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Abstract. Motivated by the conjectures in [11], we introduce the maximal chains of a
cycle permutation graph, and we use the properties of maximal chains to establish the upper
bounds for the toughness of cycle permutation graphs. Our results confirm two conjectures
in [11].
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1. INTRODUCTION

Chartrand and Wilson, in [5], introduced a series of properties for the Petersen
graph. They used a conjecture of Tutte to explain why so much attention had been
paid to the Petersen graph and its various generalizations. (That is, every known
bridgeless 3-regular graph whose edges cannot be colored with three colors contains
a subgraph isomorphic to the Petersen graph. Tutte conjectured that this is always
the case (see [12]).

Two classes of generalization of Petersen graphs are generalized Petersen graphs
and cycle permutation graphs. Let n and k be integers with n > 5 and k& > 1. A
generalized Petersen graph, G(n, k), is the graph with vertex set V(G(n,k)) =

{@1, 22, Tn, Y1, Y2, - -+, Yn}, and edge set E(G(n, k) = {[zi,@iv1], [Yi, Vitk]s
[xi,yi], © = 1,2,...,n where the subscripts are taken modulo n}. The subgraph
induced from x1,zs,...,x, is denoted by C, and the subgraph induced from

Y1,Y2,.-.,Yn is denoted by Cy. When n = 5 and k = 2, G(5,2) is the Petersen
graph.

Let « be a permutation of the symmetric group, Sy, acting on the set {1,2,...,n}.
A cycle permutation graph P, («) is the graph with 2n vertices, V(P,(«)) = V1 U V3
where V; = {v;1,vi2,.. ., vin} fori =1,2, ViNVa =0, and E(P,(a)) = EyUE,UE),
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where E; = {[vij,vjj41)] for j = 1,2,...,n} for i = 1,2 and E12 = {[v1tv2q1)];
t=1,2,...,n}. (See [6], [7].) When n =5 and « = (1)(2453), P5(«) is the Petersen
graph.

The toughness t(G) of a graph G was defined by Chvatal [6]. If G is not a complete

P 5|
16 =mins{ 5,

where S is taken over all disconnecting subsets of the vertex set of G, |S] is the
cardinality of S and w(G — S) is the number of components in the subgraph induced
from G — S.

Recently, the toughness of graphs has received a lot of attention. Much work has
been done concerning the toughness, which is considered to be more sensitive to the
structure of the graph than the connectivity of the graph (see [1] and [2]).

In [6], Chvatal first considered the toughness of the cross product of two complete
graphs. Guichard, Piazza, and Stueckle, in [10], proved that for o € S, 4, and
m < n, the toughness of a cycle permutation graph is given by

2m . n2 4+ m?2
p— . lfq<7n+3m’
n _
t(Pa(Km’n)) = n+m n2+m2
if > ———
n—+q n+3m

where K, ,, is the complete bipartite graph of mn vertices.

Some results and conjectures were given by Piazza, Ringeisen, and Stueckle in [11];
the authors proved that the toughness of G(n, k) is more than n/(n — 1), if n is an
positive odd integer with n and k being relatively prime, and k& ¢ {1,n — 1}. An
upper bound for the toughness of cycle permutation graphs was obtained as follows:

(k+2)
(k+1)

t(Pp(a)) < ifa(@)=iforall<i<k<n—2.

Based on the set of permutations which generate all nonisomorphic cycle permuta-
tion graphs of C),, n < 8 in [11], the authors found that for all o € S,,, the toughness
of P3(0) is equal to 3/2 and the toughness of P, (o) is less than or equal to 4/3 for
4 < n < 8. Three conjectures were stated as follows.

Conjecture 1. Forn > 4 and a € Sy, t(P,(a)) < 4/3.

If this upper bound cannot be obtained, perhaps, the following looser upper bound
can be obtained.

Conjecture 2. Forn >4 and o € Sy, t(P,(a)) < 3/2.
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Since G(5,2) and G(9,2) have their toughness equal to 4/3, could such a class be
the generalized Petersen graphs when n =1 (mod 4) and k = 27

Conjecture 3. If n > 5 and n =1 (mod 4), then t(G(n,2)) = 4/3.

In [3] and [8], the authors proved that the upper bound for toughness of generalized
Petersen graph is 4/3. Here, we shall study the structure of cycle permutation graphs
with some maximal chains and establish the upper bound for the toughness of cycle
permutation graphs. Some of these results confirm Conjectures 1 and 2. Throughout
this paper, all integers and subscripts are taken modulo n.

2. MAXIMAL CHAINS

Let P,(a) be a cycle permutation graph cousisting of two n-cycles C,, and
C], with a connecting set of edges, ie., V(P,(o)) = V(C,) U V(C}) where
V(Cy) = {1,2,...,n}, V(C)) = {v1,y2,...,yn} such that V(C,) N V(C}) = 0,
and E(P,(a)) = E(C,)UE(C])UE; 5 where E(Cy,) = {[i,i+1] fori=1,2,...,n},
E(C) = {lyi,yiz1] for i =1,2,... ,n} and E1p = {[i, Ya(y] for i =1,2,...,n}.

Let B be a nonempty (proper) subset of V(C,). On C), a chain of edges
[Vis Yir1)[Wiv1Yiva) - - - [ye—1ye] is said to be related to B, if a=1(i),a (i + 1),...,
a~1(t) belong to B. For simplicity, this chain of edges on C/, will be written as
Yi¥ir1 - .-yt A chain of edges, y;iyit1 - ..y; is said to be maximal, if o= 1(i — 1) ¢ B
and a~1(t + 1) ¢ B. A maximal chain related to B will be denoted by M (B).
Similarly, replacing B by C,, — B, we may define chains related to C,, — B, and
maximal chains related to C,, — B. Also, a maximal chain related to C,, — B will be
denoted by M (C,, — B). Two chains on CJ,, ¥;¥i+1 - .. y+ and y;y;+1 . ..Ys are said to
be related, denoted by ¥i¥it1 .- Yt “ YjYjs1---Ys OF YjYjg1 - --Ys > Yilfit1 - - - Yz, if
s3] € E(C) or [y ] € B(CL).

