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On a generalization of Fourier series. 
, Josef Korous, Praha. 
(Received June 12, 1945.) , 
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1. Preliminary. 

Before we proceed to formulate-the problem which will be 
discussed, we need -several.definitions. 

First of all, I introduce the following sets of real numbers: 
1. {Z„} denotes the set of real numbers lf (v =- 0, ± 1, -£- 2,...), 

satisfying the following conditions: 

Z, < Z„+i, Z_i < 0 <1 Z0, i„ = v + a + A,, 

where a*) is a fixed real number and 

limsup|Av| < T V ' . - (1,1> 

* The aggregate of all possible {̂ } is denoted by Ax(a). 
2i A%(a) C -4x(a) is the aggregate of all {Z,} satisfying ; 

! V=0( log-M*|) > (i>2> 
for |r| > 1 and 

2' v 
< ÖO.**) H.3) 

3. A8(o) C -^(a) contains all {L} satisfying 

.X, = o(lQg-1\v\)'foTv = -±-ao. - •', (1,4) 
' 4. To A.(o) C At{a) belong all #,} with' 

X, = 0(\v\-Ho%-i\A) > 0 4 
fblr Jv I > 1 and 

" 2 i г к 00. , CM), 

v v,: *) J?o? our purposes only a == 0 and « ř-* ifc i will be .needed. \ - -: 

^T;: ; **) The příme indicates throughout thia pdper that *."-» 0 should he-

' • ; - ' ; •.•r..>. 
Л 
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For brevity, we put Ai(0)*~ Ai, whereat ==1, 2, 3, 4. 
To every {l,} we associate an integral function of a complex 

variable 

l(z)^(z-l0) f\> (l-^-fUv. (1,7) &.ЫÌ 
We denote by Lt(a) the class of all l(z) belonging to {I,} e Ai(a) 

and. write simply Li instead of Li(0). 
Further, we put for l(z) e Lx 

k(z) - l(z) cotg nz + Q(Z), (1,8) 
where 

!><*>-- f ' T ^ V - - + *'*> M 
71 ^ v(v Z) 71Z 

b being an arbitrary real constant. 
If l(z) € L2>

 w e define also 
1 °° l(v) 

v = 00 

and denote by P the class of all such Q(Z). 

2. The problem. 
Let oc be a real number and f(x) a real function defined in 

, [<*,<* + -*]**) and such that \f(x)\ is integrable (in the sense of 
Lebesgue) over this interval. (2,1) 

Our object is to investigate expansions of such functions in 
series 

n 
lim 2 (av c o s £v x + bv sin lvx)*\) (2,2) 
M = C O V — Ĵ  

: for x € [a> oc + TT] and {lv} € Av 

*) The convergence of this series and of the series (1,10) will be made 
evident in the proof of lemma 4. 

..**) [at b]'i8 a, closed, (a, b) an open interval. 
t) Mr* Walsh occupied himself in a paper entitled „A generalization of 

the Fourier cosine series4* (Am. M. S. Transactions 22) with a similar series. 
V . 00 

:* His series is (with our notations) V % e o s hx *or X€ P*» n1 unc^er the following 

simultaneous assumptions; 

.* • • n=-l »=^1 
* ^ i t h the aid of the theory of functions of an infinite number of variables^ 

Mr. Walsh proves the equiconvergence of his series with that of Fourier. 
(A cosine series is obtained from (2,2), if e. g. oc == — \ n and fty) isaneVeh 

. function.) 

