a7 (S(x(2), v)) and ix(z)=20a4(x, y), hence

(foix)(2) = f(ix(2)) =2f(0a(x, ¥)) =2(fo04)(x, y) <e.
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Therefore Ve >0 3F c H,, F# @ finite 36>0
Vze( 7 '(S(0, 8)): (foix)(2)<e,

teF

i.e. foix is continuous at the point ©@.

3.5. Corollary. Let d, be the usual metricon R for all te T. Let f e M(T). Then
Is =9, if and only if f is continuous.

3.6. Theorem. Let T be a finite set. Let d =(d,). r be a collection of metrics d,:
M;—R. Let M, be a nonempty set forall te T. Let i: H;— T be a mapping defined
by i(x)=x. Let fe M(T). Then Is= I, if and only if foix is continuous.

Proof. Necessity follows by 3.4. Sufficiency follows by 3.2.

3.7. Example. Let d =(d,).~ be a collection of metrics d,: (0, 1/n)*->R,
d.(u,v) = |u—wv| for each u, ve (0, 1/n), where N is the set of all positive
integer numbers. Let i: H;— N, i(x) = x (therefore i is the identity, since H, = N).

Let f: N*— R be a function defined by f(x)=sup (min (1, x(n))) for all xe N*.
neN

Then we can verify that fe #(N), s = J; but foix is not continuous.

3.8. Example. Let d=(d,).e~ be a collection of metrics d,: {0,1}’>R,
d.(0,1)=1 for all neN. Let i: H;— N, i(x)=x (since H,=#@, i is the empty
mapping). Let f: N*— R be a function defined by f(©)=0 and f(x)=1VxeN",
x# ©. Then we can show that fe #(N), foix is continuous but Ts+* 7.

3.9. Proposition. Let d =(d,).r be a collection of metrics d,: M:—R. Let E,
H,cE c I, be such a set that T—E is a finite set. Let f e #((T) be a mapping such
that Ve>0 3ceT": ' .

(i) AF cE finite Vte E - F: c(t)Zsup Imd,,
(if) VteE: c(t)>0,
(iiif) f(c)<e.
Then Is=9;.
Proof. Letxe H M, and £ >0. Since T — E is a finite set, there exists >0 such

teT

that Vie T—E VyeM,, y#x(t): d(x(¢), y)=6. Further, since 8/2>0, there
exists ce T* such that (VteE: c(t)>0) & (AFcE finite Vte E—F: c(t) =
sup Imd,) & (f(c)<e/2). Since F = E, we have Vte F: ¢(¢)>0. Since F is a finite
set, there exists y >0 such that Vt € F: c¢(¢f) = y. Let K be a nonempty finite set such
that (T - E)uF)cKc<T. Put V= x;'(S(x(¢), min(y, 6))). Let ye V. Then

teK
Vie E—F: d(x(¢), y(t)) = sup Imd, =c(s), Vte T—E: di{x(8), y(£))= 0 = ¢(o),
VieF: d(x(1), y() Sy=c(t), i.e. 0.(x, y)=c. Then gua(x, y)=2c, hence (fo0.)
(x,9) = floa(x,y)) = 2f(c) < 2¢/2=g¢, i.e. y € S(x, €). Therefore xe Vc
S(x,¢), VeTs. Then ;= Ts.

202



3.10. Corollary. Let d = (d,),  r be a collection of metrics d,: M;— R. Let Ve >0
dH T finite Vte T— H: sup Imd,<e¢. Let E, Hic EcT, be such a set that
T—E is a finite set. Let fe #M(T) be a mapping such that

Ve>03y>03ceT : (f(c)<e)&(VteE: c(t)=vy).
Then ‘075=~0/—f
Proof. Let £>0. Then 3y>0 Ace T : (f(c)<e)&(VteE: c(t)=y). Then
dH T finite Vte T— H: sup Imd, <y. Put F=HNE. Then FcE, F is a finite
set and Vte E—F: c(t)Zy > sup Imd,. Therefore 5= J; by 3.9.

3.11. Example. Let d =(d,). <~ be a collection of metrics d,: (0, 1/n*)*>R,
d.(u,v) = |lu—v|VYu,ve(0,1/n*). Let f: N*—> R be a function defined by f(x)
= sup (min (1, n-x(n))) for each x e N*. Then by 2.6 fe #L(N), by 3.9 Ts =T,

neN

but d and f do not satisfy the hypothesis of 3.10.

