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Abstract. We investigate the traceless component of the conformal curvature tensor de-
fined by (2.1) in Kéhler manifolds of dimension > 4, and show that the traceless component
is invariant under concircular change. In particular, we determine Kiahler manifolds with
vanishing traceless component and improve some theorems (for example, [4, pp.313-317])
concerning the conformal curvature tensor and the spectrum of the Laplacian acting on p
(0 < p < 2)-forms on the manifold by using the traceless component.
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1. INTRODUCTION

Recently, in his paper [3], Krupka has investigated the so-called trace decomposi-
tion problem and proved that a tensor
a1,a2,...,a
A= (Abll,b;,...,bqp)
of type (p,q) (p < ¢) can always be expressed as the sum of a traceless term and a

linear combination of the Kronecker d-tensors, with traceless coefficients. In particu-
lar, he has provided the following Theorem K as explicit decomposition formula of a

This work was supported by the Korea Research Foundation Grant. (R14-2002-003-
01002-0).
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tensor of type (1,3) and derived the Weyl projective, and Weyl conformal curvature
tensors by using this analysis.

Theorem K ([3]). Let A= (AY,) be a tensor of type (1, 3) in an n-dimensional
(n > 3) Riemannian manifold. Then there exist a unique traceless system A= (ﬁgcb)
and unique systems C = (Ce), D = (D), E = (Ecp) such that

Al = A%, + 64Ce + 62 Day + 67 Eue.

These systems are defined by

n(n? = 3)Aly, — (n? = 2) ALy, + ALy, — 24l + Al — (n® —2) AL,

Cop = ,
’ (n2 = 1)(n® — 4)
D b = 7(’”2 — 2>A§cb + TL(TL2 B 3>A2tb — (n2 B 2>A2bt + nAibc — 2Aitc + nAict
‘ (n? = 1)(n* - 4) ’
Ecb — nAicb B (7’L2 B 2)A¢t:tb + 7’L(7’L2 B S)Aibt B (’I'L2 - 2)A§bc + nAitc B 2Aict )

(7 = (n? — 4)

Here and in the sequel we use the Einstein convention with respect to the index
system {a,b,c,d, s,t,...}.

In this paper we investigate the traceless component of the conformal curvature
tensor (for definition, see (2.1)) in Kihler manifolds of dimension > 4 by using
Krupka’s analysis ([3]), and show that the traceless component is invariant under
concircular change. In particular, as applications of the traceless component, we
determine K&hler manifolds with vanishing traceless component and improve some
theorems (for example, [4, pp.313—-317]) concerning conformal curvature tensor and
the spectrum of the Laplacian acting on p (0 < p < 2)-forms on the manifold.

2. PRELIMINARIES

Let M be a Kihler manifold of real dimension n(= 2m) and (J,g) its Kéhler
structure. That is, ¢ is a Riemannian metric and J a complex structure on M such
that

JeT§gts = gen, Vedi =0,

where g, and J' are the local components of g and J, respectively, and V. de-
notes the operator of covariant differentiation with respect to g. We denote local
components of the curvature tensor R, those of the Ricci tensor R; and the scalar
curvature of M by RS, R, and s, respectively. It is well known that Jo, = Jlgy is
skew-symmetric with respect to the indices ¢ and b.
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In 1990, Kitahara, Matsuo and Pak ([2]) have introduced the so-called conformal
curvature tensor C' whose local components are given by

1
(2.1) C4p = RS+ E(Rggcb — R%gap + 05 Rep — 0% Rap
—Sqdep + SSdap — J3Se + I Sap + 2SacJy + 2Jch§)

(n+4)s (3n+4)s

= (JG ey — Sy — 2JacJy) — 57— (039 — 02 gan),

n2(n—|—2)(d b — Je Jdb dedp) n2(n+2)(dgb db)
where S., = —RctJlf = —Spe and S = S.1g**. We can easily see that the conformal
curvature tensor satisfies the following properties:

2(n—4 2(n—4)s
(2:2) Cfcb = ( )Rcb - ( n2 ) gebs  Ciep = —Claps Céct =0.
32 8(n? — 4n — 8)

2.3 C|?=|R|®> - = ||R.||? - ———25>
(23) I = 181 = g2 = R

where ||T'|| denotes the norm of a tensor 7' with respect to g (see also [4]).

