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Dedicated to Erdmute

It is well-known that, in contrary to the one-dirensional case, the Denjoy-Perron
integral in higher dimensious does not integrate the divergence of any differentiable
vector field. To remove this deficiency Mawhin presented in [Maw2] the GP-integral
which indeed gives the divergence theorem without any integrability assumptions.
Although this integral shows further satisfactory results its main lack is the complete
failure of the additivity property, i.e. if an interval is subdivided into two intervals
on cach of which a function is integrable, the function needs not be integrable on the
original interval (sce, e.g., ex. 1-2 in [JKS]).

In 1983 the M,-integral was introduced in [JKS] which not only preserves the
good properties of the GP-integral but also shows the additivity. Independently
Pfeffer defined an integration process in [Pf] which has the same properties as the
M, -integral but yields a more general divergence theorem. In this note we prove that
every M-integrable function is Pfeffer integrable with the same value. This result
completes the known relations between several integrals which are summarized at
the end.

By R and R* we denote the set of all real and all positive real numbers, respectively.
Throughout this note n is a fixed positive integer and we work in the n-diinensional
Euclidean space R™.

If £ C R" we denote by JE, d(E) and |E|, the boundary, diameter and outer
Lebesgue measure of E.

An interval [ in R” is always assumed to be compact and non-degenerate. A finite
family of pairs (z;, I;) is called a partition of the interval I if the I; are intervals,
having disjoint interiors, [ = U I; and z; € [; for all i. Furthermore, given a function

)
6: 1 — R* the partition {(x;, [;)} is called é-fine if d(I;) < 6(z;) holds for all i.
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If 0 < k < n—1is an integer we call a k-dimensional linear submanifold i of R"
which is parallel to k£ distinct coordinate axes a k-plane or just a plane and we write
dim H = k for the dimension of H. For a subset E of a k-plane (k > 1) we denote
by |E|i its k-dimensional outer Lebesgue measure and if E C R" is finite, then |E|o
denotes the number of elements of E.

Given an interval [ and a k-plane H we define the regularity r(I, H) of I with
respect to H by r(I,H) = |H O I|/d()* (= |I|o/d(I)*) if HNT # @ and by
r(I,H) = |I|p/d(I)* if HNI =@. Il H is a finite famnily of planes we set r(I,H) =
max{r(/,H): He H} if H # 0 and »(I,H) = |[|./d(I)" else.

We recall the definitions of M;- and Pfeffer integrability, see [JKS] and [Pf].

Given an interval I and a function f: I — R we call f
e M;-integrable on [ if there is a real number v with the property that for any £ > 0
and K > 0 there exists a §: I — R* such that |y — 3" f(2:)|/i|n| < € holds for every

6- fine partition {(z;, I;)} of I with 3~ d(1;)|0/i|n-1 < K. In case of integrability v

13
is uniquely determined and denoted by M‘f, f.

e Pfeffer integrable on I if there is a real number 4 with the property that for
any € > 0 and any finite family H of planes there exists a 6: I — R* such that
|y =3 f(xi)lli]n| < € holds for every é- fine partition {(z;, I;)} of I with r(I;,H) > ¢

[

for all 2. Again v is, if it exists, uniquely determined and denoted by prf[ f.

Proposition. Let I be an interval and assume the function f: I — R to be
M;-integrable on I. Then f is Pfeffer integrable on I and Prf, f= M , f-

Proof. Suppose without loss of generality % > € > 0 and let a finite family H
of planes be given. Set K = 22 (|I|, +2" Y |H N I|gim i) and choose a §: [ — R+
HeMW

such that
M,
| [ 1= S| <

holds for every 8-fine partition {(z;, I;)} of I with Zd(l.-)l(’)m,._l < K by the M;-
integrability of f. We may assume 6 < 1. ‘

Now take a d-fine partition {(z;, I;)} of I with r(I;, H) > ¢ for all i. We will show
Yo d(1;)|01i]n-1 € K and thereby prove our proposition.
i