•>'•*' .•:.' ' ' ' • • • . : v \ . " . * • . '- '-•• ' •' 



The coefficients a,, and 6. are given by the following formulas 

a,= lk(lv){l'(h)}-lX+ff(t) cos U dtt 

b, = mwiu)}-1*}'*/(«) sin wd < . * (2'3) 

where l(z) belongs to the same {lv}. 
I t is seen at once that the Fourier, series of the function 

f(t) in [a, <\ + n] is a special case of (2,2). This Fourier series is 

lim 2 (a'* c o s vx + &'» s*n va;)> (2*4) 
» = 00 »' •=- — W 

where 
1 <x-\-n 

a'v = — / /($) cos i>/ d£, • 

6 % ^ ^ T / ( 0 s i n ^ c U , . (2/5) 

and tends to zero in (<% — JT, ̂ ). 
Further, we observe that the coefficients (2,3) are not deter­

mined uniquely, for their formulas contain an arbitrary constant 6.*) 
Put 

n 

sn(x; f) = 2 (ar c o s hx + bv sin lvx) , 

with coefficients (2,3) and 
. n • , 

Sn(x; f) ==. 2 (a'v cos vcc 4- ft'f sin v^) 
>-=—w. * - • 

with coefficients (2,5), n being a positive integer. 
Putting > 

M*> 0 =• i i &(W {ZU)}-1 cos p,(* —•*)] 
v=.=—n , -

and 
. . . . , . . " . • • i . » • ' . ' : ' " " . • ' ' • " ' 

Kn(#, 0 = — V COS [V(X — t)], ; 
J - ; ; ; - ; : . , •-• - 2 ? r v i * i n - , 

;4i48-ebyjious that , , ' . . . 
. - ' » • • ' ' • v <*+ .* - • ' " ' • 

, >• ' •/ - '• «.,(*;•/) -= ff(t)K(x,t)At 

^^ '̂••'̂ •.tj-^nseqiwntly the coefficients (2,5) are not unique. Replacing them 
by (I -f (--p,!)* &J a't and (1 -f- (—* 1)" b) &'„ respectively, we obtain a series 

^© l̂liportvetgent with (2»4) in (,%,. <k -f jr), but not in (a -<- *rt <x> as we may 
^^f ly Convince ourselves by methods used in the theory of Fourier series. 

&?*w-7-? . ; / ; •" $ 



and ' 
OíĄ-П 

Sn(x;f)^Jf(t)Kn(x,t)df. 
(X 

K (JB) denotes the circumference of the circle \z\ — Ry it 
follows by the theorem of residues for almost all values of n*) 

K(x, t) = — / k(z) l~l(z) cos [(x — t) z] dz> 
4nÍ(n + \) 

Putting 

Qn(x, t) = —-;' / Q(Z) l~~l(z) COS [(X ~ t) z] dz 
47ll(n + \) 

and replacing k(z) by (1,8), we obtain 

kn(x, t) = -—. / cotg nz cos [(# — £) z] d* 
. . 4™(n + £) 

+ Qn(x, t) = K„(#, 0 + £„(*, 0, 

(-,6) 

90 that 

s„(x;f) — Sn(x;f) = [f(t)on(x,t)dt. ' (2,7) 

We observe that if the last integral tends to zero for »-> oo, 
the series (2,2) and (2,4) are equiconvergent so that the question of 
the convergence of (2,2) reduces to that of the corresponding 
Fourier series. In the next chapter we^give some sufficient condi-
tions for this equiconvergence, while in chapter 4 an analogue of the 
Riemann-Lebesgue theorem on coefficients (2,3) is established. 

3. Theorem on convergence. 

In this chapter I establish the following theorem; 
(A) When f(x\ is of bounded variation in [<x, x -f w], then for 

X € ((X, (X rf- n) 
*n(x; f) — Sn(x; f) -> 0 for n ->oo (3,1) 

uidformly^in (oT+ v\,& + n — rj), where r\ is an arbitrafy fixed,real 
number in (0,1). 

The sum of {2,2) is therefore { [f(x — 0) + f(x rf 0)], Us teiuUsy 
from the theory of Fourier series. ' * \ 

' , - . (B)AWheft {QcA2> then (3,1) holds for any fumtion $xlf 
uniformly in (ot + 7],<x^+ n — rj): V'"'^v 

- 10 When {l,}*At and Q(Z)€P, (3,1) is true also for }&$£&$ 
' - ~ - - - - — - ~ — .. < ;. . < ' * * • ' " . >.-;" •••"',,;"!v^'*: 

\*) In consequence of (1,1) it is obvious Jhat no zero of i(*) c^eidp^' 
*rith n + i> if n is larg^ enough* / ' . « " , / •. - '••.•'. ^ .'^;'^. 