For a nonempty independent subset B of V(C,,), C} is partitioned into disjoint
maximal chains M; (B), May(B), ..., My(B) related to B, and disjoint maximal chains
M, (C,, — B), Ms(C,, — B), ..., My(C,, — B) related to C,, — B. This partition of
maximal chains will be denoted by p(n, a, B). We note that since CJ, is a cycle, the
number of maximal chains related to B is equal to the number of maximal chains
related to (C, — B).

Example 1. Let n = 12, and

12 3 45 6 7 8 9 10 11 12
o= .
324 5 7 96 121 8 10 11

In Pia(a), let B = {1,3,5,7,10}. Then we have o= 1(3) = 1, a"1(4) = 3,
a1 (7) =5, a71(6) =7, a *(8) = 10, M1(B) = ysys, Ma(B) = ysyrys, M1(Ci2 —
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B) = ys5, M3(Ci2 — B) = yoy10y119y12Y1Y2, and p(12,a, B) is M1 (B) « (C12 — B) -
M3(B) «~ M3(Ci2 — B) «~ M;(B). Also, ysy7 is a chain related to B, but not a
maximal chain related to B. Similarly, y12y1y2 is a chain related to (C12 — B), but
not a maximal chain related to (Ci2 — B).

Each of M1(B) and M2(Ci2 — B) is said to have an even cardinality (i.e., each
contains an even number of vertices), and each of My(B) and M;(Ci2 — B) has an
odd cardinality.

Theorem 1. Let n be an integer > 4, o € S, P,(«) be a cycle permutation
graph with 2n vertices, B be a nonempty independent subset of vertices of C,, in
P, (), and p(n, o, B) be the partition of maximal chains related to B. Then

2|B| +n + e1(B) — ea(B)

where |B| is the cardinality of B, e1(B) is the number of maximal chains related
to B with odd cardinality, and e3(B) is the number of maximal chains related to
C,, — B with odd cardinality.

Proof. For some positive integer ¢, p(n, o, B) is M1(B) «~ M;(C, — B) «~
My(B) « Ma(Cyp — B) -~ ...~ My(B) « My(Cy, — B) « Mi(B). m

We construct a disconnecting subset S of P,(«) as follows:
q
(2) S=BUB, with B, = | J[K,;(B)UK,(C, — B)]
j=1

where for MJ(B) = ytj+lyt]-+2 . 'ythrmja 1 g] g q,

® if m; = 1 or 2,
KJ(B) = {ytj+27ytj+47 e 7ytj+mj—1} if m; is odd > 1,

{42, Yt 445 Ytj0m,—2) if m; is even > 2.
For M](Cn - B) = Ys;+1Ys;+2 - - 'ysj'-‘rm;y 1< .7 < q,

e
{Ws;41,Ys; 43, - - - ,ysﬁm;_%ysﬁm;} if m’; is odd ,
/

{ys]-Jrla Ys;+3y - - ,ijer;fl, st-er;} if mj is even.

K;(C, - B) = {
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Thus, we have, for j =1,2,...,q,

|M;(B)| =m;, |K;(B)|=

and

|M;(C = B)| = mj,  |K;(Cn — B)

where [z] is the largest integer < z.

For 1 < j < g, the components of the induced graph M;(B) — B, are:

{yg, 1 Ay sb oAy vk b o g 4my b

and

{ytj+1}, {ytj+3}, s {ytj+2k+1}, ceey {ytj+mj—1a ytj+mj}

m} + 2
2

if m; is odd ,

if m; is even.

Since each vertex v € V(M;(C, — B) — B,) is incident with an edge [v,4] in
E(P,(a)) for some i € C,, — S, the number of components, w(M;(B) — By), of the

induced subgraph M;(B) — B, is equal to [mj2+

(2) w(Py(a) = 5) =w(Cy, — B) + 4

J

1
q

1

q
i+ 1
=17 +Z{m]2+ }
Jj=1

|B| | e1(B)
— gl 2l B
1Bl+5 +—
a
where |B| = ) m,; is used.
j=1
By using
1
M if m;
|:mj — ]_:| _ 2
2 ) m+2
M2 tm,
m’ +1
J .
[m; n 2] 5 if m
2 J

]forj:1,2,...

w(

Mj(B) - By)

is odd ,

is even ,

is odd,

is even,

, ¢, and
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q q
and n = Y  m;+ > m/, we have
= =1

) S| = B+ B,
Kl m; — 1 : my +2
|B|+j_1{ 5 } +;{ 5 }
_|B| +% (ij> —e1(B) 2(6161(3)))
+ %((;m) + 62(3) + 2((] - 62(3)))

_ |B| n g n el(B) ; GZ(B)

By using (2) and (3), we have
K _ 2|B|+n+e1(B) — ea(B)
t(Pr(a)) < w(Po(a) — 8) 3|B| + e1(B) 2

Example 2. Let n, «, P, () and B be the same as in our Example 1. We have

My(B) = y3ys, Ma(B) = yeyrys, Mi(Ci2 — B) =ys,
M3(C12 — B) = yoy10y11Y12Y1Y2-

Thus,
Ki(B) =0, Ko(B) = {y7}, Ki(Ci2 — B) ={ys}, K2(Ci2 — B) = {y9, Y11, y1,y2}-

S=BUB, ={1,3,5,7,10} U{y7} U{ys} U {yo, y11,¥1, Y2}, and the components in
Piy(a) — S are: (2), (4), (6), (8,9,y12), (11,12,y10), (y3,y4), (ys) and (ys). (We note

that [y12, 8] and [y10, 11] do belong to E(Pi2(«)). Thus, |S| = 11, w(Pi2(a) —S5) = 8,

s
and t(Pi2(@)) < m = %.