Note that for each H € H the inequality }: |H N Lldim e < 2" |H O I|dim g holds

3
true. For, assuming first dimH = k > 1 and denoting by x; the characteristic
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function of I; and by L'f the k-dimensional Lebesgue integral we conclude

Elﬂﬂlh—z / /Hmzx.\‘uﬂm]k

Hnl
since each z € R™ can be contained in at most 2" of the intervals I; and this also
applies to the case dim H = 0.
If H # @ take a pair (z;, [;) of the partition and choose a plane H € H with
r(l;, H) = r(I;,H) > €. Remembering that |0/;|n—1 < 2nd([;)*~! and 6§ < 1 we
consider two cases:

(1) if HNI; =0 then |;|, > €d(I;)" which implies
AI)NOkn1 < 2 \Eln
(it) if HOL; # 0 then |H N Lilaim g > £d(L;)*™# which gives
AL lamr < 20d(B)5 ™ < 22 H O Ll i

2n
Z IHn[ IdlmH
HeH

Thus, recalling the above remark we obtain indeed

2 2
Zd(] NOIi|n-1 < l“ln'*’ —EZ E |H O Ii|dim #

i Hen
2 2 .
l|1|,. + 297 3 |H 0 lgimn = K.
¢ Hen
In case of H = 0 the inequality follows from (i) alone, since then r(I;,H) =
[ Li|n/d( ;)™ 2 € for all i. O

At the end let us list the relations between several integration processes which
directly follow from the definitions of the corresponding integrals and our proposition.
For relations between other integrals see, e.g., [Ost]. Fix an n-dimensional interval [
and denote by L(I), DP(I), M;(I) (i = 1, 2), Pf(I), GP(I) and RP(I) the classes of
all Lebesgue, Denjoy-Perron, M;- ([JKS)), Pfeffer, GP- and RP- ([Mawl]) integrable
real-valued functions on /. Then for n = 1 we have L(/) C My(I) C DP(I) =
M (7) = Pf(I) = GP(I) = RP(I) where the first strict inclusion reflects the fact
that every derivative is My-integrable and the second one can be seen by taking the
one-dimensional forin of ex. 3 in [JKS]. In case of n > 2 we have L(I) C DP(I) C

M,(I) C Pf(I) Cc GP(I) C RP(Il) and L(I) C Mg([) C M;(I) where the strict
inclusions are given by ex. 1-4 in [JKS] and ex. 7.3 in [Pf]. Those examples also
prove that M2(/) € DP(I) and DP(/) € My(I).
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Remarks. (i) The proof of the proposition reflects the fact that every partition
fulfilling the ‘local’ restriction as used in [Pf] also satisfies the ‘global’ restriction
used in [JKS] (with changed parameters). The converse is not true since if I is an
n-dimensional interval (n > 2) and if K 2 1 + ¢(n)|/|,, 0<r<1,6: [ - Rt and a
finite family of planes H are given arbitrarily then it is easy to see that there exists
a é-fine partition {(z;, I;)} of I with Y d([;)|0l;|n-1 < K but r(I;,;H) < r for at

least one i (¢c(n) being a positive absolu'te constant). Thus the question whether the
inclusion M, (1) C Pf(]) is strict remains open.

(i1) In order to establish the additivity of the GP-integral a modified version
was also proposed in [Mkh]. Unfortunately, the proof of the crucial Lemma which
guarantees the existence of certain partitions defining the integral contains a serious
gap. Meanwhile the problem seems to have been solved in the plane in [Bez].

(iii) In [Ju-Kn] the weak Denjoy-Perron integral which depends on a parameter
0 < r < 1 of regularity is investigated and characterized. Denoting for a fixed r by
DP.(I) the class of all weakly Denjoy-Perron integrable real-valued functions on [/
one can show that GP(I) = [} DP.(J).

0<r<i
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