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3-PARAMETRIC ROBOT MANIPULATOR
WITH INTERSECTING AXES

JERZY GADEK, Szczecin

(Received March 9, 1992)

Summary. A p-parametric robot manipulator is a mapping g of R? into the homoge-
neous space P = (Cg x Cg)/ Diag(Cg x Cg) represented by the formula g(uy,ug,...,up) =
exf)(ulX 1y . ... . exp(upXP), where Cg is the Lie group of all congruences of E3 and
XX 2, ..., XP? are fixed vectors from the Lie algebra of C.

In this paper the 3-parametric robot manipulator will be expressed as a function of ro-
tations around its axes and an invariant of the motion of this robot manipulator will be
given. _

Most of the results presented here have been obtained during the author’s stay at Charles
University in Prague.
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INTRODUCTION

A robot manipulator can be defined as a system of links or arms which can rotate
or translate with respect to each other and where the movement of each link is
independent of the movements of the remaining ones. The number p of moving
links is called the degree of freedom of the robot manipulator. The last link of the
robot manipulator is called the effector; of special interest here is the position and
movement of the effector with respect to the base of the robot manipulator. Points
connected with the effector constitute a Euclidean space Ej3 which is called the
moving space; the Euclidean space connected with the base of the robot manipulator
is called the fixed space and is denoted by Fj.

Of importance here is the motion of E3 with respect to E3 which is generated by
the motion of links of the robot manipulator. The actual motion depends on time, so
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it is a one-parametric motion in the Euclidean space. The links can move indepen-
dently of each other; the possible positions of the effector depend on p parameters.
Because the focus of this paper is the geometry of the motion of the robot ma-
nipulator, a geometric definition will be used. The p-parametric robot manipulator
is a product of p rotations or translations of the space.
The following definitions are introduced. Orthonormal frames

R=(0,f1,f2,f3)inE3s and R=(0, f1, f2,f3) in E3

are chosen. A p parametric motion in the Euclidean space is given if R is given with
respect to R as a function of p variables. Thus it can be written as R(u;) = R-g(u;),
1 0
, where t(u;) =
T t(ui) v(ui)
(t1(ui), t2(us), ts(u:))” and y(u;) € SO(3). This means that g(u;) is an element from
the Lie group Cs of all orientation preserving congruences of the Euclidean space.

Other frames in E3 and E3 can be chosen as basic ones.

Let R = R1§1, R = Ryg;; then R = Rg implies R, = R1g1937 . This means that
motions g(u;) and g1g(u;)g; " have to be considered as equivalent. In the set of all
congruences from Ej to FEj3, there is an action of the group Cs x Cg determined by
the rule

where u; are parameters, i = 1,2,...,p and g(u;) = (

(91,91) - 9= 91937 "

The set of all congruences from E; to E3 is the homogeneous space P = (Cs X
Cs)/ Diag(Cs x Cg), where an element (g,9) € Diag(Cs x Cg) for g € G can be
identified with g € Cs. The natural projection is w: (Cs x Cg) — P, the formula
for which is (g1,91) ~ ¢1§;'. The homogeneous space P is identical with Cs as
a manifold, but the multiplication in Cg is omitted.

The Lie algebra of Cg is denoted as L. It can be viewed as the Lie algebra of

00
matrices X = (z y)’ where z = (z1,22,23)7 and y is a 3 x 3 skew-symmetric
matrix
0 -ys w2
y=1 Y3 0 -y
Y2 W 0

written in a 3-column form y = (y1,2,¥3)7 and symbolically, X = (y; 2).

Let (y,z) be the ordinary scalar product in R*. On L there are two invariant
quadratical forms, the Killing form K (X, X) = (y,y) and the Klein form KI(X, X) =
(y,2). Each X € L generates a one parametric subgroup exp(tX), t € R, which in
general is a screw motion around the straight line 4 = y x z + Ay, A € R, where
K(X,X) is the angular velocity and KI(X,X)/K(X, X) is the pitch. It is shown
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in paper [1] that exp(tX) is translation iff K(X,X) = 0, and it is a rotation iff
K(X,X)#0and KI(X,X) =0.
We continue with the following two definitions:

Definition 1. A p-dimensional motion in E3 is an immersion § of a p-dimensional
manifold M into the homogeneous space P.

