Czechoslovak Mathematical Journal

Xiao-Dong Zhang
A note on ultrametric matrices
Czechoslovak Mathematical Journal, Vol. 54 (2004), No. 4, 929-940

Persistent URL: http://dml.cz/dmlcz/127941

Terms of use:

© Institute of Mathematics AS CR, 2004

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127941
http://dml.cz

Czechoslovak Mathematical Journal, 54 (129) (2004), 929-940

A NOTE ON ULTRAMETRIC MATRICES

XI1A0-DONG ZHANG, Shanghai

(Received January 20, 2002)

Abstract. It is proved in this paper that special generalized ultrametric and special % ma-
trices are, in a sense, extremal matrices in the boundary of the set of generalized ultrametric
and % matrices, respectively. Moreover, we present a new class of inverse M-matrices which
generalizes the class of %/ matrices.
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1. INTRODUCTION

It is a longstanding open problem to characterize the nonnegative matrices whose
inverses are M-matrices (see [15]), although the inverse of a nonsingular M-matrix is
always a nonnegative matrix. In 1994, Martinez, Michon and San Martin introduced
strictly symmetric ultrametric matric A = (a;;) whose entries satisfy

(1) a;; > min{a;x, ar;}  for all 4, j, k,

(2) Qi; > Q45 for all 7éj

and proved that the inverse of a strictly symmetric ultrametric matrix is a row
and column diagonally dominant M-matrix (see [8] and [12]). Later, nonsymmetric
ultrametric matrices were independently introduced in [10] and in [13]; i.e., nested
block form (for short, NBF) and generalized ultrametric matrices (for short, GUM),

This work was supported by the grant No. 10371075 of the National Natural Science
Foundation of China and by the project-sponsored by SRF for ROCS, SEM.
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respectively. After a suitable permutation, every GUM can be put in NBF. In other
words, there exists a permutation matrix P such that

o pap - ()

bo111 Ao

where Ay and Agy are GUM and b2 < ba1, min{a;;, aji} > big, max{a,j;, aj;} = bay
for all 4, j, 1 is the vector of all one’s. Moreover, if A itself and as well as all its
principal submatrices which are GUM are of the form (3), then A is called NBF.
They proved that this class of matrices has similar properties as strictly symmetric
ultrametric matrices. In other words, the inverse of a nonsingular GUM is a row
and column diagonally dominant M-matrix. Let A = (a;;) be an n x n NBF of the
form (3), where Ay and A are m xm and (n—m) x (n —m) NBF. An n x n matrix
B = (by;) is called a % matriz (see [11]), if b;; = a;; for 1 < i < j < n; by = a5 for
1<j<i<mandb;; = a, fori > j and m+1 < ¢ < n. Nabben in [11] proved that
the inverse of a % matrix is a column diagonally dominant M-matrix. Many other
properties on GUM and other related classes were investigated by many authors (for
example, see [3], [4], [14], etc.).

Recently, Fiedler in [6] defined that an n xn matrix A is called a special symmetric

ultrametric matriz if A is symmetric nonnegative and satisfies (1) and
(4) ai; = max{a;;; j#ip fori=1,...,n.

Further, he proved that special symmetric ultrametric matrices are, in a sense, ex-
tremal matrices in the boundary of the set of strictly symmetric ultrametric matrices.
Although they are not inverses of M-matrices, these matrices are in the closure of
inverses of weakly row and column diagonally dominant nonsingular M-matrices.
In other words, they are the limits of convergent sequences of matrices that are in-
verses of weakly row and column diagonally dominant M-matrices. Moreover, he
gave a simple structure of these matrices using weighted graphs. As for the closure
of inverses of M-matrices, the reader may be referred to [2] and [7].