•\4- •> " •"'" . -\ ., • . * \ ' ^ ' •̂ •l-?\! íІłfe« 



, • ' v - " . • . ' • . . . . • . - - • • • •.. i 

provided that f(t) is of bdunded variation in (oc + k — ti/oc + TZ), and 
for x = oc + 7t, if f(t) possesses the same^ property in (oc, oc + r))*) 

(D) When {l„} e AA and g(z) c P, (3,1) is satisfied uniformly in 
[oc, oc + n]. 

Before proceeding to the proof of this theorem, I introduce 
some notations which will be employed in what follows (also in the 
next chapter) and prove some preliminary lemmas. 

Notations. 

L (} is any fixed number in (6 lim sup | Xv |, £). 

2. r\ is any number in (0, 1). 
3. <p € [— n, n] is the argument of a complex variable z = re** 

where r > 0. 
4. Ci (i =s 1, 2, ...) are positive constants independent of r as 

well as of <p € [— n, n]. They ihay depend on /?. The numbering is 
independent in every lemma. 

6. n denotes in this ohapter a positive integer, in the next 
chapter any integer. 

6. hi are positive constants independent of n and of q (see 
Lemma 5 e. s.). 

go 

7. M(a) = ( -co , oo) — 2 [(v + a — d, v + a + d) + (v — 

— a-*d9v — a+d) + (l/^T, lv+ d)+,(—l, — d, — l+ &)], 
where 6 is an arbitrary constant in (0, -fa). M = M(0). 

Lemma 1. ̂ Suppose l(z) e Lx and r € (1, oo) M. / / 
X(z) =- l(z) cosec nz, 

then 
cxr-*< \X(re*)\ < <v*. (3,5) 

Proof. Since by (1,1) 

!A,!<A<-rS - . . (3,ey 
for almost all values of v, we have „ 

A' ' < 1 (3,7) 

fe* all values of r * (r0, oo) M, where r0 > 0 is properly chcfesn, 'and 
all values of v with one possible exception. 
• • l.-iy ,/v' • --. , •• : - ••> . > • • : ' 

\\-\i'-J" *) These conditions rjonoeiming fit) are sufficient, their necessity ia not 
averted. '• . 

$ti:.l;^ •;•;••• .::'••"••- "'; .:•"> 
±*JXXly;;, • . " • ; . . . , . - . • / • , . . . • ' ' . . , * ;• . - ' , - • - • . ; • VT&?K* z u . '• 7 '•*' "V.... '.' . ....',*' »'•. *.. •• •'* } • --.'^ '• ' >',. .* * '.'••" 



Accordingly, for the same values of r and v 

logjl 
A, 

re<p- < r— lvi + c3 

1 
(r—\v\f 

• : ,(3,Ь 

(3,7) may be false for a |^ | € (r— -^, r + TV). But in this cast 

llogl 1 — fJ
r^v\\< I log | r— ̂ 11 + | log | r -^ | |<2 log ' - i . 

(3,9) 
• Further, putting 

we deduce easily 
|Я„| 

|Ьg|fo(re^)|| <c,r S ±j v2. 2 ŕi<c«- дз,ю) 
and by a similar argument 

I log | &(«*») 11 < c 7 , 
where 

(3,11) 

г ' ( г ) =,.E.( 1 -т) e ' 
We may now wгite 

71

 s I » I < H ' ; |v |<f«\ - - — " - / ,• 

+ 

Taking the real parts of logarithms of both sides and utilising 
(3,6)—(3,11), it follows 

| log|A(r^)| |<c 8 + £ ' l og(1 + lv 
i"i<^ \ ! 

. i -ST* 1 ^ » 1 | - ^ 1 A » 1 ^-x A * I 

, Avif+T* v^/-i"! , ik-i"ir .-. . 
In this formula 2^== (—s- r8, — 1)/ when 9? c [—|TT, $71] and Nx =L=." 
=? (1, r2) for the remaining values of 9?. Similarly N2 = (0, \r) or 
{—Jr, 0) and N9 = (— r*, r») — 2^ — 2\Tt. — . 