Definition 2. A robot manipulator with p degrees of freedom is any map equiv-
alent to the map

g: R? = P: (ug,...,up) = exp(ur X?) - ... - exp(up XP),

where X* € L, X* # 0 and any identification of P with Cs is used. Paper [1]
illustrated the p-parametric robot manipulator as a p-dimensional motion.

We repeat some of the arguments from [1] because of the notions which will be
used later in this paper.

Let g: M — P be a p dimensional motion, Ry and Ry are chosen fixed frames in
E; and Ej, respectively.

By a lift of the motion § we understand any pair of frames R(m) in E3 and R(m)
in Ej3 such that §(m)R(m) = R(m) for each m € M.

For any lift of § we obtain

dR=R-p,dR=R v,

where ¢ and ¢ are two copies of the Maurer-Cartan canonical 1-form on Cg. New
forms wo = 5(» — ¥), 1o = 3(p — ¥) are introduced.
The integrability conditions then have the form

dwo + Mo A wo +wo Ano = 0; dng + 1o A 1o + wo Awp =0,

where A denotes the matrix wedge product.
Further, if R, R is a lift of §, then any other lift is Ry, Ry, where v € Cs.
For the corresponding forms @&y and 7j, we obtain

wWo = ad.,_lwo; ﬁO = ad—y—-l"]O + 7—1 d'Y'

Additionally, let §(m) by any motion given by the matrix representation g(m). Then
the pair Ro, Ro-g(m) is its lift by definition. Because dR = 0 and dR = Ry- dg(m) =
R - g=1dg(m), we have @y = g~! dg(m), 9o = 0.

Therefore this special lift satisfies wo = g7 dg.
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The following lemma was proved in paper [1]. Let X1,..., X? be linearly inde-
pendent in L. Then there exists a neighbourhood U(0) of 0 in R? such that the
p-parametric robot g(u;) is a p-dimensional motion on U (0).

1. AXES OF THE ROBOT MANIPULATOR

In what follows we will consider 3-parametric motions only. In such a case one
can write the forms wp and 79 in the matrix form

we(§ ) w0

where
0 -ws w 0 -m n
w=| ws 0 —-w |, n=1{ n 0o -m|,

w2 W 0 -2 M 0
9= (019295)7, = (mmms)T; '

1-forms w;, 9;, n;, m; are of the form

3 3
(2) w; = Z Qij de, 19,' = Zcij dUJ',
3 3
i =Zbij duj, Ur =Zf,-jduj.
j=1 i=1

In [4] it is prove that in the general case we can choose a lift of the motion § such
that 0 is diagonal, ¥; = v;w;. Such a lift is called the canonical lift §.

In the next part we shall compute the forms wg, 1o for the canonical lift of a 3-
parametric robot manipulator given by axes Oy, Oz, O3, where O; and O, intersect
and the unit vectors of axes O;, i = (1,2,3) are linearly independent.

We shall write forms w, n, ¥, 7 in the form

3 3
(3) w=Y Aldu, n=) Bdu,
i=1 i=1

3 3
19=ZCidui, ﬂ:ZFidui,
i=1 =1
where

(4) A* = (a14,a2i,a3:)T,  B' = (byi, bai, b3i) T,
Ci = (crirc2ircsi)Ty  F' = (fui, foir f30) T
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Let a = (a;); B = (B:) be two vector forms. One can define the form v = a X f3,
where v; = €ijk05 A Bk, 1,j,k = 1,2,3 and €45« is the sign of the permutation i, j, k.
Then the integrability condition can be written in the form

