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An arithmetic of modular function fields of degree two

Ryuji Sasaki

Abstract: Let K be a Kummer surface associated with a hyperelliptic curve of genus 2. We
can naturally determine a field F of definition for K. We denote by Fy the field generated
by the N-—torsion points of K, where N is an odd positive integer. Then we show that
the fields extension Fn /F is a Galois extension, and determin its Galois group when K is
general.
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Mathematics Subject Classification: 11G18, 14K25

1. Introduction

For a point 7 in the upper-half plane, we denote by p(z) the Weierstrass p function
associated with the lattice L = (7,1)Z2. Then we have an equality

P = 4p° — g,(T)p — g5(7),

where 1 1
ga(T) =60 —5 gs(r) =140 3 =

weL-{0} weL—{0}

The discriminant and the j invariant of the elliptic curve defined by

92 =4z’ - go(T)z — g3(T)

are defined by

T 3
A(r) = g, (r)° = 21ar Y, sr) = B

In the arithmetic theory of elliptic modular functions, it is fundamental to in-
vestigate the field generated by the j(7) and the Fricke functions of order NV

fa(T) = gi(_g_)(g_:r_:i)@p(Ta/ +all;7_)’ o= <ZI”> c _]]\.722’¢22

over the field Q of rational numbers.
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When one intend to develop the arithmetic theory of modular functions of degree
greater that one, it is not a good policy to adhere so-called ”j-invariants” at present.
So we follow closely Kronecker’s method of treatment on studying the arithmetic
theory of elliptic modular functions. In his paper [11], Kronecker investigated the
filed generated, over Q, by

VE=9 [0] (2r10)/6]0)(27]0)

and

1 ]
0 [i] (27|2(Th' + h'")) /6 [8] r2(th' + ")), h= (;:,,) € %22,
2 2
where 8[m](7|z) is the Jacobi’s theta function.

Conbining these two theories, we propose an arithmetic of modular functions of
degree two. Now we shall explain our story.

Let 7 be a 2 x 2 complex symmetric matrix with a positive-definite imaginary
part. The set of such matrices forms a 3-dimensional complex manifold, which is
called the Siegel upper-half space of degree two. We denote it by JH,. We know
that the symplectic group Sp,(R) operates on IH, as

M7= (‘z 3)-7:(a-r+b)(cr+d)“1.

We consider the subgroup I'(2,4) of the Siegel modular group Sp,(Z) consisting of
elements M satisfying

M=1, mod 2, (a'), = (cld), =0 mod 4.

For a square matrix s, s, denotes the column vector consisting of the diagonal
elements of s.

The quotent IH, /T"(2, 4) is called the moduli space of principally polarized abelian
surfaces with level (2,4) structure. The Satake compactification of H,/T'(2,4) is
the projective space IP3.

For a vector m € R*, we denote by m’, m" the vectors in R? determined by the
first and the second two coefficients of m. Then, for a point (7, 2) € H, x C2?, the
series

6lmi(rlz) = 3 e (%t(m' +p)r(m' +p) + Hm' + p)(m" + z))
peZ’®

is called the Riemann’s theta function with characteristic m.
Three quotients of second order theta constants

k) =0 (5] @ro/epleno), a0 e 1227
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form a set of generators for the field of the modular functions relative to I'(2, 4).
The functions {k,} play the same role as v/ in the Kronecker’s arguments, and
they are considered ”j-invariants” in our theory.

For a point 7 € JH,, the image of the holomorphic map

T_:C?/(r,1,)Z2* — PP?
defined by
U(z) = (0[0](27]22) : O[a,](27|22) : 6[a,](27|22) : O[a,)(27|22)),

where
11

22
is called the Kummer surface associated with the abelian surface corresponding to
7. For an odd positive integer N, the coordinates of ”N-division points” play the
same role as Fricke functions. Let F(7) denote the field

1 1
a; = t('2'1070y0)7a2 = t(Ov '2_7010)703 = t( 0,0),

Q (K (el 10) s a € 327/2%, he zt/2t)

where

kalrl(r 120 = 0 | 2rlztr, 1)) f0012rI2( + 1),

The main purpose of our theory is to investigate the field extension Fy (7)/F, (7).
When 7 is generic, then we have a following theorem:

Theorem. The field Fy(7) has the following properties.

1. Fy(T) ts a Galois extension of Fy(1) = Q(k,;a € %Zz/ZQ).

2. If ¢ is a primitive N-th root of unity, then ( € Fy (7).

3. Q(() is algebraically closed in Fy (7).

4.