The conformal curvature tensor is invariant under conformal change, provided
n > 4, and has a very useful property, namely, a Kdhler manifold with vanishing
conformal curvature tensor is of constant holomorphic sectional curvature, provided
n > 6 (for more details, see [2, pp. 13-14, Theorems A and B]).

3. THE TRACE DECOMPOSITION OF THE CONFORMAL CURVATURE TENSOR

In this section, we consider Krupka’s trace decomposition of the conformal curva-
ture tensor appearing in (2.1).

By means of Theorem K, there exist a unique traceless system = (C*’gcb) and
unique systems C' = (Ce), D = (Dap), E = (Eqc) such that

(3.1) Co = C%, +6%Coy + 6Dy + 68 Eqe.

These systems are given by

n(n2 - 3)Cfcb - (7’L2 B 2)C£tb + nczbt - 2Cfbc + nclgtc - (7’L2 B 2)Cl§ct
(n2—=1)(n?2—-4) ’
D p = 7(”’2 — 2)Cfcb + TL(TL2 B 3)Cétb — (TL2 B 2)C£bt + ncfbc — 2Cl§tc + nclgct
‘ (n? —1)(n* - 4) ’
ncttcb — (n2 — 2)C£tb + n(n2 - 3)C¢§bt — (’I’LZ - 2)Cttbc + nC;tc — 2(jli:t
(n?2—=1)(n?—4) '

ch =

Ecb =
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It is clear from (2.2) that
ch - thb7 ch - thb7 Ecb = 05
n— n—

which together with (2.2) and (3.1) implies

%wd b — 02 Ray) — % (0dgeh = Oc gav)-

Inserting (3.2) back into (2.1), we have

(3.2) Ciep = Cdcb +

(3.3) édcb = R, + — (Rdgcb — Rigay + 0gRep — 07 Rap

— Sd b+ Sngb — JgScb + Jngb + QSdCJg + 2JdCS;})
(n+4)s
n?(n+ 2)

(n?>+5n+12)s ,, " 2(n —4)
n2(n—1)(n+2) (09eb = 0c gav) = n(n—1)

+ (JG$ T — & Tap — 2J e )

(0GRey — 02 Rap)-

It is clear from (3.3) that

8(n? —4n —24) ,
s

) 5 8(n?—dn+12)
(3.4) ICI? = ||RII* - Bn—1(n+2)

n?(n —1)

Theorem 3.1. The traceless component of the conformal curvature tensor on a

1R * —

Kéhler manifold is invariant under concircular change, provided n > 4.

Proof. We consider a conformal change of the Riemannian metrics gp, and ‘gpq
as follows:

/ 2
gba = € ,nga

for a smooth function p. It is well known (cf. [6]) that the curvature tensors R and
'R corresponding to g and ‘g are related by

Ry = Riep, + 04608 — 0c60 + gab0s — 9eb 0,

where ¢, denotes the local components of the gradient vector of ¢ and

1
0ba = Vb0a — 0b0a + §Qt9t9baa 0" = 09" of = ong"®

Hence we have

3.5 'Rya = Rpa — (n — 2)0ba — 0}Gba,  's€”® =s—2(n—1)o},
t t
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where 'Ry, and ’s denote the Ricci tensor and the scalar curvature corresponding to
'g, respectively, and of = 0p,9"".
On the other hand, it follows from (3.2) that the trace decomposition of the

conformal curvature tensor ‘C,

, corresponding to ‘g is given by
2(n —4)’s

S 2(n—4
O = Cl + 210 ot — 6 Rar) — 2 00~ 62,

)

from which, using (3.5) and taking account of the fact that CJ., is invariant under

n(n

the conformal change, provided n > 4, we can easily obtain

Xa a 2(7172)(”74) a a
(36) Cdcb =" deb 7’L(7’L _ 1) (5d Ocb — 5(; de)
2(” — 2)(” — 4) a a
n2 (TL — 1) Qz(édgd? - 6cgdb)'

Hence, if the conformal change is concircular, that is, if
Ly
Oba = —0tYbas
n

then (3.6) yields égcb = ’égcb, which means that égcb is invariant under the concir-
cular change. (]

Next we prove
Theorem 3.2. A Kihler manifold of real dimension n > 4 is of constant holo-

morphic sectional curvature if and only if the manifold is Einstein and the traceless

component of the conformal curvature tensor vanishes everywhere.