(5) dw=-wxndp=-1inXn+wxuwl,

dd=-npxd—wxmdr=-nxT—wx?

where wp = (w; ), Mo = (;7). In view of (3), (4) and (5), the following system of
equations is obtained:

aAi 6A1 . . . N
— = t ]— J *
(6) a) du;  Ou A'x B - A xB
Bt OB . , : ;
b) a__i:B"XBJ—AlXAJ
Ou;  Ou;
i j i . . ; ; j j i
c) GL_GC =B'xC'-B' xC*'+A*x F! — A’ x F*
Ou;  Ou;
d) 3F_8F =Biij—Biji+vAiXCj—AjXCi,
Ou; Ou; .

where i < j,1=1,2,3;1=2,3.

Theorem 1. The position of axes Oy, Oz, O3 of a 3-parametric robot manipulator
depends on the variable uy only.

Proof. Itisprovedin [1] that the vector (A?, C*) yields the Pliicker coordinates
of the axis O; of the robot manipulator in the canonical lift §. A; is the unit vector
of the axis O0;, 1 =1,2,3.

Let u; be the angle revolution around the axis O;.

Let X* be the Pliicker coordinates of O;. Then X € L and

(7 Xi=(A5CY i=1,2,3.
The Killing form yields
(8) K(Xivxj): (Ai,Aj)ZCOS(pk,

where ¢ is the angle of O; and O;, ¢,5,k =1,2,3and k #14, k # j, i # j. Since the
Klein form of the vectors X' is given in the form

(9) KI(X',X7) = (A", C7) + (47, C") = Ldxsingy,
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where di. = 0(0;, O;) is the distance between the axes O; and O;, j = 1,2,3,i #k,
j # k, i # j, therefore

(10) KI(X',X?) =0 and KI(X? X3) = const.

In the canonical lift we have

wy; Viwy
(11) wo = | we; vawy | = (w,9).
w3; V3ws

It follows from (3) and (11) that vA* = C* and

(5 0 0
(117) v=|0 v, O
0 0 V3
From vA* = C* we obtain
(12) Cji = V;Qj;.

Since

3
Vjw; = 19]' = E Cji dui,

i=1
it follows that

i T
vA' = (Viws, Vaws, V3ws) " .

The vectors A%, i = 1,2, 3 are linearly independent; therefore, they form a basis and
the vectors C* = vA* can be expressed as

3
(13) Ci=vA' =) siAl.
_ =

Notation.

sinpg = Sk, sin2uy = s3,

cospr = Ck, cos2ug = cy.
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Computation yields
(14) a) (vAf, AY) = L[(vA}, AY) + (A*,vAY)]
= 3[(CF, A7) + (4%, C7)]
= 3KUIX', X)) =0
and
b)  (vA', A7) = L[(vA}, A7) + (vA7, AY)]
= 3[(C*, A7) + (€7, A7)
= 1KI(X* X7) = 2dkSk.
Taking (i, j, k) as the permutations of the set (1,2,3) we obtain
(15) (vA', A7) = 1d Sk

The equalities d3 = 0, d;.S; = const., d2S2 = k(uz) together with the formulas (8),
(13) and (15) imply that the coordinates s
further,

; are functions of one variable uy and,

(16) (S —vE)Mi =0,
where S = (s%) is a 3 x 3 matrix, the upper index denotes the row of the matrix S,
the matrix E is the 3 x 3 unit matrix and M? := (a;1, ai2,a:3)T.

It is known that the system of linear equations (16) has a non-zero solution iff the
characteristic polynomial det(S — v; E) = 0; therefore, v; = v;(s%(uz)) = vi(u2) and
as a consequence,

aij = a;j(uz) and ci; = cij(ug).