This paper is motivated by the results of Fiedler [6] and Nabben [11]. We introduce
special GUM and special %7 matrices in Section 2 and 3 respectively, which are, in
a sense, extremal matrices in the boundary of the set of GUM and % matrices.
Further, we present a simple construction of these matrices by using doubly edge-
weighted paths and mixed edge-weighted paths. The result generalizes the result of
Fiedler in [6]. In section 4, we introduce a new class of inverse M-matrices which
generalizes the class of % matrices.
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2. SPECIAL GENERALIZED ULTRAMETRIC MATRICES

Definition 2.1. An n x n matrix A = (a;;) is called a special generalized ultra-
metric matrix (for short, special GUM), if A is a generalized ultrametric matrix and
satisfies

(5) a; = max{a;;,aj;, j #i} for i=1,...,n.

Moreover, if A is an NBF and satisfies (5), then A is called a special NBF. Clearly,
A is a special GUM if and only if there exists a permutation matrix P such that PAP?
is a special NBF. It is easy to see that A is the limit of a convergent sequence of ma-
trices which are inverses of weakly row and column diagonally dominant M-matrices
from Theorem B in [6] or in [7]. Moreover, if A is symmetric, it is just a special
symmetric ultrametric matrix in [6]. However, a special GUM may be not singular,
while each special symmetric ultrametric matrix is always singular.

Let T = (V,E) be a path on the vertex set V = {vy,...,v,} and the edge set
E ={F1,...,E,_1}, where E; = (v;,v;41) for i = 1,...,n — 1. If two nonnegative
numbers «; < [; are assigned to each edge E;, for i = 1,...,n — 1 and satisfy
the following condition “for any 7 < j, there exists an ¢« < p < j such that a), =
min{oy; Ej is an edge in the path from v; to v;} and 8, = min{fx; Ej is an edge
in the path from v; to v;}”, then T is called a double edge-weighted path with two
vectors & = (aq,...,an—1) and g = (B1,-..,Bn-1) (for short, double edge-weighted
path). Hence we can define an n x n nonnegative matrix C(T") = (¢;;) associated
with a double edge-weighted path T as follows:

For i < j, ¢;; = min{ay; Ey is an edge in the path from v; to v;}; for ¢ > j,
¢ij = min{f; Ej is an edge in the path from V; to V;} and ¢;; = max{8x; Ej is
incident with v;}.

The main result in this section is that the class of all special generalized ultrametric
matrices just coincides with the class of all matrices C'(T') with doubly edge-weighted
paths, up to permutation.

Lemma 2.2. Let A = (a;;) be an n x n special NBF. Then there exists a double
edge-weighted path T with & = (aq,...,an—1) and g = (B1,...,Bn-1) such that
A=C(T).

Proof. We prove the assertion by the induction on n. The assertion is trivial
for n = 2. Assume that the assertion holds for less than n. Since A = (a;;) is
special NBF, A has the following form

(A bppll?
(©) A= <5211t1 Agy )’
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where Ay and Ags are m x m and (n — m) x (n —m) NBF, respectively; ba; > b1,
min{a;;,a;;} > b1z and max{a;j,a;;} = bay for all 4,j. We first suppose that 1 <
m < n — 1. By the induction hypothesis, there exist double edge-weighted paths T}
on the vertex set V; = {v1,...,v,,} with two edge-weighted vectors (aq,...,am—1)
and (B1,...,0m-1) and Ty on the vertex set Vo = {vpy1,...,0,} with two edge-
weighted vectors (am41, - -, @n—1) and (Bm+1, .-, Bn-1) such that A;; = C(T1) and
Agg = C(T3), respectively. Now let T' be a path on the vertex set V = {v1,...,v,}
obtained from T} U Ty by adding one edge (Vsm,Vmit1) to T U Th with two weight
Qm = bio < B = bo1. For i < m < j, by the induction hypothesis, we have
am = b2 = min{ap, aig, k # 1} < min{a;iy1,...,aj-1,;} = min{ay; Ej is an edge
in the path from v; to v;} < am,. Hence o, = min{ay; Ej is edge in the path
from v; to v;}. Similarly, 5, = ba1 = min{f8k, Ex is an edge in the path from v;
tov;}. Hence T is a double edge-weighted path on n vertices with & = (a1,...,an-1)
and E: (61, .., 0n-1). Moreover, it is easy to see that

C(Tl) Oém]_]_t
o) = (ﬁmm C(T») ) '

If m=1orn—1, we define C(Ty) = (ba1) or C(T2) = (ba1). Therefore, there exists
a double edge-weighted path T such that A = C(T). O

Lemma 2.3. Let C(T) be matrix associated with a doubly edge-weighted path T
on n vertices. Then C(T) is a special NBF.