Using our (1), with |B| =5, n =12, e1(B) = 1 and e3(B) = 1, we have

2(5) +12+1-1 22 11
H(P < -2
(Pr2()) 3(5) + 1 16 8

Corollary 1.1. Let n be an integer > 4 and n # 4k + 3, a € S,, and P, («) be a
cycle permutation graph with 2n vertices. Then

H(Pa(e)) <

[SUNRN
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Proof. Let
{{1,3,...,n—1} if n is even,

{1,3,...,n—2} if nis odd.
Then |B| = [n/2].
For n = 4k, |B| = 2k, and by using (1) in Theorem 1, we have

2(2k) + 4k + e1(B) — ex(B) _ 8k +e1(B) _ 4

HPe(e) < 3(2%) + e1(B) S6hte(B) 53

For n = 4k + 1 and |B| = 2k. We claim that e;(B) > 1. Let p(4k +1,a,B) =
a q
(U Mj(B))U< U Mj(C’4k+1fB)) for some positive integer g. Since Z |M;(B)| =
j=1 j=1 j

j=1

q q
Bl = 2k and 3 [M;(B)+ 3" M;(Curp1—B)| = 4k+1, 3. |M;(Cuaps1—B)| = 2k+1.
j=1 j=1 j=1
Consequently, ea(B) # 0, i.e., ea(B) > 1.
By using (1) in Theorem 1 with e3(B) > 1, we have

2(2k) + 4k + 1+ e1(B) — ea(B) _ 8k+ 1+ e1(B) — ea(B)
3(2k) + e1(B) - 6k + e1(B)

where 3 < e1(B) + 3e2(B) is used.
For n =4k + 2, |B| = 2k + 1. By using (1) in Theorem 1, we have
22k +1)+4k+2+e1(B) — ea(B) 8k+4+e1(B) 4

t(Pag12(a)) < 3(2k + 1) + e1(B) SGk+3+e(d) 3

t(Pag+1(a)) <

~

4
3

O

Corollary 1.2. Let n be an integer > 4, « € S,, and P,,(«) be a cycle permutation
graph with 2n vertices. Then

HPa(a)) < g

Proof. For n = 4k,4k+ 1 and 4k + 2, by Corollary 1.1, we have t(P,(a)) <
3 <2 Forn=4k+3,let B={1,3,...,4k + 1}. Then |B| = 2k + 1. By using (1)
in Theorem 1, we have

t(Parss()) < 2(2k+1) + +3)+e1(B) —ea(B)
e D

(4k
3(2k +1) + e1(B)
8k +5+ e1(B) _3
T 6k+3+e(B) 2

where k > 1 is used. O

Our Corollary 1.2 confirms the conjecture 2 in [11].
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3. CYCLE PERMUTATION GRAPHS AND GENERALIZED PETERSEN GRAPHS

We shall show that, for n = 4k + 3 with k > 1, a certain P, («) is isomorphic to a
generalized Petersen graph. We shall also show that the toughness of this generalized
Petersen graph is < 3, and we use the results to prove ¢(P,(a)) < 3.

For n =4k + 3 and |B| = 2k + 1, by using (1) in Theorem 1, we have

22k 4+ 1)+ (4k + 3) + e1(B) — e2(B)
HPaxrs(2)) < 32k + 1) + er(B)
_ 8k +5+ el(B) — GQ(B)

6k + 3+ e1(B)
In order to have t(Pyry3(c)) < 3, we need
(4) 3 < e1(B) + 3eax(B).

If ea(B;) > 1, then (4) holds. If ex(B) = 0 and E;(B;) > 3, then (4) holds.
Since n = 4k + 3 and |B| = 2k + 1 are odd integers, we cannot have the case of
e2(B) = 0 and e1(B;) = 2. The only case which we need to consider is e3(B) = 0
and ey (B;) = 1.

Let n = 4k +3 with &k > 1, and B; = {1+4,3+4,...,(dk + 1) + i} for i =
0,1,...,4k+ 2. (The integers are taken modulo n.) Then each B; is an independent
set of vertices in C,,. Each of p(n, a, B;), e1(B;) and e2(B;) are defined in the same
way as p(n,a, By) = p(n,a, B), e1(By) = e1(B) and e2(By) = e2(B) respectively.

Example 3. We give two cycle permutation graphs. One has e;(B;) = 1 and
e2(B;) = 0 for some i. The other one has e;(B;) = 1 and ez(B;) = 0 for all integers i.
Let P11(f) be the cycle permutation graph with

5 1 23 45 6 78 9 10 11
“\10 7 5 9 3 8 4 2 11 1 6

and B = By = {1,3,5,7,9}. Then p(11, 3, By) is M1(Bo) = y3yays «~ M1(C11 —
Bo) = yeyrysys ~ Mz(Bo) = yioy11 v M2(C11 — Bo) = y1y2 v~ Mi1(By). Thus,
e1(Bo) = 1 and ex(Bg) = 0. For Bs = {4,6,8,10,1},p(11, 3, B3) is M1(B3) = y1y2 ~
M1 (C11 — B3) = y3yaysyeyr -~ M2(B3) = ysyoyi0 ~ M2(C11 — B3) = y11 ~ M1(B3).
ThllS, 61(33) =1 and 62(33) = 2.

Let Pi1(«) be the cycle permutation graph with

(1 23 4 5 6 7 8 9 10 11
““1 357911246 810
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with B = By = {1,3,5,7,9}. Then p(11, o, By) is

M1 (Bo) = y1y2 «~ M1(Ci1 — Bo) = ysya v~ Ma(Bo) = ysys
w M3 (C11 — Bo) = yrys v~ M3(Bo) = yo ~ M3(C11 — Bo) = y10y11 ~ M1(Bo).

Thus, e1(By) =1 and ez(By) = 0.
For B; = {1+4,3+4,5+0,7+i,9+i},i=1,2,...,10, p(11,a, B;) is

Ml(Bi) = Y1+2i Y242¢ ¥ Ml(Cll - Bi) = Y342iY4+42i MZ(Bz)
= Ys+2i Yet+2i > M2(Cri — Bi) = yr42i Ys+2i ~ M3(Bi) = yot2i ~ M3(Cr1 — Bi)
= Y10+2i Y1142 » Mi(B;).

Thus, e1(B;) =1 and e3(B;) =0, i.e., e1(B;) = 1 and ez(B;) = 0 for all integers 3.

Theorem 2. Let P,(«) be a cycle permutation graph with 2n vertices where
n =4k + 3 and k > 1, and B; be the same as above with e1(B;) > 3 or e2(B;) > 1
for some integer i. Then

H(Po(e)) <

Wl

Proof. Replacing B in Theorem 1 by B;, we have the inequality (1). By using
the inequality (4), we have t(P,(a)) < 4. O

Theorem 3. Let P,(a) be a cycle permutation graph with 2n vertices with
n =4K + 3 and k > 1, and B; be the same as above for ¢ = 0,1,...,4k + 2. If
e1(B;) = 1 and e3(B;) = 0 for all i, then P,(«) is isomorphic to G(n,2r) for some
positive integer r such that r divides 2(k + 1).