For further use we denote

wh = 00 and 7n':= 00
T Ci Ai n = Fi Bi :

In paper [1] the following result proved:

Theorem. Let a p-dimensional motion g: M — Cg be a robot manipulator. Then

there exists a system of coordinates ui, ..., u, such that for
P P
(17) wo = Ew"‘ dug, m0 = Zn" dug
a=1 a=1
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we have
Oweq

Oua

where the bracket means the Lie bracket in L. Formula (17) yields the relations

= [w*n*] fora=1,2,...,p,

act
a’u,'

dA

o =A'"xF'—-B*x C*.

(18) A' x B,

Because the coordinates of vectors A* and C*, i = 1,2, 3, depend on the variable us
only, we have

oAl _o# _
du;  Ouz
and in view of (18) we obtain
(19) A'xB'=0 and A*xB3=0.
Hence
(20) B! = uA', B3 =kA43,

where the functions p = p(uy,us,u3) and K = k(uj,uq,us) are functions of the
variables u;, i = 1,2, 3.

On the other hand, substituting i = 1, j = 3 in formula (6) a) results in A! x B3 —
A3x B! = 0 and further, in view of relation (14), we have (k+u)(A! x A%) = 0, which
means that k = —pu because A!, A3 are linearly independent vectors. Consequently,
B! = uA! and B® = —uA3? and differentiation with respect to u;, u yields

OB' _ gp0n 9B _ 0n
dus du;’  Ouz dus’
OB __pon OB _ sou
811,1 6u1 ’ 6U3 6u3

From these equalities together with formula (6) b) one can obtain the quality

ou ou
1 —— A+ A% = (1 - p?)(AL, A%).
(21) A+ SE AT = (1 )4 A7)
Multiplying scalarly equality (21) first by A! and next by A3 and taking into con-
sideration the fact that the scalar products (A, A') = (43, 4%) = 1 and that the
vectors A, A3 are linearly independent we obtain 561% = aﬁ% = 0, which means that
u = u(ug) and, consequently the coordinates of vectors B! and B? depend on the
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variable uy only. Similarly, one can prove that the coordinates of vectors B2 and F*,
i =1,2,3 depend on the variable u; only.

Now we will concentrate on the special 3-parametric robot manipulator given by
axes O;, Oz, O3 where O; and O, intersect. We will choose a special system of
coordinates, in which the expression for the axes O;, Oz, O3 will assume a very
simple form (see Fig. 1).

ZAOz
Pwe ug
U 03
01 3
\P
\
\
\\ P1
\AL  —
0 \ Q Ty
\¥2
xr
Fig. 1

Here d; = |OQ)| and § = |OP)|, where the point O is the origin of the coordinate
system, the point P is the intersection point of the axes O; and O;, Q is the inter-
section point of the axes O3 and Oy, and d; is the distance between the axes O; and
O3. The parametric equations of O;, O3, O3 are given as follows:

Ol: (l', Y,z — J)T = (tS3,O,tC3)T;
02: ($,y,Z)T = (an’t)T; 03: (z,y - dlaz) = (—tsl’oatCI)T

and t € R, where O3 rotates around O, with the angle of rotation us.

In the next theorem we express the unit vectors of the axes O;, O;, O3 in the
canonical lift §.
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Theorem 2. The unit vectors A%, i = 1,2,3, of the robot manipulator axes in
the canonical lift § are of the form

dsS. d;S \1_S;s

[21(1—ks)]§ [21(151215 (2)? (1—k)¥

22) Al=| B8, e s P= | ()R
(22) @ik A UL+R) A (3)% (1+k)

C

(12—lc2)Z (12-1;2); (12—1;2);

where

a=d;C1C3cy — d1 5153 — 65, C3s2,
b=d,Cica — 8S;59,

c=djcg —65,C; 82,

k =diCis2 +6S1c2,

I=[d} + (65115,

Cy = C1C3 ~ 5153¢3,

d2S2 = d1C1 S3¢2 + d1.5:C3 — 6.51S352;

ug Iis the angle of rotation around the axis Oa.
Proof. First we prove

(23) Cz = 0103 - 815302,
dy Sy = d1C1S3¢0 + d1S1C3 — 6515385.