Proof. We prove the assertion by the induction on n. It is trivial for n = 2.
Assume that the assertion holds for less than n. We assume that there is a double
edge-weighted path T on a vertex set {v1,...,v,} with two edge-weighted vectors &
and 5 Then by the definition of a double edge-weighted path, there exists a 1 <
m < n — 1 such that a,, = min{ag, E) is an edge in the path from v; to v,}
and (3,, = min{f, E) is an edge in the path from v; to v,}. By the definition of
C(T) = (c4j), we have ¢;; = ayy, for i <m < j, and ¢;; = By, for ¢ > m > j. Hence
C(T) has the following form

t
oT) = (C(Ti) am11 ) ’
fnl'l  C(Ty)

where C'(T1) and C(T3) are matrices associated with double edge-weighed paths T} on

vertices {vy, ..., vy, with two edge-weighted vectors (a1,...,@m-1), (B1,--, Bm—1)
and T on vertices {vy, 41, . .., v, } with two edge-weighted vectors (am41, - .-, Qn—1),
(Bm+1, - -+ PBn—1), respectively. Moreover, min{c;j,¢;;} > am, and max{c;;,c;;} >

Bm. By the induction hypothesis, C(T;) is a special NBF for ¢ = 1,2. Moreover,
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Cii = MAX{Ci1, -+, Cim, Cliy -+, Cmi} = MaxX{Ci1,...Cin,Cliy...,Cni} for i =1,....m
and ¢;; = max{Cim+1s---sCins Cmtl,is---3Cni} = Max{Ci1,...,Cin,Clis---,Cni} for
t=m+1,...,n. Hence C(T) is a special NBF. O

Theorem 2.4. Let A be an n X n nonnegative matrix. Then the following
statements are equivalent:
(i) A is a special GUM.
(ii) There exist a double edge-weighted path T and permutation matrix P such that
PAP! = C(T).

Proof. (i) = (ii). By Lemma 4.1 [10], there exists a permutation matrix P
such that PAP! is a special NBF. Hence (ii) follows from Lemma 2.2. The converse
directly follows from Lemma 2.3. |

Corollary 2.5. A is a special NBF if and only if there exists a double edge-
weighted path such that A = C(T).

Remark 2.6. For some special GUM, there exists a double edge-weighted path T
such that A = C(T). For example,

NN W ©
N O O ©
0 00~
0w o

is a special GUM matrix, but there does not exist a double edge-weighted path such
that A = C(T'). However, if A is a symmetric special ultrametric matrix, there
always exists a double edge-weighted path T such that A = C(T) by Theorem 2.2
in [6]. In fact, since the permutation P corresponds to renumbering of the vertices,
then Theorem 2.2 in [6] immediately follows from Theorem 2.4. Hence Theorem 2.4
generalizes the result of Fiedler, since in this case, @ = 5 In the next Theorem, we
shall investigate the singularity of a special NBF given by a double edge-weighted
path.

Theorem 2.7. Let A= (a;;) be an n X n matrix associated with a double edge-
weighted path T and two vectors & = (a1, ..., q,—1) and 5: (B1,---,Bn-1). Then
A is singular if and only if oy = 1 = 0; or ap—1 = Bp—1 = 0; or ap—1 = ap =
Bp—1=pPp =0; or min{ap, e ,aq_l} =Qp = Qg1 = min{ﬁp» s »ﬁq—l} = fg-1 =
Bp = max{B,_1, 8,4} for some 1 <p < g < n.