Proof. Itis clear from (3.3) that égcb = 0 implies

1
Rip = — E(Rggcb — Rigap + 0gRep — 0g Ray — SgJey + Se Jap
— J3Sep + JESap + 2Sac s + 2J4055)
(n+4)s
- (JS Ty — J T gy — 2J g I
ng(n+2)(d b c Ydb d b)
(n? +5n+12)s 2(n—4)

(5fjlgcb - 5?9@) + (5511Rcb — 5ngb)~

n?(n—1)(n+2) n(n—1)

If the manifold is Einstein, we have R, = %gcb and S¢ = % - Inserting those
equations back into the above euqation, we obtain

R, = {0g9co — gavde + JevJg — JapJe — 2Jacdy },

n(n+2)
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which means that the manifold is of constant holomorphic sectional curvature. Con-
versely, if the manifold is of constant holomorphic sectional curvature, then Ry, =
2 gva and consequently Sp, = 2.Jp,. Substituting those equations into (3.3), we can
see that égcb = 0. O

*
4. KAHLER MANIFOLDS WITH C' =0

Let M be an n-dimensional Kéhler manifold with K&hler structure (J, g). Then
the the following relations hold on M:

(41) gct']l;5 = RZchta7 ?cb']é = _Rgtb']z?
JIR? = RIS, J Ry = —ReJi, JLJRis = Rey,
vtRficb == VdRcb — VCRdb, VbS = QVtRE.

Thus the tensor S, satisfies
1
(42) Scb = _EJtSRcbts = JtSthbsa Jéstb = _SctJli)5 = _Rcb
1
VaSer = JctVaRtb, VtSf: = §J§Vt5, JéVtSCb = JéJinRsb

(ct. (4], 1))
On the other hand, since the differential form S = %Scb dx¢ A da® is closed (for
details, see [10], p.72), it follows that

Jtevessa = vaRst - vsRata
from which, transvecting with J!J$, we have
(4.3) VeRyo = JLJf (VaRst — VsRat).

Differentiating (3.3) covariantly and using (4.1) and (4.2), we can easily obtain

n®—n?2—-12n—24

4.4 e B
( ) vecdcb 2n2(n ¥ 2)(n _ 1) {(vdS)gcb (vcs)gdb}
(n? —8) . . .
2n2(n +2) (Ves){evJi = JapJe = 2J5 ac}
n? —5n + 10
W{VdRcb — chdb}.

Thus we have
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Theorem 4.1. On a Kéhler manifold of real dimension n > 6 with VC*' =0, the
Ricci tensor R, is parallel, that is,

V Ry, = 05

Proof. Transvecting J¢J? to (4.4) with VC = 0 and taking account of (4.3),
we have

nd—n2—12n—24 .
0= 2n2(n +2)(n — 1) {(Vas)gts — (Vas)J Tsa}
(n? —8)

© 2n2(n +2)

2_5n+10
(Vas){Jea TG + gas0? + 20%gar} + —

T UG R,
n(n—1) t

ts

from which, transvecting with ¢** and using (4.1), we can easily obtain

(n—2)(n—4)

(4.5) D

(Vas) = 0.

Combining (4.4) with VC = 0 and (4.5) give
VaRe — VeRay =0,
provided n > 6, which together with (4.3) implies our result. O

Theorem 4.2. A Kihler manifold of real dimension n > 6 is of constant holo-
morphic sectional curvature if and only if the traceless component of the conformal

curvature tensor vanishes everywhere.

Proof. Taking the symmetric part of the tensor C*'dcba = é’gcbgea with respect
to the indices b and a, we can obtain

.4 24

Cacba + Cdcab = m(gdaRcb + gavRea — geaRav — gev Raa)

(n—1
because of Rgcha = R,pgea = —Rdcap- Hence é’gcb = 0 implies
n—4
7(gdaRcb + gdbRca - gcaRdb - gchda) = Oa
n(n —1)

and consequently
n—4

n(n—1)

which yields our assertion. O

(chb - Sgcb) = Oa
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5. SPECTRUM OF THE LAPLACIAN AND TRACELESS COMPONENT OF THE
CONFORMAL CURVATURE TENSOR

Let M be a compact Kihler manifold of real dimension n and denote by A the
Laplacian acting on p-forms on M, 0 < p < n. Then we have the spectrum for
each p:

Spec?(M,g) ={0 < Aop < A1p < Agp < ... T +o0},

where each eigenvalue A, , is repeated as many as times as its multiplicity indicates.
Furthermore, the Minakshisundaram-Pleijel-Gaffney’s formula for Spec?(M,g) is

Zexp (4nt)™ 2"Zaap as t— 0T,

where the constants A, , are spectral invariants. In particular, for p = 0, we have

given by

(51) ap,0 = / dM = VOI(M, g),
M
1
(52) aio = —/ SdM,
6 Jnm
1
(5.3) azo = —/ {2||R||? — 2||R1||* + 5s*} dM,
360 /s

where dM denotes the natural volume element of (M, g) (cf. [1]). For p = 1, we have
(5.4)  ap,1 =nVol(M,yg),

—6
(5.5) arg = — / sdM,
6 Ju

(5.6) agq = 360/ {2(n = 15)||R||? = 2(n — 90)||R1||* + 5(n — 12)s*} dM

(cf.[7]). For p = 2, we have

n(n—1
61 aa="C"varg),
| 4
(5.8) a1 = w/ sdM,
12 M
(5.9)  ags— 720/ {2(n? — 31n + 240)|| R
—2(n* — 181n + 1080) || Ry |* + 5(n* — 25n + 120)s°} dM
(ct. [5], (8], [9))

We next recall the following lemma provided by Tanno([7]) for later use.
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Lemma 5.1 ([7]). Let (M,g) and (M’,g') be compact orientable Riemannian
manifolds with Vol(M, g) =Vol(M',¢') and [,, sdM = [,,, s'dM’. If s’ = constant,
then [, s*dM > [, s'> dM’ with equality if and only if s = constant = s'.

A straightforward computation using (3.4) yields

fi 502 2 CO(”)/ 2
.10 ana= 155 [ {ICIE ~tomiQIPyan + 2 [ san

where @ is a tensor of type (0,2) defined by Q = Ry — g, and

(n® — 9n? + 32n — 96)

bo(n) = 2(n—1) <0 for n=246;
5n? + 8n + 12
TR S ).
co(n) Y P ) >

Thus we have

Theorem 5.2. Let M and M’ be compact Kéhler manifolds. Assume that
Spec®M =Spec®M’. Then dim M = dim M’ = n, and

(a) for n = 4,6, M is of constant holomorphic sectional curvature if and only if
M’ is, and s’ = constant = s;

(b) when M and M’ are Einstein and n > 4, M is of constant holomorphic sectional
curvature if and only if M’ is, and s’ = s.

Proof. Our assumption Spec’ M =Spec’ M’ implies ag o = ag and a1,9 = a .
Hence (5.1) and (5.2) yield

(5.11) Vol(M) = Vol(M'), / sdM = [ s dM’.
M M’
Moreover, since az g = aj g, it follows from (5.10) that
co(n
G [P -wml@rar+ 28 [
M

- / CIE = bo(ml|Q'17} b + S / S2 .
M’ 2

(a) For n = 4,6, if M’ is of constant holomorphic sectional curvature, then =0
and Q' = 0 and consequently (5.12) gives

| acr - wwiePyar + 252 [#ar- [ ) o
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Since s’ = constant, Lemma 5.1 implies [s*dM > [ s'>dM’ and consequently
C'=0and @ = 0. By means of Theorem 3.2 M is of constant holomorphic sectional
curvature.

(b) If @ = Q' =0, then s and s’ are both constants for n > 4. Thus (5.11) gives
s = §', which together with (5.12) implies

/nc"*H?dM:/ 1C )2 anr.
M M’

Hence we have our assertions. O

We next consider the case of p = 1. In this case it follows from (3.4) and (5.6)
that

1 .
(5.13) @21 = 35 /M[2(n —15)|1C)1% = 2b1(n)|Q||* + c1(n)s?] AM,

where

4 99n3 4 242n2 — 576n + 1440
n nTtaton nt <0 for2<n<9T;

b1 (n) =

n?(n —1)
5n3 — 5n? 4+ 72 120
c1(n) = i nTAren >0 for n=2o0r 10 < n.
n(n+2)

Thus we have

Theorem 5.3. Let M and M’ be compact Kihler manifolds. Assume that
Spec! M =Spec! M’. Then dim M = dim M’ = n, and

(a) for 16 < n < 96, M is of constant holomorphic sectional curvature if and only
if M’ is, and s’ = constant = s;

(b) when M and M’ are Einstein, and n > 4 and n # 6, M is of constant
holomorphic sectional curvature if and only if M’ is, and s’ = s.