There exists such a frame in E3 that the vectors of the axes O; and O3 are of the
form

Al = (83,0,C3)T, A%=(-51,0,01)7.

It has been proved in Theorem 1 that the configuration of axes of the robot manipu-
lator depends only on the rotation around the axis O2. After making a rotation of
angle \uy around the axis Oy, it can be seen that the vector A! does not change and
Al = At

A = UA® = (-5 cos Mug, — Sy sin Aug, C1)7,

where the matrix U is of the form
cosA\ug —sindug 0
U=|sin\uy cosiuy 0].
0 0 1

140



Define vectors r = (0,0,6)7, s = (0,d;,0)T and
ql=r><fil, (}'3=sx./i3;

as by the rotation around the axis O, we have Ur = r and Al = A! so after this
rotation one gets the vector ¢* = =r x A =r x A! =(0,453,0)7. Similarly the
vector ¢° = U§® = (dyC} cos Mug, dyC; sin Auz,d; S1)7T is obtained.

Denote the Pliicker coordinates of the axis O; by p;, ¢ = 1,2,3, in the following
way:

1
n=(A4%q¢"), p2= p (5;0), p3=(4%4%.

1
Then in view of the relations
Cy = (A',A%) and dyS; = (41, ¢%) + (43,4")

we obtain

Cg = 0103 - 5153 COos A'U,z,
d2Ss = d1C1S3 cos A\ug + d1S1C3 — 65153 sin Aus.

In view of (6), (8), (9), (10) and (16), after laborious calculations we obtain A = 2
and the formulas for A, i = 1,2, 3 of the form (22). a

Theorem 3. Let us write the axes Oy, Oz, O3 of the robot manipulator in the
form O; = A’ x C* + tA*. Then C* are given by (25) below.

Proof. To determine vectors C? it is necessary and sufficient to calculate the
elements of the diagonal matrix determined in (11). In view of formulas (13)-(15)
the matrix S assumes the form

nd252, mdQSz, d2525§
ndlsl, mdlSl, d1515§
dzszsf + pd;1 S, d1515§ + pd2 Sy, mdy Sy + ndsSs

1
S =
det A

where A is a symmetric matrix of the form
1 C; ¢y
A= CQ 1 Ca ,
Cc, C3 1

det A = Slzsgs%, m = —S3(C153 + 5103C2),
n = 8183¢c2; p=—51(51C3 + C1S3¢z),

52 =sin®p;;  s3 =sin’2uy, i=1,2,3.

which in view of (23) yields
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Note that det S = 0, and the characteristic equation det(S — v;E) = 0,i = 1,2,3
implies that

l—
k _ l+k vs =0

24 = —
( ) U 25182’ 2 25182’

where [ and & have been determined in (22).
Hence, from C* = vA* we conclude

e P v
2\/575132 ! 2\/2_132 )

0 0
l-k)z
vi (4B
cd=_| -(+k} ).
25 |~ m
0
In the monograph [2] (p. 68) the following theorem is proved. O

2. INVARIANTS OF THE 3-PARAMETRIC MOTION

Let w, n, 6, m be 1-form of a 3-parametric motion in the canonical lift §. Then we
have 0; = v;w; and we can write

3 3
mi= pywj; m= ZQijwj, where v;, pij, gij,
i=1 =1
i,j = 1,2,3 are invariants of the motion. In what follows we shall compute these

invariants for the motion determined by our robot manipulator.
To determine the invariants of the 3-parametric motion we prove

Lemma 1. The vectors B*, F¢, i = 1,2,3, are of the form

diS ((1—k)2 (I+k)37 \T

(26) B'=-A, B’ = 4% B’ = (21)%( (+k) ' (I—k ’0) ;

Fl__:_cl’ F3=C’3;

o ( -k l+k 2(20)2 ¢y )
22025, \(I+ k)2 (I —k)2 (12 — k?)28)s,

Proof. From the formula (6) and after some calculations we obtain
B'=-A', B3=4% F'=-C' F?=C5
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In the base A!, A2, A3 the vector B? is of the form