Proof. Sufficiency: If oy = 81 =0, or ap—1 = fBn—1 =0, or ap—1 = p =
Bp—1 = Bp = 0, then all entries of the first, or last, or p-th rows of A are zero.
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Hence A is singular. Now we may assume that min{a,,...,aq-1} = ap = ag_1 =
min{B,,...,084-1} = B4—1 = Bp = max{fp_1,05,} for some 1 < p < ¢ < n. We
shall show that the p-th and ¢-th rows of A are the same. In fact, for j < p,
ap; = min{fy; Ej is an edge in the path from vertex v, to vertex v,;} = min{fy; Ex
is an edge in the path from vertex v, to vertex v;} = ay;, since min{g,, ..., B;-1} =
Bp = Bp—1. For j > ¢, ap; = min{ay; Ej is an edge in the path from vertex v, to
vertex v;} = min{ay; Ej is an edge in the path from vertex v, to vertex v;} = aq;,
since min{ay,...,aq-1} = ap = a4. For p < j < ¢, ap; = min{ay; Ej is an edge
in the path from vertex v, to vertex v;} = ap = 3, = f4—1 = min{fBy; Ej is an
edge in the path from vertex v, to vertex v;} = ag;, since o, = min{ay,...,aq-1}
and ;1 = min{f,, ..., Bq—1}. Moreover, ap, = max{fy; Ej is incident with v,} =
Bp = max{f; Ei is an edge in the path from v, to vertex v,} = ag4p and agq =
max{0; Ej is incident with vy} = B,-1 = min{ay; Ej is an edge in the path
from v, to vertex vy} = apq. Hence A is singular.

Necessity. Assume that A is singular. If all entries of p-th row of A are zero,
then by the definition of A = C(T), if p = 1, then «; = ;1 = 0; or if p = n, then
Op—1 = Pp_1 = 0;0rif 1 <p < n, then op_1 = o = Bp—1 = B, = 0. Now we
assume that A does not contain a row of zeros. By Theorem 4.4 in [10], there exist
two rows of A, say p-th and g-th rows for p < ¢, which are the same. So a,; = ag;
for j=1,...,n. Hence, for p < j < g,

app = max{By_1,Bp} 2 Bp 2 ap > min{ay,..., a1} = ay;
2 min{ay, ..., aq-1} = apg = aqg = max{fy—1, 8.} > B
Z min{f;,...,Bg-1} = ag; 2 min{B,, ..., Bg—1} = agp = app.
Therefore, min{ay,...,aq-1} = ap = Bp = min{fp,...,Bq—1} = B4—1 = qg—1 =
max{By—1, By} O

Corollary 2.8. Let A be the n x n matrix associated with a double edge-weighted
path T and two vectors & = (aq,...,an—1) and 8= (B1y...,Bn-1). Let S denote the
set of such indices k € {1,...,n} for which S = {k: ay = B > max{Br_1,Pr+1} }
Then the nullity v(A) and the rank of A satisfy the inequalities v(A) > |S| and
rank(A4) < n — |S| respectively.

Proof. Ifk € S, then the k-th and (k+1)-th rows of A are the same. In fact, for
Jj <k, ar; =min{3;; E; is an edge in the path from vy to vertex v;} = min{g;; E;
is an edge in the path from vyi1 to vertex v;} = ap41,;, since B > By—1. For
j > k+1, ar; = min{a;; E; is an edge in the path from vy to vertex v;} =
min{e;; F; is an edge in the path from vg4q to vertex v;} = ag+1,j, since ay >
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Br+1 = apy1. Moreover, agy = Gk k41 = Gk+1,k = Qk+1,k+1 = Bi. Hence the vector
or = (0,...,0,1,—1,0,...,0)" belongs to the null-space of A, where the k-th and
(k + 1)-th components of ¢}, are 1 and —1, respectively. Since all these vectors ¢y
are linearly independent, v(A) > |S| and rank(A) < n —|S|. O

3. SPECIAL % MATRICES

Let U be an n x n % matrix. Then U = (u;;) has the following form

U11 Tllt
7 U= y
(™) (blt Uas
where Uiy is an m x m matrix in NBF, 7 = min{u;;,4,j = 1,...,n} and b is the last

column of Uss.