^ Hence we deduce by employing (3,6) '*]-
v '' Uog I A(re^)] | < c9 + A log r* + A(log r2 — log r) + 
.'"• :> .-.••• + Cio + * [log ir 4- log (r* — r)J < cn + 6A log r, '; " •" " 

I' ': , > < , |log|A(re^)|| <c 1 2 + i3 log r, , ; / , . J 

wiiicih ^equivalent to (M)- • ^ V • 

•Ь v\ 



Lemma 2. / / g(z) € Lt(d) arid 

y(z) = g(z) cosec [n(z r— a)], 

JAen /or r c Jtf (a) and | a \ < 1 

q < | y ( r e ^ ) | < c 2 . (3,13) 

Proof. Let gv — v + a + y„ be, the zeros of gr(z). 
Using the well-known formula 

in?r(z — a) = — — (z-^a) \ \ l _ _ _ e*, 
a „=_ oo \ • y -r aJ sш 

sm тгa being replaced by n when a = 0„ and proceeding on the lines 

of the previous proof, we_obtain 

^ r ( * > = ft' ̂  ft ( i - - ^ — V <»."> 

The convergence of both products is evident from (1,3). 
From (1,2) it can be easily seen that taking r c M(a) large 

enough, we have -

and consequently 

log 1 

r — | f + a ! 

Y'.' 

<h 

re^ — v — a 
< 2 

r — \v + a\ 

for all values of v. 
Accordingly, 

fЬgiиrê iкcз+гľ 2 + 2 + 2 r -ï:\Љ< 
LirlзşVГ VҒ<|-|<sär ^ i aa r j r—|v + л|,|J. 

< c 8 - + c 4 y r f « 1 . + ' C 5 max ly, I log ^-f c6 2 

and the result follows from (1,2) and,(1,3). 

;Lemma ?. When u is real and \u | > 1̂  we have 

; , v •'• . z(W) = o(i«H,. . .\ 
.jF(ie).te

:o(i)i-'- , / ' -

r c If m is dn integer> i \ • 
v -: -;\ ..;' \9(m + *){£k\ym\9 ; ;,. 
& 6etnj a positivejxmstant independent of mt > 

-,! - P r o o f . (3,15) holds by,(3y3) foj. the above ;**-Jf-' 

ФЩ; 

(3,17) 



Putting '. K 

^ u — m 

and omitting in (3,12) the term 1 — , we deduce by repea-

* ting with this modification the analysis in the proof of Lemma 1 
Uu) = 0(\u\?) -

also for u e M + (m — 6, m.+ 1 — 6). 
Hence for these values of u 

l(u) = (u-lm) Xm(u)-P^ -= O(l)Oflul^)•= Ofluia (3,18) 
u — m \ 

and the left-hand side being independent~of m, (3,18) holds for all 
real values of u. 

The proof of (3*16) follows ô i the same lines by modifying the 
proof of Lemma 2. We have 

g(u)^iu^gm)ym(u) u_m_a> 

where 
ym(u) = 0(1) for u e (m + a — d, m + a + d). 

Hence 
\g(m + a) | ,= \nymym(m + a) |, 

and (3,li) follows immediately. 
Lemma 4. Suppose r e (1, co)M. Then 

•I. M re*) i<c>. (3,19) 
,y II. TfAew {l}eA2, then : 

\Q(re*)\<cz. I (3,20) 
III. When {l9} c -48 and! ,0(2) c P, then 

q(re^) -= o(l) /or r-> co_ (3,21) 
. ttwifohnly in [— TT, #]. 
A IV. / / {t}€.44 attdr^fzJcJP, eAen 

;^ ; / • ' / - I f f ^ J K ? * - 1 . . * (3,22); 
" ; r^roof. I. Putting z -±=Ve**, we have by (3,16) for r«J!f aild: 

:'•*•£•&" :. • .• ••'.", I 

(« — «) V 
ý <vЧ»ľ • Уa2 Я. 

|?4 :JraMÍO0' tíi£ cónyeřjgenee of (1 >9) follows immediately v*), 
щ *) The oorшtantв c ar in thiв þгoof indepetiđвňt alвò of v. 