Proof. Our assumption Spec' M =Spec' M’ implies ag,1 = af; and a1; = a] ;.
Hence (5.4) and (5.5) yield

(5.14) Vol(M) = Vol(M"), / sdM = s dM’,
M M’
provided n # 6. Moreover, since az 1 = aj 1, it follows from (5.13) that
615) [ {n= 1910 - iy am + 42 [ 2
M
= [ {0 -l Pya+ 2 [ ar
M/
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(a) For 16 < n < 96, if M’ is of constant holomorphic sectional curvature, then

*

C’' =0 and @ = 0 and consequently (5.15) gives
2 2 a (n) 2 2 /
{(n— 15)||é|\ —bi(n)||Q|*} dM + — s°dM — [ §“dM’ ) = 0.
M

Since s’ = constant, Lemma 5.1 implies [s*dM > [ s'*dM’ and consequently
¢'=0and @ = 0. By means of Theorem 3.2 M is of constant holomorphic sectional
curvature.

(b)) When Q@ = @' =0 and n > 4, s and s’ are both constants. Thus (5.14) gives
s = &', which together with (5.15) implies

/||én2dM:/ 1C )2 dnr.
M M’

Hence we have our assertions. OJ

Theorem 5.4. Let M and M’ be compact Kéhler manifolds. Assume that
Spec® M =Spec®M’ and Spec! M =Spec'M’. Then dim M = dim M’ = n, and

(a) forn > 4, M is of constant holomorphic sectional curvature if and only if M’
is, and s’ = constant = s ;

(b) for n > 4, M is Einstein if and only if M’ is, and s’ = s.

Proof. Our assumption Spec’ M =Spec® M’ implies ag,0 = af o and a1,0 = a] ¢.
Hence (5.1) and (5.2) yield

(5.16) Vol(M) = Vol(M'), /de: s’ dM’.
M M’

Moreover, the assumptions Spec® M =Spec®M’ and Spec! M =Spec! M’ give as o =
as o and az 1 = aj;, from which together with (5.3) and (5.6), we have

(5.17) /‘@Ww2+1%ﬂdM£:/ BIIR|2 + 135/2) dM,
M M’
(5.18) / (10| R|]* + s*) dM :/ (10| R, ||? 4 5'*) dM.
M M’
(a) It follows from (3.4) and (5.17) that

L, 40(n? —dn +12)
2 2 2 dM
[ {5+ o R R .57

X 40(n? — 4n + 12
= [ {slep+ 2 LRI + o5} anr
M’ n (77,7 1)
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where

130" + 1303 4 14n® — 160n + 480
1= n2(n —1)(n + 2)

Taking account of (5.18), the above equation reduces to

Ga9) [ siepa - [ 5|c*"||2dM’+do,1( [ stan - s’QdM')o,
M M’ M M’

where

dor — 13n* + 9n3 + 22n2 — 176n + 384
0 n2(n—1)(n +2) ’

which is positive for n > 2. On the other hand, since |Q[|? = ||Ry1||? — =, (5.18)

o

reduces to

1
(5.20) /HQHQde/ 102 ans’ + 0(/ 2 — .sﬂde)o_
M M’ 107’L M M’

Thus, if M’ is of constant holomorphic sectional curvature, then it follows from The-

orem 3.2 that ¢’ = 0 and Q' = 0. Hence s’ is constant for n > 4, and consequently
Lemma 5.1, (4.16), (4.19) and (4.20) lead to ¢ =0,Q=0and s = constant = .
Therefore M is also of constant holomorphic sectional curvature.

(b) is easily obtained from (5.20). O

Finally we consider the case of p = 2. In this case it follows from (3.4) and (5.9)
that

(5.21)  ass = % /M{z(n —15)(n — 16)|| (|2 = 2b2(n)[|Q|* + ca(n)s?} dM

where
1
bo(n) = ﬁ(yﬁ — 190n* 4 154103 — 4088n2 + 10656n — 23040) < 0
ne\n —
form=2 or 6<n<180;
1
ca(n) = m(w1 — 11703 4 724n* — 732n — 480) > 0
nn

for2<n<8 or n=>14.