Definition 3.1. An n x n matrix U = (u,;) is called special % matrix if U is a
% matrix in the form (7) satisfying w;; = max{u;;,u;;; j=1,...,m and j # i} for
i=1,...,m; Uy = max{U; i£1, ..., Uin, Uliy---,Uim14} for i =m+1,...,n.

Clearly, each special 7 matrix U is always singular, since the last two rows of U
are the same. Furthermore, it follows from Theorem B in [6] that each special %
matrix is the limit of a convergent sequence of matrices which are inverses of column
diagonally dominant M-matrices.

Let T; be a double edge-weighted path on the vertex set Vi = {v1,..., v, } with the
two vectors (aq,...,@m—1) and (01, ..., Bm-1) and T5 be an edge weighted path on
the vertex set Vo = {1, ..., v, with the edge-weighted vector (pmy1,- .., Qn—1).
Let T'= Ty UT5, be the path obtained by adding an edge (v, Um+1) with weight oy,
satisfying a,, = min{e;, i = 1,...,n — 1}. Then T is called a mized edge-weighted
path with the two vectors & = (aq,...,a,—-1) and g = (B1y-e ey Bm—1).

Now we may define an n X n nonnegative matrix B(T') = (b;;) associated with a
mixed edge-weighted path T on n vertices and the two vectors & = (a1,...,an—1)
and 3 = (Biy. .., Bm—1) as follows:

For i < j, bj; = min{ay, Ej is an edge in the path from vertex v; to vertex v, };
for j < i < m b;; = min{B, E) is an edge in the path from vertex v; to vertex v;};
for j < ¢ and m < i < n, b;; = min{ay, Ex is an edge in the path from vertex v;

to vertex v,} and b,; = ap_1 for j = 1,...,n — 1. Moreover, b;; = max{0, Ex
is incident with vertex v;} for i« = 1,...,m and b;; = max{ay, E) is incident with
vertex v;} fori=m+1,...,n.

In this section, we prove that the set of special % matrices just coincides with the
set of nonnegative matrices associated with mixed edge-weighted paths.
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Lemma 3.2. Let U be an n x n special % matrix in the form (7). Then there
exists a mixed edge-weighted path T such that U = B(T).

Proof. We prove the assertion by induction on n. It is trivial for n = 2 and
assume that the assertion holds for less than n. If 1 < m < n — 1, we assume that
U = (u;5) is a special % matrix in the form (7), where 7 = min{u;;, 4,5 =1,...,n},
Ui, is special NBF. Hence by Lemma 2.2, there exists a double edge-weighted path T}
on vertex set V3 = {v1,..., v} with (aq,...,@m—1) and (f1,..., Bm—1) such that
U1 = C(T1) = (c;5). On the other hand, clearly, Uso has the following form

U33 7'111t
Uso =
22 (let U44 )

where Ul is (p —m) x (p — m) special NBF with m +1<p <n, 71 > 7 and by is
the last column of Uyy. Hence

Uiy 711t
W22 = (wlj) = ( 33 1 )

is special % matrix. By the induction hypothesis, there exists a mixed edge-
weighted path T = Th; U Thy on vertices To1 = {vm1,...,0p} with the two vec-

tors (Ym+1, -3 ¥p—1) < (Om+1,-..,0p—1) and on vertices Tho = {vpt1,...,v,} With
(Yp+1,---»VYn—1). Moreover, the edge (vp,vp+1) is assigned with -, = min{y,, i =
m+1,...,n—1} = 1. Hence we may define a mixed edge-weighted path T on the
vertex set V = {v1,...,v,} with the two vectors (a1,...,@,—1) and (B1,..., Bm-1),
where o, =7, a; = d0; fori=m+1,...,p—1land o; =~; fori =p,...,n—1. If