The last expression being OfM1*-1), 0(1$ \r—Mf*-1) and 
0(r \v\P~2) for \v\ <1 \r, \r < \v\ < 2r and \v\.*^> 2r respeotively, 
we obtain on carrying out the summation of (3,23) with respect 
tO V£ ( — 0 0 , 00) 

| Q(rei(p) | < ctfP log r < c^', 
where /S < ft' < \. 

, II . Suppose o(z) c P.*)" Then by (3,17) for r e M 

!(») 
< « . I Ł 

r — \v\ 
The convergence of (1,10) is now evident by (1,3). 
Further, we have 

le(re*)|<c7[ 2 + 2 + 2 + 2 X 

v\ 

(3,24) 
The first sum gives 0(]/rr—1)> the second and the third ones are 

0(max | Xv\ log r), while the last one is o(l) for r -> oo by (1,3). 
Vf*<|r,<2r . . " ' 

Hence it can be easily seen that (3,21) and also (3,20) in the case 
when Q(Z) € P are a consequence of (1,4) and (1,2) respectively. 
(3,20) is established also for the case when Q(Z) does not belong to P , 
for such a Q(Z) differs from a Q(Z) e P only by a constant provided 
that {l9} € A2^ 

When {lv} e AA, the first two sums and the last one in (3,24) 
CO M M 

are less than c7r~
XY \XV\, while the third sum is oy (1,5X ' 

Ofr-1 log-1 r log r) == 0(r-1), arid (3,22) is proved. 
Lemma 5. Let q e [—n, n] be a constant independent of n and J, 

I = max | A—*(z) |. Then for almost all values of n 

In(q) = / \e**lr-i(z) dz | < hnl, (3,26) 
A»±\) • ••" 

and if \q\ < n, t . • , . . • 
Uq)<—k-*\~r (M6) 

. Proof. Putting R^=n + i and taking n large enough,**) we 
obtain for z '-== Re* . 

1 ' • •' » s 

•l-HM*).! < l Icosec rtz| == 2lex [1 -f e1
2 — 2e1 cos (2jtB cos ?>)]~i< 4 ^ , 

. v *) Consequently {lj s Av 

v **) N o t i c e t ^ f b b t h o t e " o n p a g e ^ 1 . * ' 

•C\"••..'•*.".' -.,.• '•• • '• ' • "> ; ' • *'*''""• * 
. ' • . J / ' • ' ••: " . - • ' • • " ' ' •« .' ^ . ' • ' • • ' - ' ' • • ' " - • ' * ' . ' ' , ( 

\ 



/ 

\ Sincq sin <p > 2*r~2 9? for <p e (0, $tt), we have 
• * « " . • • 2a .' 

^ ^ ( g ) < &3.R / exp (— qR sin 9? — n R | sin 9? |) d?> < 
0 
** 

< .fc4JB/ exp [2JRJT~1 (\q\—7i)<p]d<p<L 
0 

- ' • ' i* . (3,37) 
<I A:4JF?f d^ < fc6n. 

. 0 

When |g| < ny (3,27) yields 

l-"In(q)<KR] exv[2R7z~i(\q\—7i)<p]d<p^ 
0 

__ kKnR & 6 » ' " 
. ^ 2i?(jr— !g]Y "^ n—\q\' 

which completes the proof. 
Lemma jS. ., 

. (i) Qn(%,t) = 0(l) for n->co (3,28) 
uniformly with respect to x e (ex + r\, ex + n — rj) as well as to 
t-€ [«',<x + ft]. 

v (ii) / / , moreover, {lv} € A* and Q(Z) e Pthen 
Qn(x,ff=0{l) (3,29) 

uniformly forxe [oc, ex + TT] and £*€ [a, <* + n;]. 
! PfcoW. Put I a? —1\^= q and Q = max I e(z) |. Using the nota-
- • ' '•! , ... M-n+i 