Thus we have

868



Theorem 5.5. Let M and M’ be compact Kéhler manifolds. Assume that
Spec?M =Spec?M’. Then dim M = dim M’ = n, and

(a) for n = 6,8,14 or 18 < n < 180, M is of constant holomorphic sectional
curvature if and only if M’ is, and s’ = constant = s;

(b) for n = 16, M is Einstein if and only if M' is, and s’ = s;

(¢) when M and M’ are Einstein and n > 4 and n # 16, M is of constant
holomorphic sectional curvature if and only if M’ is, and s’ = s.

Proof. Our assumption Spec M =Spec? M’ implies ag 2 = af , and a1 2 = a] 5.
Hence (5.7) and (5.8) yield

(5.22) Vol(M) = Vol(M"), / sdM = [ samr.
M M’
Moreover, since az 2 = aj o, it follows from (5.21) that

(5.23) /M {(n—15)(n ~ 1)) — bo(m) Q) ans + 2 / s AM

= [ (= 15)0 - 16)|C)? o) |7} an 2 [
.

(a) For n = 6,8,14 or 18 < n < 180, if M’ is of constant holomorphic sectional
curvature, then ¢’ = 0 and @’ = 0 and consequently (5.23) gives

/M{(nf 15)(n — 16)[|C|? — by (n)||Q|1*} dM + Qé—n)</52dM/5’2dM’) =0.

Since s’ = constant, Lemma 5.1 implies [s?dM > [ 2dM’ and consequently
¢'=0and @ = 0. By means of Theorem 3.2 M is of constant holomorphic sectional
curvature.

(b) is trivial.

(¢) When Q = Q' =0 and n > 4, s and s’ are both constants. Thus (5.22) gives
s = s', which together with (5.23) implies

[acpa= [ jépar
M M’

provided n # 16. Hence we have our assertions. O
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Theorem 5.6. Let M and M’ be compact Kéhler manifolds. Assume that
Spec® M =Spec® M’ and Spec?M =Spec?M’. Then dim M = dim M’ = n, and

(a) for n > 4, M is of constant holomorphic sectional curvature if and only if M’
is, and s’ = constant = s.

(b) for n =4 or n > 14, M is Einstein if and only if M’ is, and s’ = s.

Proof. Our assumption Spec’ M =Spec’ M’ yields ago = ag o and a1,0 = a] g
Hence it follows from (5.1) and (5.2) that

(5.24) Vol(M) = Vol(M'), / sdM = [ s dM’.
M M’

Moreover, the assumptions Spec’ M = Spec’ M’ and Spec> M = Spec®* M’ give ag g =
ah o and az 2 = aj 5, from which together with (5.3) and (5.6), we have

(5.25) / {(5n — 28)||R||* + (13n — 80)s*} dM
M
= / {(5n — 28)||R'||* + (13n — 80)s"*} dM,
"
(5.26) / {2(5n — 28)|| Ry[|* + (n — 20)s°} dM
M
- / 2(5m — 28)||RL|12 + (n — 20)5%} dM.
"
(a) It follows from (3.4) and (5.25) that

% 8(5n — 28)(n? — 4n + 12
/{(5n728)||C’H2+ ( ) )HRlHMcO,Qs?}dM
M

n%(n—1)
" 8(5n — 28)(n? — 4n + 12) 2
_ o 1112 /12 / /
7/M,{(5n 28)[|C7 17 + = IRY? + o} dM

where

13n° — 67n* — 66n> — 224n? — 64n + 5376
n2(n—1)(n+ 2) '

Taking account of (5.26), the above equation reduces to

Co2 =

(5.27) /M(Em —28)||C|12dM — /M/ (5n — 28)||C"||? dM’

+d0,2</ s2dM — 5’2dM’> =0,
M M’

PR 71n* + 22n® — 4000 + 160n + 7296
02~ n2(n—1)(n+2) ’

where
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which is positive for n > 6 and negative for n = 4. On the other hand, since
1QI* = || R1]|? — s?/n, (5.26) reduces to

(5.28) /M 2(5n — 28) | Q| AM — /M/ 2(5n — 28)[| Q|1 AM’
+%</ s2dM — S/ZdM/)O.
n M M/