In order to prove our Theorem 3, we need the following lemmas.

Lemma 3.1. Let P,(«) be a cycle permutation graph with 2n vertices where
n =4k + 3 and k > 1, B; be the same as above with e1(B;) = 1, and ez(B;) = 0 for
all integers i, and for some integer t and some integer | M1(Bt) = Yit1Yi+2 - - - Yi+m
where m is a positive odd integer. Then

a{t—1,t} ={l,;l+m+1}
where
ot —1,t} ={a(t —1),a(t)}.
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Proof. We claim that if M;(Bgy) = yit1¥i+2-- - Yitm, then a{n — 1,n} =
{l,1+m + 1}. Suppose the contrary, i.e., a{n — 1,n} # {l,l + m + 1}. Then there
are two cases to be considered:

Case 1. a I+ m+1) ¢ {n—1,n}.

(i) a=1(l) ¢ {n—1,n}.

Let By = {1,3,...,4k + 1}, M1(Bo) = Yi+1¥Yi+2 - - - Yi+m With m being a positive
odd integer, and By = {2,4,...,4k+2}. Then C,, — B; consists of all odd integers in
{1,2,...,n} and {a1(i); y; € M1(Bo)} C C,, — By, i.e., M1(By) is a chain related
to C,, — By. Since a™1(l) and o '(I + m + 1) ¢ {n — 1,n}, neither the vertex y,
nor the vertex y;1m41 is in the chain M;(Bp). Thus, M;(Byp) is a maximal chain
related to C,, — B;. Since |M;(By)| = m is an odd integer, ez(B1) > 1 which is a
contradiction to ez(B;) = 0 for all integers i. Hence, a=1(I) € {n — 1,n}.

(i) a7 1(l) =n — 1.

Similar to the proof of (i) in the Case 1. Since n —1 ¢ C,, — By, Mi(By) is a
maximal chain related to C,, — By, and e3(B1) > 1 which is a contradiction.

(iii) a= (1) = n.

Similar to the proof of (i) in the Case 1. Replacing By by B_1 = Byj+2, M1(By)
is a maximal chain related to C,, — B_1, and es(B_1) > 1 which is a contradiction.
Consequently, we have a1 {l,l + m + 1} € {n — 1,n}.

Case 2. oY1) ¢ {n—1,n} and a1l +m+1) € {n —1,n}.

i) a t(l+m+1)=n-1

Similar to the proof of (ii) in the Case 1, e2(B;) > 1 which is a contradiction.

(i) a 'l +m+1)=n.

Similar to the proof of (iii) in the Case 1, e3(B_1) > 1 which is a contradiction.
Hence, we have o~ {l,l+m + 1} = {n — 1,n}, ie., a{n—1,n} = {[,l + m + 1}.

We claim that if, for some nonzero t,

My(Bt) = Yis1¥142 - - - Yitms

then af{t — 1,t} = {i,l +m + 1}. Relabeling k by t + k for all k € V(C,,), we obtain
a new cycle permutation graph P,(8) for a permutation 8 € S,, such that (i) =
a(t+i) fori=1,2,...,n.

Obviously, P,(8) = P,(a) and, in P,(8), e1(B;) = 1 and ez(f;) = 0 for all
integers i. Since M1(Bo) = yi+1Yi+2 - - - Yi+m i Pr(B), B{n —1,n} = {I,1+ m + 1}.
Thus,

aof(n—1)+t,n+t}=a{t—1,t} ={l,l +m+1},
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ie.,
oft—1,t} ={l,l+m+1}.
O

Lemma 3.2. Let n = 4k + 3 with k > 1, P,(«) be a cycle permutation graph
with By = {1,3,...,4k + 1} and p(n, a, By) given by

My o M} My o~ M}y ...~ My o~ M~ M,

where

(5) Mj = M;(Bo) = vj1vj2 - - - Vj.m,
and

(6) M]' = M;(Cy, — By) = wj,1wj,2 ... Wj m!

()

for j =1,2,...,r. If e1(B;) = 1 and ex(B;) = 0 for all integers i, and |M;| =m is a
positive odd integer, then

(7) nwwy  and  (n—1) v w.,m.
or
(8) A W and  (n—1) w~wyy

where wy 1 and Wy m/ are the initial vertex of M and the terminal vertex of M],
respectively, and q <~ w means [q,w] € E(P,(«)) where ¢ € C,, and w € C,.

Proof. This follows from Lemma 3.1. g
We shall repeatedly use (5), (6), (7) and (8) in the following

Lemma 3.3. Let n = 4k + 3 and k > 1, P,(a) be a cycle permutation graph
with 2n vertices, and M; and Mj for j = 1,2,...,r be the same as in (5) and (6).
Ife;(B;) =1 and e3(B;) = 0 for all integers i, |M1| = my is an odd positive integer,
and n v« w1 and (n — 1)« Wy, then we have

(1) (2dr —1) v v1,4 and 2dr «~ wy 441 for 1 < d < 121}27»{‘Mj" |M]|}, and

(2) (287 +2t — 1) « vig1,641, and (257 + 2t) v wyy1,s41 for 0 < s < m and
1<t r—1.

Since the proof of Lemma 3.3. is very lengthy, we shall first consider the following
examples which demonstrate Lemma 3.3.
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Example 4. Let n = 4(3) + 3 = 15, P,(a) be the cycle permutation graph with

(1 23 45 6 7 8 9 10 11 12 13 14 15
a_159132610143711154812

and By ={1,3,5,7,9,11,13}. Then we have M1 = yoy10y11 ~ M| = Y12Y13Y14Y15
My = y1y2ysys « My = ysysyrys ~» Mi. Thus, e1(By) = 1 and e3(By) = 0. In fact,
for B; = {1+4,3+4,5+¢,7+4,9+4,11414,13+i}, we have e1(B;) = 1 and ex(B;) =0
for all integers i. We see that, in this case, k = 3, r = 2, 1glg'hglr{‘Mj‘, |M|} =3, and