/ tions of the previous lemma, it is immediately seen from (2,6) that 
* > \ '•' \9n(x9t)\<Q[In(q) + In(—q)l 

Observing that in virtue of (1,2) n+-\kM for almost all 
k : 

...r- ¥«duejB of n,Jhe last expression/is less than -*-- in the case (i) b y ' 
/«-••• .<3;$P), (3,26) and (3,13), and less than i2n~1n• = k2 in the casp (ii) , 
\ \\>j%it), (3,25) and (3,13). 
">'\ "•'. Lemma 7« Let tt and t2 be any two numbers in [<%, ex + ri\. Then 
,V/-'" u • . - ' • • • ' V 
' :' •.:••- (a) /0H(x,$)d* = o(l) /or n-> 00 (3,30) 
" v - s "'. •<".. '< ' f l . * " "•'." • 

y^wifortidy for x c [a + TJ, * + a; --— tj]. - .- - • 
vT; ; (b) fPfon Q(Z) t P an£ {I,} e Az," (3,30) AoWa uniformly in 
• ^ : ; ^ 4 > W i . ;•• ; (3,31) -
S Proof. The priiAitive function of Qn{zf t) b^ung _\ - «• " 

> •'• -•"•• , < * • ' ' ' . . ' * •' " ' '- " ' • ' • • • > . * 
& * ' . • ^ ' • ' • % • ' ' • • ' " / ' ^ . ' . > • • 

8'-^>:V, • • . . . . ••.•. ;.'. : /:.;: •?: 



x v - r " • •' " " '" / '-""r .-"• V ; " ' "' '•'' '"•; -:' -V : ' * ''" v • • ' "•'.' 

Jn(x, t) = — f z-.1 Q(Z)1-1(Z) sin [(*—x)z] Az, 
^ ( n + J ) \ 

we deduce easily, retaining the notations of the preceding proof and 
supposing that t € [a, ex + n] • ' . , * 

\Jn(x, t) \ < n-iQlInte) + In(— q)]. ^ f 

Now, the results are obtained by employing (3,19), (3,26) and 
(3,5) for the case (a) and by employing (3,21), (3,25) and (3,13) for 
the. case (b). 

Proof of the theorem. 

Suppose that f(t) is a non-decreasing finite function in 
[ex, ex + n]. By applying the second mean-value theorem of the in­
tegral calculus to (2,7), we see that (2,7) tends to zero uniformly in 
(<x + rj, ex + n — rj) in virtue of (3,30). A function of bounded varia­
tion being a difference of two such functions, (A) is established. 

In order to prove (B) and (D), we observe that'both statements 
are true by (A) and (3,31) respectively when f(x) is a polynomial 
P($) in [a, a +^n], for a polynomial is of bounded variation. Now, 
f(t) being any function defined by (2,1), we have by (3,28) and 
(3,29) respectively 

<x4-n . ' 0 , 'a-r-7t 

\fQn(X,t)[f(t)--P(tldt\<k1f\f(t)-P(t)\dt, 
oc s <x 

where kt is independent of x € (a -f rj, a 4- n — rj) and. of 
xe [ex, <\ -f n] re.ipectively. The last integral can be made arbitrarily 
small by a suitable choice of P(t). Combining^these results we see 
that (B) and (D) are established. 

C is proved by combining the methods of the proofs of A 
and of B. 

4. Theorem on the coefficients. 

In this chapter the following theorem will be proved: 
The coefficients an and bn given by (2,3) tend to zero for n = ± oo, 

provided that*{ln} € A2 and that f(t) is a function defined by (2r,l)i 

Since by the ^Riemann-Lebesgua theorem jf(t) eilnldt -> 0 for 
»->:fcoo, it is stifficient to prove . * 7 

(Suppose |n | so large that \K\ < h 
When ln 4= n, we have 

'n»* • . nr^wv—ln : 

. - ' • " ' • * • : , ' ' • . " . ' • ' • » 



Arguing as in the proof of Lemma ,4 we see that the last ^um 
. is 0(1) for n -==±00. Further, it follows by (3,17) 

* © = 0(1). , • • ^ . 