m =1orm =n—1,wehave Uj; = (1) or Usa = (7), respectively. Then we may show
that the matrix B(T') = (b;;) associated with a mixed edge-weighted path 7" on the
vertex set V' and the two vectors (a1, ...,an—1) and (51, ..., Bm—1) is just U. In fact,
ifl<e<mand 1 <j<m,thenbj; =c; =u;5. f1<i<m, m+1<j<n,then
bi; = min{ay; Ey is an edge in the path T from vertex v; to vertex v;} = 7 = ;.
Ifm+1<i<j<p; by = min{ag, Ey is an edge in the path from vertex v; to
vertex v;} = min{dy, Ej is edge in the path from vertex v; to vertex v;} = u;;. If
m+1<i<pandp+1<j<n,then b;; = min{ay, Ej is edge in the path from
vertex v; to vertex v} =y, =71 = ui;. fp+1<i<j<n,then b;; = min{ay, Ex
is an edge in the path from vertex v; to vertex v;} = min{y, Ej is an edge in
the path from vertex v; to vertex v;} = w;; = w;;. If ¢ > j and ¢ > m + 1, then
b;; = min{ay, Ej is edge in the path from vertex v; to vertex v, } = by = i, = 5.
Moreover, for 1 < i < m, b;; = max{fk, Ej is incident with v;} = ¢;; = wy;. For
m+1 < i < p, by; = max{ay, Ei is incident with v;} = max{dy, Ey is incident
with v;} = wy; = uy, since 0y >y = ypform+1<k<p—1 Forp+1<i<n,
bi; = max{ay, Fj is incident with v;} = max{vys, Ej is incident with v;} = u;;. O
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Lemma 3.3. Let U be an n X n nonnegative matrix associated with a mixed
edge-weighted path T'. Then U is a special U matrix.

Proof. We prove the assertion by induction on n. Clearly, the assertion holds
for n = 1 and n = 2. Assume U is associated with a mixed edge-weighted path
T = Ty UT; on vertex set V = {vq,...,v,} with the two vectors (aq,...,an_1)
and (081,...,Bm—1). Moreover, a,, = min{e;, ¢ = 1,...,n — 1}. Clearly, U has the
following form

By Bis
= B(T) = = (b)),
U=B(T) (321 322) (bi;)

where B1; is the m x m matrix associated with a double edge-weighted path T} on the
vertex set Vi = {v1,...,v,,} with two vectors (a1,...,am-1) and (B1,..., Bm-1);
Bis = a1t By = b1! and b is the last column of Bay. Let Coo = (c;;) be the
(n —m) X (n —m) matrix associated with the double edge-weighted path T and the
two vectors (m41,---,@n—1) and (@m+1,...,an—1). Then by Theorem 2.4, Coy is
a special NBF. Further, the matrix

Bi1 Bio
C = = (ci;
(sz 022) (cij)

is a NBF. Moreover, for m + 1 < ¢ < j < n, we have b;; = min{as; Ej is an edge
in the path from vertex v; to vertex v;} = ¢;;. For m +1 < j < i < n, we have
b;; = min{ay; Ej is an edge in the path from vertex v; to vertex v, } = b;y,. Therefore
by the definition of % matrix, B(T) is a % matrix. Now we show that B(T) is a
special %/ matrix. Since Bj; is an m X m matrix associated with a double edge-
weighted path T7 and the vectors (aq,...,am—1) and (61,..., Bm—1), B11 is special
NBF by Theorem 2.4. Hence b;; = max{fj, Ej is incident with v;} = max{b;;,b;i;
j#£i, j=1,...,m} fori = 1,...,m; by = max{a;, Ey is incident with V;} =

max{a;_1,0;} = max{b;it1,...,bin,b14,...,bi—1:} for i=m+1,...,n—1, since
biit1 = biive = ... = bip and by; < be; < ... < bj_1,;. Moreover, by, = max{ay; Ej
is incident with vy, } = ap—1 = max{bin,...,bp_1,n}, since b1, < oy, < ... < bp_1,p.
Hence B(T) is a special % matrix. O

We immediately obtain the main result in this section.

Theorem 3.4. A nonnegative matrix U is a special %/ matrix if and only if there
exists a mixed edge-weighted path T such that U = B(T).