(15 =n) « (w11 =y12 = Ya(15)), and (14 =n — 1) «~ (W2, my = Ys = Ya(14))-

(1) (2dr — 1) v v1,4 and 2dr « wy g41 for d =1,2,3.
That is,
(2MW(2) = 1) =3) « (v11 = Yo = Ya(3)),
((2(2)(2) = 1) =7) » (V1.2 = Y10 = Ya(7)):
(203)(2) = 1) = 11) « (v13 = Y11 = Ya(11));
((2(1)(2)) =4) «~ (w12 = Y13 = Ya(w))
((2(2)(2)) = 8) ~ (w13 = Y14 = Ya(s));
(23)(2)) = 12) ~ (w14 = Y15 = Ya(12))-
(2) (257 +2t — 1) v V441 541 and (257 + 2t) v wiyq 541
for s=0,1,2,3and t = 1.
(200)(2) +2(1) = 1) = 1)« (v21 = ¥1 = Ya(n)),
(2(1)(2) +2(1) = 1) =5) « (V2,2 = Y2 = Ya(s));
(2(2)(2) +2(1) = 1) = 9) «~ (v2,3 = Y3 = Ya(9)),
(2(3)(2) +2(1) = 1) = 13) » (v2,.4 = ¥a = Ya(13)),
((2(0)(2) +2(1)) = 2) » (w21 = ¥5 = Ya(2)),
((2(1)(2) +2(1)) = 6) « (w22 = Y6 = Ya(s)):
((2(2)(2) +2(1)) = 10) « (w23 = Y7 = Ya(10)),
(23)(2) +2(1) = 14) ~ (w2,4 = Ys = Ya(14))

We recall that the generalized Petersen graph G(15,4) has

V(G(15,4)) ={1',2', ..., 15y}, y5 ... Y15}
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and E(G(15,4)) = {[i',3" + 1], [yi, yiral, [/, y;] for i = 1,2,...,15}. Then Pi5(a) =
G(15,4) where the isomorphic map 6: V(Pi5(«)) — V(G(15,4)) is defined by
0(i) =1 and 0(y;) = y;,l(i) fori=1,2,...,15.

Example 5. The following two cycle permutation graphs are isomorphic. But

one has the property (7) and the other has the property (8).
Let P;(«) be the cycle permutation graph with 14 vertices,

1 2 3 45 6 7
o =
1 4736 25)
and B; = {1+4,3+4,5+i}for i =0,1,...,6. Then My = M1(Bo) = yeyry1 -« Mi =
M1(07 - Bo) = Y2Y3Yyays Ml, and el(Bi) =1 and GQ(BZ') =0 for ¢ = 0, 17. . .,6.
(n=7)w(wr4=ys= ya(7)) and ((n —1) =6) « (w11 = y2 = ya(ﬁ)) which is the

case of (8).
Let P7(() be the cycle permutation graph with 14 vertices,

5_1234567
“\1 5 2 6 3 7 4)°

and B; = {1+4,3+4,5+i}fori =0,1,...,6. Then My = M1(Bo) = y1y2ys «~ Mj =
M;(C7 — By) = yaysysyr «~ Mi, and e1(B;) = 1 and ex(B;) =0 for i = 0,1,...,6.
(n="7) v (w11 =ys = ys(r)) and ((n — 1) = 6) v (w14 = Y7 = Ys(6)) Which is the
case of (7):

Pr(a) = G(7,3) = G(7,4) = Py(f).

We also note that r = 1 for both P;(a) and Pr(8). Also, in Pr(«), if we use Bs =
{4,6,1} instead of By = {1,3,5}, then we have M7 = y1y2y3 and M| = y4y5ysy7-

Proof. The proof of Lemma 3.2 goes as follows.

(1) We show that (2dr — 1) « wv14 and 2dr «~ wig4q for 1 < d < m =
[in {|M;], [Mjl}

There are two cases to be considered:

Case 1. r=1.
Let By ={1,3,...,4k + 1}, and let the maximal chains be

Ml(Bo) = M1 =V1,1---V1,mq;
and
Ml(On — BO) = M{ = wl’lwl’g e wl,m’l
where m is a positive odd integer, and
nwwpr  and (0= 1)~ (Wemr = W1t ).
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Since r = 1l and n = 4k + 3, m; = 2k + 1 and mj = 2k + 2, ie., my = m =
min{|Mi|,|M|}. Let By = {3,5,...,4k + 1,4k + 3}. Then

{oz_l(i); yi € M{ — w11} C Cp — Bs.

We claim that 1 «~ vy 1. If not, then M{ — w;; is a maximal chain related to
C),— Bz, and |M' —w1 1] is an odd integer. Thus, e2(B2) > 1 which is a contradiction
to ea(B;) = 0 for all integers i. Hence, 1 «~ v1 1. Since M +w; 1 —v1,1 is a maximal
chain related to By and M{ — w11 + v1,1 is a maximal chain related to C,, — Ba, by
Lemma 3.1, 1 «~» v1,1 (the terminal vertex of M{ — wy1 + v1,1), and 2 «» wq 2 (the
initial vertex of M| — w11 + v1.1).

Repeatedly applying the same argument to Bag, = Bag for 1 < d < m(= 2k + 1),
we obtain a maximal chain related to Bag:

M + wiiw12 ... W14 —V1,101,2 ... V1.d,

a maximal chain related to C,, — Bag, M{ — w1 1w1,2... W14 + V1,101,2 - .- V1,4, and
(2d — 1) v v1,4 and 2d «~ wy g41 for d = 1,2...,(2k +1). (We already know that
n .« wl,l-)

Case 2. r > 1.
(i) We show that 2t — 1 v~ vy111 and 2¢ v wypqq for ¢ =1,2,...,r — 1.
Let Bo ={1,3,...,4k + 1}, let the maximal chains be, for j =2,... 7,

M; = M;(Bo) = vj,1V5,2, - - - Vjm;
and
M]' = M;(C,, — By) = wj 1w 2 ... Wi m!
where m is a positive odd integer, and
nwwy and  (n—1) v Wrpp
Similar to the proof of Case 1, let By = {3,5,...,4k + 1,4k + 3}. Then

{oz_l(i); yi € M{ — w11} C Cp — Bs.

We claim that 1 «~ vg 1. If not, then M{ — W ; is a maximal chain related to C,, — Ba,
and |M{ — wq1| is an odd integer. Thus, ea(B2) > 1 which is a contradiction to
e2(B;) = 0 for all integers ¢. Hence, 1 «~ v3,;. Consequently,

My +wy 1, Mo —vo 1, Ms, ..., M,
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are maximal chains related to Bs, and

M{ —wi,1 + V2,1, Mé, Mé, ey M;
are maximal chains related to C,,—Bs. Since |My—vs 1| = ma—1is odd and the others
are even, by Lemma 2.1, we have 1 «~ vy ; (the terminal vertex of M{ — w11 +v2,1),
and 2 «~ wo 1 (the initial vertex of Mj).