Accordingly, k(ln) == 0(1). 
When Jn = n, we have 

*&) = .Il'(n) + JL J ^ - + b. 
it 7i *— v — n 

. v——00 

v $ n 

whence we see that 
l*(W1< \l'(n)\ + kv 

.» 
Accordingly, our problem reduces to the proof of the inequali­

ties 
h<\l\ln)\<K • (4,1) 

Observing that by (1,2) ln e M(— %) for almost all values of ny 
(4,1) follows immediately from (4,10) and (3,13). 

In order to prove (4,10), i. e. Lemma 10, two more lemmas are 
nedessary. 

Lemma 8. / / l(z)eL2 and I = (&xr, &2r) where &x< I and 
fr2 > 1 are constants independent of r arid <p, then for z = re** and 

• r e (2, 00) M / 

: . I W K ^ , F ^ r + ^ «*> 
Hence 

\i'(z)\<*logrlr> . \ (4,3) 
Proof. Taking logarithms of (3,14) fo* a = 0 and differen­

tiating, we obtain 
K(z) __ • A, 

' • . ,' 'W).- v±o0(z-v)(z~hY 
:> Using (3,13), (1,2) and (1,3), it is easily seen that for all suf­

ficiently largfc /values of r c M ' 

:A v : \nre»)\<cJ 2 - + 2 + 2 ir-U\ 

<" c5n~2 + c, 2 ' fr _ Í7Õ5" + CłГ~* < C 8 Г _ 1 + ^ Ь * " 4 r 

- /Lemma & The, zeros Vs of the function l\z) where Z(z) c Lz are 0 
real amd either /. v- + 

& & * ' '••'• . ' . ' ' " ' ' . . \ • . . . v , , : . . . : .-,>•;-; 



Proof. The order of l(z) is 1, for l(z) is a canonical product and 
the exponent of convergence of its zeros is equal to 1. Therefore, 
by a well-known theorem of Laguetfre Vv are all real and are sepa­
rated from each other by the zeros of l(z). ^ < 

In order that l'0^> 0 and Z'_i < 0 we have to fix the numbering 
so that either 

lv—i < l'v <lv 

or 
lv < I v < h + l- - » % 

Put lv* = l'v in the first case and lv* = Vv—\ in the second case. 
Denote by In the open interval, the end-points of which are 

n — .'•£• and ln*. I t is obvious that, for u e In -

\l(n-i)\<\l(u)}; (4,6) 
furthermore 

\l(n-i)\£\l(ln*)\. (4,7) 
. » 

From (1,2) we see that, given any fixed ?70 c (0, 1), we can 
choose d and a positive N(rj0)

 s o fcha* 
I'niVo) = [n—I+r)o,n — r)0]CM 

for all values of \n\ > N(rj0). 
Put Kn* =— ln* — n + j . We can easily show that there is 

a fixed rj0 € (0, 1) such that 

for all values of \n\ > N(rj0). For, if (4.8) were false we could choose 
u0 e In so that 

No — n + II — i — Vo, 
and since also u0 e rn(rj0) CMi (3,13) and (4,6) would yield-

& i < 
Цn-lУ 

Цщ) ' = 
*(» — *) 

í(w0) 
sin ЛЩ 

sía[л (n — i)] < sin щ0> 

which is impossible if rj0 is small enough. v 

Since by (4,8) cos nXn* > 0 and Vn c M for almost all values 
of n> we deduce from (4,7) in a similar manner 

I #» — *)! 
Цln*) 

< cos лXn* 

for all sufficiently large values of \n |, whence 

Mn — l)-X(l»*) 
OOBTtXn* >̂ 1 — 

oг by (3,13) 
Цh*) 

l» 



(4,9) 

s\^^<h\Xn*^(l\)\, , 

where l"*ne %n. 
Hepce by (4,3) . ^ 

\ln*\<h\V(l"n)\ = 0(log-l\n\). 