3.12. Theorem. Let d = (d,), . r be a collection of metrics d;: M:— R. Let M, be »
a nonempty set for all t in T. Let fe M(T). Then T =7, if and only if

Ve>03FcT finite 36>0VaeNT W™ JqeT":

(i) Vte(T—(I,UF)): a(t)Za(t),
(ii) Vte(I,—F): a(t)=sup Imd,,
(iif) Vte(FnH,): a()=9,
(iv) f(a)<e.
Proof. Necessity. Let t€ H,. Then 3x,e M, Ve >0 JyeM,: 0<di(x, y)<e.
Since VteT: M,#0, we have Vte(T—H,) 3x,e M, Define a mapping x:

T-UM, by x(¢t)=x for all teT. Let £>0. Since J;=9;, S(x, e/4)e Ts.

teT
Therefore

IFcT, F#@ finite 3y>0: (77 (S(x(¢), y))=S(x, /4).
teF

Let teFnH,. Then 3y, eM,: 0<d(x(t), y)<y. 1f FnH,#0 put 6=
 min d(x(®),y)>0. If FnH,=0, put 6=1. 1et aeNT %™ Let

te T—(I;UF). Then 3y, e M;: d/(x(t), y.) = a(t). Let e I, — F. If sup Imd, >0,
there exists y, € M,: .

d,(x(t), y)>(1/4)-sup Imd,.
If sup Imd, =0, put y, =x(t). Put y,=x(¢) for each ¢t¢ p— Ha.
Define a mapping y: T— | J M, by y(t)=y, forall ¢ ¢ T put @ =404(x, y). Then

f(@)=4-f(0a(x, y))=4-(fooa)(x, y)<4.c/4=E¢.
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Sufficiency. Let x € HM, and £>0. Since £/2>0, there exists a finite set Fc T

teT

such that

36>0VYae N % Jge T : (Vte(T - (I,UF)):
a()=Za(t))&(Vtel,— F: a(t)=sup Imd,) &
&(Vte FnH,: a(t)Z )& (f(a)<&/2).

Since F— H, is a finite set
Ay>0Vie(F-Hy) VyeM, y+x(t):d(x(t),y)=y.
Let K, F=cKc T, be a nonempty finite set.
Put V=) n;'(S(x(t), min(y, 8))). Let ye V. Let t € (T — (I,UF)). Then there

teK
exists a positive integer n, such that d,(x(t), y(t))=n,. Define a mapping a:
(T-(I,uF))>N by a(t)=n, for each teT—(I,uF). Then 3FaeT":
(Vte(T—(I,UF)): a(t)=a(t)) & (Vtel,—F: a(t) = supIlmd,) & (VteF:
a()Z90) & (f(a)<e/2).

ThenVte I, — F: d(x(t), y(t)) = sup Imd,=a(t),Vte FnH,: d,(x(¢), y(¢))<é
= a(t), Vee(T—-(I,UF)): di(x(2), y(t)) = a(t) = a(t), Vte F— H,: d,(x(1),
y()=0 = a(t), ie. 0s(x,y)=a. Then g.(x, y)=2a, hence (fo0.) (x,y)
= f(oa(x,y)) = 2f(a)<2-¢/2=¢, ie. yeS(x, €). Therefore xe VcS(x, €),
VeJs. Then I, Ts.

3.13.Example. Let d be a collection of metrics from example 3.8. Define
a function k: N* — {©}— N by k(x)=min {n € N: x(n) # 0}. Define a function f:
N*—>R by f(x)=¢*® for xe N*, x# © and f(©)=0. Then by 2.6 f e #(N), by
312 Js=9;, but f and d do not satisfy the hypotheses of either 3.2 or 3.9.
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O NMPOU3BEJEHWUU METPUYECKHUX INTPOCTPAHCTB
Slu Bopcuk n Mosed [Jo6ow
PesoMme

Myctb T sBnsercs HEMyCTbIM MHOXeCTBOM. O603HaumM M (T) MHOXECTBO Bcex OTOOpaXeHHH f:
{xeR"; VteT: x(t)Z0}— R, nns KOTOPbIX

(1) d(x, y)=f({d(x;, y)}ie1)

ABNSETCS METPUKOH Ha MHOXECTBE

[TM,

teT

AN KaKIOro CeMEHCTBAa METPHYECKMX NpocTpaHCcTB {(M,, d,)},r. B 3T0il paboTe Mbl npeanaraem
xapakTepuzauuio MHoxecTBa M(T), a TakkKe HEOGXOAMMOE M [OCTaTOYHOE YCIOBHE METPU3ALMK

TONOJIOrMA NMPOHU3BEACHUA HA

[IMm,

teT

npu noMoiuy metpuku (1).
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