3
=) M4
=1

thus from the formulas (6) a), (18) and from the fact that B! = —Al, B3 = A® we
obtain the following system of equations:

1
(27) %‘:— = M Al x A% + A Al x A% — A2 x AL,
2
2
g—{:; = A1A2 x Al + /\3A2 x A3,
2

Scalar multiplication of the first equation of (27) by A3 and of the second equation
of (27) by A3 and next by A! yields the system of three linear equations with the
unknowns \;, 7 = 1,2, 3, of the form

(A3 4" ) = (1+ \g)|AY, A2, A3,

' Bug
(A3, ZA ) = —\|AY, A2, A7,
(Al,%) = \3|AL, A2, A3,

where |A!, A%, A3| is the mixed product of the vectors A, A%, A%. Thus

—d151 (2k62 - b52)

(28) M= 55,5,
Ay = —dl[aslsz — 2k(S51C3c2 + 5301)]
2T (12 = k2)S3s2
Ao = —2kd; Ss

(1 —F2)S35,"
where a, b, k, | are determined in (22).
3
In view of (28) and of the fact that B2 = 3" \;A? one obtains the vector B? in

i=1
the form (26). Similarly the vector F? is determined. ]

Theorem 4. The invariants of the 3-parametric motion g(u;,us,us) are given by
the following formulas:

v 0 0
(29) P=(pij), Q@=(g;5) and v= ( 0 vo O ) ,
0 0 V3
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i,j = 1,2,3, where vy, v,, v3 are determined in (24) and

—dyw -1 [ d1@

i 2(12 — k?)S,S35%’ P2 2518352 L(1 — k)(12 — k2) 2 5, Sa(l"—k )2]’

1 % d1d252
brs = [2<l+k)] (= k)Sss2”
_ 1 dyw 2 2\ 1
pa = —5ee [(z e T S ),
_ —d@ _ 1 3 d1da S,
P2 = s k8,5, PP T [2(1 ~k)) U+k)Sss2’
—dicw —dlcw
D31 = T 30 P32 ’
[20(1 + k)% (12 — k2)S2S3s3 T RIC=R)E (2 — k2)S2S,s3
_ d16d252 _ —dlw
P33 = 12 k2)515 20 M T TR+ k)2Ssse”
l+k di 2l 3 d1d2S1S2
Bz = (l—k) (2 —k3)Sysy’ W37 (l+k) (12— k2)S3’
1—ky\3 dyw d@
dar = (z + k) T TS BT USRI+ RS
2l \3 d1d251S2 _ bw — 2acd; Sy
223 (z k) =88 T i+ B = £2)S:15ss2
bw — 2acd, S, ad, S,

B2 = DU -2 - k9)S1Sssa’ T (B —k%)5y’

where w := cd3S2+1aS1 82, W := cdaS2—1aS; s, and ¢, d3S2, 1, a, k, b are determined
in (22).

Proof. The matrices A, B, C, F will be defined as follows:

(30) A= (A', A%, A%, B=(B'B?B%),
Cc=(C,C?C%), F=(F',F?F?).

Note that the matrices A, B, C, F are square matrices and det A # 0. The forms w,
1, 6, ™ can also be written as

(31) w=Adu, n=Bdu, 6=Cdu, 7=Fdu,

where du is the one-column matrix du = (du;, dug, duz)T.
Since det A # 0 thus du = A~ 'w and we can express the forms 7, 6, m with the
help of the form w as follows:

(32) n=BA 'w=Quw, §=CA'w=w, m=FA'w=Puw,
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where Q = (¢;;) = BA™!, P = (p;j) = FA™', 4i,j = 1,2,3. Because C = vA,
we have § = CA™'w = vw. From Lemma 1, formulas (22), (26), (32) and [6] the
statement of our theorem results. a
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