Repeatedly applying the same argument to By, for 1 < ¢ < r — 1, we obtain the
maximal chains related to Bo;:

My 4wy, My —vo 1 +wo 1, M3 —v31 +ws1,..., Mip1 — V1,1, Myyo ..., My,

the maximal chains related to C,, — By;:

’ / / /
Ml — wWi1,1 +”U2’1,M2 —wa1 + U3’1,M3 — w31+ V4,1,-- "Mt — W1+ Vg1,
’ / /
t+1s t+2?"'aMra
and (2t —1) v vyq11 and 2t v~ vgpq1 and 26~ wegqq for t=1,2,...,r — 1.

(ii) We show that (2dr — 1) «» v1 4 and 2dr «~ wy q4+1 for d = 1,2,...,m (where

m = 1r<nn<1 {IM;], [M]|}). For t = r — 1, by the Case 2 (i), we obtain the maximal
IIT

chains related to By(,_1):
My +wi, Ma —vo 1 +wa 1, Mg —v31 +w31,..., My —vp1,

the maximal chains related to Cp, — Ba(,_1):
M —wi1 +va1, My —waq +v31, My — w31 +va,..., M _1 —wr_11+vr1, M,
and (2r —3) w v,1 and (2r — 2) «~ wy 1.

Let Bo, = {14+2r,34+2r,...,4k+ 1+ 2r}. Since 4k + 1+ 2r is congruent to 2r — 2
modulo n, {a~1(i); y; € M! —w,1} C Cy, — Ba,.

We claim that (2r — 1) « v1,1. If not, then M, — w, ; is a maximal chain related
to Cp, — Bay, and |M] — w, 1| = m] — 1 is an odd integer. Thus, es(Bs,) > 1 which

is a contradiction to ez(B;) = 0 for all integers i. Hence, (2r — 1) « vy 1.
The maximal chains related to Bsy, are:

My —wvig +wiiMs —vo 1 +wa1, M3z —v3 1 +w31,..., My —vp1 + wr 1,
and the maximal chains related to C,, — Bsy, are:
/ ! ! /
Ml —wi,1 + V2,1, M2 —wa,1 + V3,1, M3 — w31+ V41, Mr — Wp1 +V11.
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Since | M7 —wv1,1+w1,1| is an odd integer, by Lemma 3.1, (2r—1) -~ vy 1 (the terminal
vertex of M) — w11+ v11), and 2r «~ we 1 (the initial vertex of M{ — w11 + v21).

Repeatedly applying the same argument to Bag, for d = 1,2,..., m, we obtain the
maximal chains related to Bag,:

My — V1,1V1,2-..V1,d + W1,1W12...W1 4

My — V2,1V22 ...V 4 + W2 1W22...W2 4

Mr —Ur1Vr2...0rd + Wr 1 Wr 2 ... Wy d,

the maximal chains related to C,, — Bag,:

/
Ml —wWi1W12 ... W1 4+ V21022 ...V24,

/
M2 — W2 1W22 ... W2 4+ V3,1V32...V3d,

/
M, — w1 Wr2. .. Wrq~+V1,101,2...01,d,

and (2dr — 1) « v1,4 and 2dr « wq g41 for d =1,2,...,m. Thus, the proof of (1) is
completed.

(2) Repeatedly applying the same argument as in the proof of Case 2 (ii) to Bay
for k=1,2,...,m—1, then applying the same argument as in the proof of Case 2 (i)
to Bogrtot for t =1,2,...,r — 1, we obtain the maximal chains related to Bajy4o¢:

My —vi11v12. .. V1 + W11, W12 .. WL WL k41,

My — 2,102 ... V2 kU2 t1 + W2, 1W2,2 - . . W2 kW2 k41,

My — V1042 -V kU 1 + Wi 1WE2D -+ - - Wi s We k41,
Mt+1 — Vt41,1Vt41,2 - - - Vp41,kVt+1,k+1 T Wit 1,1We41,2 - - - W1 ks

Mt+2 — Ve42,10442,2 - - - Vi 2k T Wi 2 1We4 2.2« - - Wi 2 ks

Mr —Ur1Ur2...0rk + Wy 1Wr2 « -« Wy K,
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the maximal chains related to C,, — Bagr4o¢:

!
M) —wyiwy 2. .. w1 WL k41 + V21022 ... V2 V2 k41,

!
My —wa1wa2 ... Wo kW2 kt1 +U3,1032...V3 k11,

/
Mt — W1 W2 . W W k1 T Ver1,10441,2 + + - V4 1,kVE4+1,k+15

!
M ] — W11 W12 -+ W1,k + V512,10642,2 - - - Vi 2k,

!
M, —wp1Wr2 ... Wy g + V11012 ... V1 k,
and

(2kr 4+ 2t —1) w~ veq1 541 and  (2kr + 2t) v wiegq g1
fork=1,2,....m—1landt=1,2,...,7— 1. O

Lemma 3.4. Letn = 4k+3 withk > 1, P,(a), B;, Mj and M for j = 1,2,...,r
be the same as in Lemma 3.3. If |M;| = m is an odd positive integer, e1(B;) = 1 and
ea(B;) = 0 for all integers i, and n «~ wy 1 and (n — 1) «» Wy, then |[Mj;] = m 41
for j =2,3,...,r, and [M;| =m+1 for j =1,2,...,r where r(m + 1) = 2(k + 1).

Proof. Let |Mi] =m = 1rgnjigr{|Mj|, |M}}. We claim that |M;| = m + 1 for
j=2,3,...,r and [Mj| = m+1 for j = 1,2,...,7. First, we show that [Mj| >
m. Suppose |M{| =m. Then by Lemma 3.3, Case 2 (ii), 2mr « wi m+1. Since
|M{| = m, wim+1 = v2,1. By Lemma 3.3, Case 2(i), 1 «~ vg 1. Since P,(a) is a
cycle permutation graph, each vertex in (), is incident with exactly one vertex in
C} . Thus, 2mr =1 (mod n), i.e., 2mr — 1 = n = 4k + 3 which is a contradiction to
2mr < 4k + 3. Hence, |M{| > m.