We first consider the case of n = 4. In this case, if M’ is of constant holomorphic
sectional curvature, then it follows from Theorem 3.2 that ¢’ = 0 and QR = 0.
Hence s’ is constant for n = 4, and consequently Lemma 5.1, (5.24), (5.27) and
(5.28) imply that ¢ = 0,Q = 0 and s = constant = s’. Therefore M is also of
constant holomorphic sectional curvature. In the case of 6 < n < 12, we fail to
derive our assertion in this way, and so we have to find another method. In fact,
using (2.3), we can rewrite (5.25) in the form

32(5n — 28
[ {Gn=mscr+ 2O p 2 4 oo} an
M n

- / {(5n —28)(|C")1% + M;%)

IR + o2} AL

where
13n5 — 54n* — 120n3 — 384n2 + 576n + 1792
2n3(n +2) ’

€0,2 =

This equality together with (5.26) implies

(5.29) / (5n — 28)||C||* dM — / (5n — 28)||C"||* dM’
M M’

+f0,2</ s2dM — 5’2) dm’,
M M’

where
13n5 — 54n?* — 13612 — 962 + 12161 + 1792

Joa = 2n3(n + 2) ’

which is positive for n > 6. Hence, in the case of n > 6, Lemma 5.1 and (5.29) imply
C = 0, which yields our assertion as already mentioned in Section 2.
(b) is easily obtained from (5.28). O
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Theorem 5.7. Let M and M’ be compact Kéhler manifolds. Assume that
Spec! M =Spec! M’ and Spec?M =Spec?M’. Then dim M = dim M’ = n, and

(a) for 4 <n < 14 orn > 24, M is of constant holomorphic sectional curvature if
and only if M’ is, and s’ = constant = s.

(b) for n > 4, M is Einstein if and only if M’ is. Moreover, in this case s’ = s,
provided n =4 or n > 10.

Proof. Ourassumption Spec' M =Spec' M’ yields a1 = a( ; and consequently
it follows from (5.4) that Vol(M) =Vol(M’). Since Spec?M =Spec®M’, a1 = a} 5
yields [,, sdM = [, s’dM’. Summing up, we have

(5.30) Vol(M) = Vol(M'), / sdM = [ s dM.
M M’

Moreover, the assumptions Spec! M =Spec! M’ and Spec>M =Spec’M’ give as; =
asq and az s = aj 5, from which together with (5.6) and (5.9), we have

(5.31) / {(5n% — 51n — 360)||R||* + (13n* — 147n + 360)s*} dM
M

= | {(5n2 = 51n — 360)||R'||> + (13n% — 147n + 360)s"*} dM,

M’

(5.32) / (2(5m + 20)|[Ra|2 + (n — 24)5%} AM

- / 2(5n -+ 24) [ Ry + (n — 24)s'} AM.
M/
(a) It follows from (3.4) and (5.31) that

/ {(5n2 — 51n — 360)||C7||?
M

8(5n% — 51n — 360)(n? — 4n + 12)
+
n?(n—1)

- / {(5712 ~ 51n — 360)||C|1?

8(5n2 — 51n — 360)(n2 — 4n + 12)
n?(n—1)

||R1 ||2 + 617282} dM

IRY(1? + 01728/2} dm’

where

13n°® — 134n5 + 227n* + 8613 — 2928n? + 21312n + 69120
n%(n—1)(n+2) '

Ci1,2 =
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Taking account of (5.32), the above equation reduces to

2(5n251n+360)n2(n1)(5n+24){/ |\6‘||2de/ |c*’|2dM’}
M M’

(5.33) +d172(/ s2dM — s’2dM’) —0,
M M’

where

dy,2

40n" — 1341n° 4 5598n° + 78541n* + 552100 — 135312n2 — 21312n — 69120
n2(n—1)(n+2) ’

which is positive for 4 < n < 14 or n > 24. On the other hand, since ||Q|* =
| R1% — £ (5.32) reduces to

no

(5.34) /M {2(5n + 24)||Q||* dM — /M/ 2(5n + 24)(|Q’||* dM’

JFWM(/MSZCUW M(5’2dM’> =0.

Hence, from (5.33) and (5.34) we complete our assertion.

1]

2]

(b) is easily obtained from Lemma 5.1 and (5.34). O
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