Hereby the first required property of {Vv} is proved. 
In order to prove also 

' * * oo , ! ; * 

' I— |<«>, 

we employ (4,2), (4,9) and (1,3), Observing that l\ € M for almost 
all values of s, we have for N -> oo 

2 
A,* *°( 2 

\l«l>-v 

X'Џ\) 

) - . 
, - 0 ( 2 i*i~2) + ot 2 l * ! - 1 - 2 iAri(|r,|-|Vt)-2]= 

l*l>Jt l « l > ^ i|«l<|r|<2|«l -

," = 0 ( i ) + - o [ 2 IA.I 2 Mi-1(ll-"«l-i"i)-2] = 
|r|>|JV l«l>J|rl , 

; rom+0[jij
Ku^.iJM]-°m' .'. 

.whence the result. \ \ 
Lemma 10. Putting 

h a-- ^ _ _ wAen Z0 4=. 0, and xA = Z"(0) wAen ?0 — 0, we Aare 

./• "•: • °". - H r ( 2 ) c 4 ( ± i ) 5 (M<>) 
provided that l(z) € L2. 

P roo f Z'(z) being an integral function of order 1, it can be 
rv written in the form 

;• . "°° / r \ ±.>, 
; :V($ ;= Aev*(z —. J'f) O ' I 1 ~ jr)eV = fe^OO = Acv* r[z). 
-,\',V-' ' ' v-=—PO \ * * / . / 

^ is a real number, for Z'(z) is real for real values of z. 
' j \ ^ \ The zeros Z', of the function t(z) belonging to -<42(± J), 
;!(,«}€ -t2(zfc i) *nd Lefit>ma 2 yields for $11 real ysdues of u e M(—j) .. 
fe::'.>-'VV. „ : ;

 : M«)i >«**). : :'• y:: 
. -'; and coawequently also 
^'Y!;:.*.-,;-.- .;;-. |*(tt)f>fc2. j 
^•••••^>> v '— - - - - ' . . # ; \ 
; •" '" ^ *) Jfy axes here positive constants independent of u under conaideraiion..; 

COSÍTZ. 

ít*', 
•д. 



• : • # • • . • « . ' ' ' .s • •- • .,. • . 'x s. • ';. ••'.: •* 
. ' , • \ • . . . j * . » ! " » • • • / ' ' • 

On the other hand, we obtain from -(3,14)') and (4,3) 

\V(u) | = \nX(u) cos nu -f A'(w) sin nu| < fc3 

for ?A € _Af. N 

Were now y > 0, it would follow for u e (1, oo) ifcfi^(—\) 

h> \l'{u}\-= \h\ev* \t(u)\ > 1c2hevu->oo 

for % -> oo, which is impossible. The impossibility of y < 0 is shown 
similarly. Accordingly, y = 0 and (4,10) is proved. 

0 jistém zobecnění Foúrierových řad. 

( O b s a h p ř e d e š l é h o č l á n k u . ) 

Funkci reálné proměnné f(x) s variací konečnou lze pro 
xe (cx, oč -f TT),*) Hde a je libovolné číslo reálné, rozvinouti v řadu 

co .-

2(a»- c o s lv% -f &»> sin řya;) = \ [f(x -f 0) -f f(x — 0)],. 
V — QO 

při čemž lv jsou čísla hovící podmínkám 

U < ír f i- Z_i < 0 ^ Z0, lv = v -f A,., 
lim sup | A„ | < y1^ 

V = -J- co x 

a koeficienty a„ a bv jsou dány vzorci (2,3) (viz (1,7)—(1,10)). 
Předpokládáme-li ještě (1,2) a (1,3), je naše řada pro jakoukoli 

funkci v intervalu (a,a -f TT) integrace schopnou**) v tomto inter­
valu ekvikonvergentní s řadou Fóurierovou s koeficienty (2,5). Za • 
tohoto předpokladu platí také V > 

av -> 0, bv -> 0 pro v = _- co. 
Za dalších předpokladů pro Z„ platí výše zmíněná ekvikonver-

gence též pro x = <x a x •= a -f n. 

) 
*)i Interval otevřený. 

**) Ve smyslu .Leběsgueově ; i co do absolutní hodnoty. 
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