Suppose | M| = m for some t =2,3,...,r. Then

Mt(Ber) = Mt — 'Ut,lvt,Q e Ut,m + ’U)tﬁlwt72 . wt,m,

i.e., My(Bomr) = W1We2 ... W,y is @ maximal chain related to Bay,,. Repeatedly
using the procedure in Lemma 3.3, Case 2 (i) with By, 4o(¢—1), we have (2mr +
2(t — 1) = 1) v vg my1. Since |My| = m, vy my1 = we1. By Lemma 3.3, Case 2 (i),
we1 2t — 2. Thus, 2mr + 2t — 3 = 2t — 2 (mod n), 2mr — 1 = n = 4k + 3 which
is a contradiction to 2mr < 4k + 3. Hence, | M| > m for t = 2,3,...,r. By using a
similar reasoning, we have |M/| > m for t =1,2,...,r.
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We want to show that

|M;l=m+1 for j=2,3,...,r
and

|M]’,‘:m+1 for j=1,2,...,r

We know that [M;| > m+1forj =2,3,...,r,and [M]| > m+1forj=1,2,... 7.
By using the procedure in Lemma 3.3, Case 2 (i) with By, 12(,—1) repeatedly, we
have (2mr + 2(r — 1) — 1) v W(p—1)41,m+1 and (2mr +2(r — 1)) ~ we_1)41,me1 =
Wy mt1- I Wy m41 is the terminal vertex of M/, then 2mr+2(r—1) = 4k+2 (mod n),
ie, 2r(m + 1) = 4k + 4. Hence, |M;| = m + 1 for j = 2,3,...,7r, [M}| = m +1
for j =1,2,...,r, and r divides 2(k + 1). If w, 41 is not the teerminal vertex of
M, then, by using the procedure in Lemma 3.3, Case 2 (ii) with Bay,,42r-, we have
(2(m~41)r—1) « vy mt1. Since v1 mt1 = w1 and 4k+3 v wq 1, 2(m+1)r—1 = 4k+3
(mod n), i.e., 2r(m+1) = 4k+4. Hence, |M;| = m+1for j =2,3,...,r, M| = m+1
for j =1,2,...,r and r divides 2(k + 1).

Proof of Theorem 3 goes as follows. We want to show that, for n = 4k +
3 with & > 1, P,(«) is isomorphic to G(n,2r) for some r which divides 2(k +
1). Let V(G(n,2r)) = {1,2',...,(4k + 3),y1, Y5, - - -, Yspy3) and E(G(n,2r)) =
{[&, G+1)], i, Yigor ), [8, yg) fori = 1,2,... 4k 43}, Also, let V(P, () = {1,2,...,
4k + 3,91, Y2, - - -, Yarr3} and E(Py(a)) = {[i,i + 1], [yi, yir1][i; Y] fori =1,2,...,
4k + 3}. In P, (), let B; = {144,344, ..., (4k+1)+i}, with e1(B;) = 1 and ex(B;) =
0 for i = 0,1,...,4k + 2, the maximal chains M; = M;(By) = v;10j2...Vjm,; and
M} = M;(Cp, — Bo) = wj1wj2 .. “Wjmy, for j =1,2,...,r, where r divides 2(k+1).

Case 1. n «~ wyy and (n — 1) « Wy pm,. We define a map 0: V(P,(a)) —
V(G(n,2r)) by 0(i) =4 and 0(y;) = y;_l(i) fori=1,2,...,4k+ 3. Then 6 is a well
defined map between the vertices of these two cubic graphs. We show that 6 preserves
the edges: Since [i,j] = E(P,(a)) if and only if j =i+ 1 and [0(7),0())] = [/, 7] €
G(n,2r) if and only j' = i’ + 1, 0[4, 5] = [0(2),0(j)] for 4,5 = 1,2,...,4k + 3 and
i # j. Since [i,y;] € E(P,(a)) if and only if j = (i) and [6(2), 6(y;)] = [',y,-1(;)] €
E(G(n,2r)) if and only if j = a(i), 0[i,y;] = [0(3),0(y;)] for i,5 =1,2,...,4k + 3.
We know that [y;,y;] € E(P,(«)) if and only if j = ¢+ 1, and [0(v:),0(y,)] =
[y;_l(i),y;_l(j)]. Say, a~1(i) = ¢ for some ¢ such that 1 < ¢ < 4k + 3. Then
a(q) =i. By (1) and (2) of lemma 3.3, we know that [y;,yi+1] € E(P.(«)) if and
only ifi+1 = a(q) + (2r). By Lemma 3.4, this holds for all i = 1,2, ... 4]+ 3. Since
2r(m+1) =4k+4=1 (mod n), [0(y:), 0(yi+1)] = [Yo,-1 (), Vo104 1)) = [V Yor2n] €
E(G(n,2r)). Thus, 0[y;,y;] = [0(y:),0(y;)] for all i, =1,2,...,4k+ 3 and i # j.
Hence, P, () = G(n,2r).
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Case 2. n «~ wynyy and (n — 1) v wi1. Relabeling the vertices on C), by
Vimy — 2L,V1my—1 —7 #2,---,011 —7 Zmy, Wrm!, —7 Zmi+1,2rm/ -1 —
Zmi42s---,W1,1 — Zn, We obtain a new cycle permutation graph P,(5) such
that P,(5) has a cycle with vertex set {z1,22,...,2,} and n « z,,,, (the initial
vertex of M1 (C), — Bo) and (n—1) v wy s (the end vertex related to M,.(C;, — By)).
Clearly, by Case 1 above, we have P, () = P,(a) = G(n, 2r). O

We know that G(n,t) is isomorphic to a cycle permutation graph P, («) for some

a € S, if and only if ¢t and n are relatively prime. The following example shows that
the converse of Theorem 3 does not hold.