937



4. A NEW CLASS OF INVERSE M-MATRICES

In this section, we shall define a new class of inverse M-matrices which gener-
alizes the class of % matrices. Let T7 be a double weighted path on the vertex
set Vi = {v1,...,un} and two vectors (ai,...,m-1) < (B1,...Bm—1). Let Ts be
a double weighted path on the vertex set Vo = {vsm41,...,0n} and two vectors
(Qmatse- s 1) and (Bmat, ..., B3n_1) satisfying 3; < 1fori=m+1,...,n— 1.
Then let T = T} UT5 be a path on the vertex set V = {v1, ..., v, } obtained by adding
an edge (Vsm,Um+1) which is assigned two positive numbers «.,, and [, satisfying
= min{a;, i =1,...,n—1} and B,, = min{S,,, ..., Bn-1}. Hence we call such a
weighted path T with (aq,...,a,—1) and (81, ..., Bn—1) quasi-double edge-weighted
path.

For a quasi-double edge-weighted path T, we may define an n X n nonnegative
matrix W(T) as follows: w;; > max{0, Fj is incident with vertex v;} for i =
1
m+1,...,n. For i < j, w;; = min{ay, Ej is edge in the path from vertex v; to

yeoosm — 15 Wi = Bm—1; wi; = max{ay, Ei is incident with vertex v;} for ¢ =

vertex v;}. For m > i > j, w;; = min{f, E} is edge from vertex v; to vertex v;};
for j <i<nandi>m+1, wy = wsy,fij, where f;; = B, for ¢ > m > j and
fi; = min{ B, Ej is edge from vertex v; to vertex v;} for ¢ > j > m + 1. The set of
all matrices W (T') given by the above definition and up to permutation matrices is
denoted by #. From the definition, let Ae #. If 8, =1fori=m+1,....,n—1,
then there exists a permutation matrix such that PAP! € %. Hence the class of %
is just the proper subclass of #'. Now we present the main result of this Section.

Theorem 4.1. Let A € #'. Then A is nonsingular if and only if A does not
contain a row or column of zeros, and no two rows or two columns are the same. If

A is nonsingular, then A~! is a column diagonally dominant M-matrix.

Proof. If A does contain a row or column of zeros, or two rows or two columns
are the same, then A is singular. We prove the rest of the assertion by induction
on n. Assume that the assertion holds for less than n. By the definition of 7, there
exists a permutation matrix P such that

PAPt _ ( A11 am11t>

Bmblt  Ago

where A1 is an m x m NBF and Ass € #, and b is the last column of Ass. Clearly
A;; does not contain a row or column of zeros, and no two rows or two columns are
the same for ¢ = 1,2. Hence by Theorem 4.4 by [10], A1; is nonsingular. Further,
Ass is nonsingular by the induction hypothesis. Moreover, the Schur complement
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of A1; in A is

A/A11 = A22 - A21A1_11A12 = A22 - Oém/@m(]_tAl_lll)blt.
By Theorem 3.5 in [13], ﬂmam(ltAl_lll) < Bm. Hence A/Aj; is a nonnegative
matrix and is in . By the induction hypothesis, (4/A411)! is a column diagonally
dominant M-matrix. On the other hand,

AJAgy = Ayy — A1 Asy) Aoy = Apy — 3115

thus A/Ass is nonsingular GUM, whose inverse is a column diagonally dominant
M-matrix in [10] or [13]. Using the Sherman-Morrison formula, A is nonsingular

and
Al = ( (A/Az)~! Aﬁlamllt(A/Au)1>
—Agy Bmb1'(A/Agg) ™ (A/An)~! '

Since

— Ay Aoi(A)A2) ™t = — en_pBm1t(A/A2) " <0,

— A Aa(A/An) T = — (e A (1Y(A/A) 7Y <0,
where €,_,, = (0,...,0,1)!, A~1 is an M-matrix. Moreover, we have

19(A/As) ! — 1@42_21171’5(A/Azg)’1 =(1—Bm)1'(A/A») >0

and

]_t(A/All)_l — ltAfllamllt(A/All)_l
= (1 = amBmli(A/A;1) 1)1 (A/AL) " >0,

since 1 — B 14(A/A11)71) > 1 — B, > 0. Hence A~! is a column diagonally
dominant M-matrix. O
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