Example 6. Consider G(11,4) where
V(G(11’4)) = {17 2a ) 117y17y2a EERE yll}a

and E(G(11,4)) = {[i,i + 1], [i, vs], [¥s, Yi+a] for ¢ =1,2,...,11}, i.e., the outer cycle
of G(11,4), Cy, is 1 —2 — ... — 11 — 1, and the inner cycle of G(11,4), Cy, is
Y1 —¥s — Yo — Y2 — Y6 — Y10 — Y3 — Y7 — Y11 — Ya — Ys — Y1. Let

(1 2 3 45 6 7 8 9 10 11

~\1 5926 10 3 7 11 4 38
and

4, (1 23 45 6 7 8 9 10 11

a=7y""= .
1 4 7 10 2 5 8 11 3 6 9

Clearly, G(11,4) = Pi1(«). Let By = {1,3,5,7,9}. Then the maximal chains in
G(11,4) are:

My = ysyr «~ Mi = y11yays « Mz = y1ysye « My = y2ysy10 «~ M.
Thus, r = 2 and m = 2. But e1(Bg) = 1 and e2(By) = 2.

Theorem 4. Let n = 4k + 3 with k > 1 and r divide 2(k + 1). Then,
t(G(n,2r)) < 4/3.

Proof. Let V(G(n,2r)) ={1,2,...,4k+3,y1,Y2, - .., Yak+3} and E(G(n,2r)) =
{[¢,i + 1], [is vi), [Ws, Yigor) for i =1,2,...,4k + 3}.

Case 1. r = 2(k + 1), G(n,2r) = G(n,1). Take the disconnecting set S =
{1,3,5,...,4k+1,y2, Y4, Y6, - - - , Yak+2 - Then, w(G(n,1)—.S5), the set of components
induced from G(n,1) — S is {{2},{4},{6},..., {4k}, {ys}. {vs}, {v7}, - s {van+1},
{4k +2, 4k +3, yspss,y1} ). Thus, [S] = (2k+1)+ (2k+1) = 4k+2, w(G(n, 1)~ §) =
2k +2k+1=4k+1 and

4k + 2

t(G(n,1)) < A

<

[SUN I

N
—_
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Case 2. r = 1. G(n,2r) = G(n,2). It was proved in [3] and [8] that t(G(n,2)) < 3.
Case 3. r=k+1. G(n,2r) = G(n,2k + 2). Let Bo = {1,3,5,...,4k + 1}. Then
the partition of maximal chains is:

Y2k+1 " Yak+-3Y2k+2 2 Y1Y2k+3  Y2Y2k+4

N Y3Y2k45 N Y4Y2k46 2 - D Y2k—1Y4k+1 O Y2k Y4k4-2,

and the maximal chains are:

M, (Bo) = yak+1, M, (Cy, — Bo) = Yak+3Y2k+2,
M3 (Bo) = y1Y2k+3, M>(Cy, — Bo) = y2y2k-+4,

Mi+1(Bo) = Yak—1Yak—1, Mi41(Ch, — Bo) = YorYakt2-

Let By = {y2k+2,Y2s Yok+a: Yd, Y2kt6> - - - > Y2t> Y2k 26425 - - - » Y2k—2, Yak Y2k } and
S = By U By. Then the components of G(n, 2k + 2) — S are the following sets:

{2}, {4}, ..., {2t},..., {4k},
{yr, varest {ys, varests - - {v2e—1, Yort2e41}, - - -,
{y2k—17 y4k+1}a {y4k+37 4k + 33 4k + 2ay4k+2 ) y2k+1}~

Thus,

S| = (2k+ 1) +2(k — 1) +2 =4k + 1,
w(Gn,2k+2)—S) =2k +k+1=3k+1,
Kl ak+1
w(Gn,2k+2)—S) 3k+1

4
and t(G(n,2k +2) < <3

Case 4. Let 1 <r <k+1and r(m+1)=2k+2. Let By ={1,3,5,...,4k + 1}.
Then the partition of maximal chains is:

Yor—1Ydr—1 - - Y2mr—1 ¥ Y4k+3Y2rYar - - - Y2mr
D YiYr2rYirdr - - Y12me 2 Y2Y2420Y24-4r - - - Y242mr
Y Y1+2(3-2)Y1+2(3—2)+2rY1+2(3—2)+4r - - - Y14+2(3—2)+2mr

" Y2+2(3—-2)Y2+2(3—2)+2rY2+2(3—2)+4r - - - Y2+2(3—2)+2mr

D Yi+2(r—2)Y1+2(r—2)+2rY1+2(r—2)+4r - - - Y142(r—2)+2mr

D Yor2(r—2)Y242(r—2)+2rY2+2(r—2)+4r - - - Y242(r—2)+2mr-
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Sincel<r<k+landr(m+1)=2k+2, m+1>3and m>2. If m =2, then

|M1(Cy, — Bo)| = |Yak+3Y2rYar - - - Yomr| = m+1

is a positive odd integer. Thus, e3(Bp) = 1 and by (1) in Theorem 1 or by (4),
t(G(n,2r)) < 4/3, since G(n,2r) is isomorphic to a cycle permutation graph. If
m > 3, then we define an independent set of vertices in C,, by

B = (BoU{4r})\ {4r — 1,4r + 1}.

Then, since m > 3 and 47 # 2mr, Yar—1, Y6r, - - - , Y2mr and Ya,-+1 are three maxi-
mal chains, related to C,, — B, of odd cardinalities. Thus, e3(B) > 3 and by (1) in
Theorem 1 or by (4), t(G(n,2r)) < § since G(n,2r) is isomorphic to a cycle permu-
tation graph. O

Corollary 4.1. Forn > 4 and o € Sy,

H(Po(e)) <

L W~

Proof. Ifn# 4k + 3, then, by Corollary 1.1, t(P,(a)) < 3 for every o € S,,.
By Theorem 2, if e1(B;) > 3 or e3(B;) > 1, then t(Pyi3(c)) < 3 for every a € S,
and any positive integer k. We know that the case of n = 4k + 3 with k£ > 1,
e1(B;) = 2 and e2(B;) = 0 does not exist, because thus means that there are exactly
2 maximal chains with odd cardinalities and the rest are of even cardinalities. Then
the total number of vertices in C, is even which contradicts n = 4k + 3. Thus, the
remaining case which we have to consider is n = 4k 4+ 3 with k > 1, e1(B;) = 1
and ea(B;) = 0 for all integers i. By Theorem 3, Py;i3(), for every a € Sy, is
isomorphic to G(4k + 3,2r) for some positive integer r which divides 2k + 2. By
Theorem 4, t(G(4k + 3,2r)) < . Hence, t(P,()) < 3 for every integer n > 4 and
every a € S,. O

Our Corollary 4.1 confirms the conjecture 1 in [11].
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