Gal(Fy(7)/Fy (7)) = {R € GLy(Z/NZ)/{£1,}

B O T ——

It is interesting to determine the Galois group Gal(Fn (7)/F; (7)) when 7 is not
generic.
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2. The Siegel upper-half space and congruence subgroups

For a positive integer #, we denote by My the Siegel space of degree g, which is
consisting of complex symmetric matrices r with positive-definite imaginary part.
The symplectic group Sp,p(R) acts complex andlytically on the Siegel space My as

M-T = {aT + b}{cT + d)-\  "“=(c  j)eSpzp(R),

We denote by Ty(l) the modular group Spzs(Z), and by Ty(n), r(2n,4n) the
congruence subgroups of Ty(l) of level n, (2n,4n), i.e,

rg(n) = {ae rq)\a - Iy = O(modn)},

Tf{2nAn) = {(* J) €= F(2n) | (a'6), = (¢"), = 0(mod4n)}.

For a square matrix 5, s, denotes the column vector consisting of the diagondl
elements in the natural order. These are discrete subgroups of Sp, (R), and both
of r*(n) and F*(2n,4n) are normal subgruops of T (1). The quotient varieties
JH/T(n) and H/F(2n,4n) are called the moduli spaces of g-dimensional princi-
pally polarized abelian varieties of level » and (2n, 4n) structure, respectively.

Since the relation between the moduli spaces JH/F(24) and IH/T(4.,S) is
important for our argument, we will study the factor group r (2,4)/F"(4,8).

We denote by E- (1 < i,j < g) the matrix unit which has a I in the (i)
position as its only non-zero entry. Put

A _ lﬂ(ij) o
where
aw> = |+ 2B, I<i*%j<9\ a® = [I-2E, \<i<g.
Put
, 1 h(ij)
tJ O 1
where
ftw>=2"+ 2E,,, <i<j<g,-, 6(«)=4B« 1<2<y.
Finally we put C*- = ~ « fori <j.
Proposition 1. The factor group T(2,A)/T(4,8) forms a vector space over

the field Z/27Z of dimension g(2g -f 1). The g(2g + 1) matrices A-(1 < i,j <
< #),.8",(7"(1 < i <j < g) are contained in t"(2,4), and the residue classes of
these form a basis of T (2,4)/F (4, 8).
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Proof. The first part is proved in [6]. Consider the map

¢ Fg(2,4)/rg(4,8) — (Z/zz)2g % (Z/2Z)g(2g—1)

a b
m=(2 2)
b«jmod 2

1
L(atb)ymod 2 K

— (i(ctd) mod 2), 3¢;;mod 2
4 0 3(a—1,)mod 2

defined by

)

where 1 < i < j < ¢g. By an easy calculation, we see that ¢ is a group homomor-
phism. Since the images of the A;;, By, Cy, under ¢ form a basis of the right hand
side, it follows that ¢ is surjective. Comparing the order of these groups, we see
that ¢ is an isomorphism. )

3. Theta functions

In this section we recall the definition and some fundamental properties of theta
functions. For the general theory of theta functions and theta relations, we refer to
Baker (1], Igusa [8] and Mumford [12].

Let 7 € Hg, and let 2 € C? be a complex vector. For a 29 dimensional vector
m € R?, we denote by m/,m" the vectors obtained by the first and the second g
entries of m. The series:

Omi(rlz) = 3 e <%t(m' +p)r(m’ +p) + Ym' + p)(m" + z)) ,
pel?

where e(*) = exp(2my/—1%), represents a holomorphic function on the product
H, x C? , and satisfies the following:

1. 8[m](r| — 2) = O[-m](7]|z).
2. 8[m + n)(r|z) = e(tm'n")8[m](r|2), n € Z*9.
3. 8m + U)(7]2) = e(F W'l + ' (2 + 1"))e(W'm")0[m](r|z + 71' +1"), 1€ R¥.

For a fixed 7 and m, the function §[m](7|z) on C? is called a theta function
with characteristic m and modulus 7. On the other hand the function 8[m](7]0) =
= f[m](r) on H, is called a theta constant with characteristic m.

A half-integer characteristic mn is said to be even or odd according to e(2!m'm") =
= 1 or — 1; hence the theta function §[m](7|z) is an even or odd function if and
only if the characteristic m is even or odd.

Now we recall three fundamental relations among a lot of theta relations. The
first one is the Riemann’s theta formula.
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Let m,, m,,m4, m, denote vectors in R , 21, 29, 23,24 vectors in CY, T a point
in HH, and let

1 1 1 1
1{1 1 -1 -1

T=3511 1 1 1)
1 -1 -1 1

which is an orthogonal matrix. Put
(ny,my,n3,n4) = (M, My, Mg, my)T,

(wy, wy, wy, wy) = (21,29, 23, 24) T
Then we have

4

4
[L00mr1z) = 55 " e(=2tmia”) [ o, + al(rwy),

i=1

where a runs over a complete set of representatives for %ZQQ/ZQQ.
The second relation is the addition formula. Let m,n € R%, z,w € CY and
7 € JH,. Then we have

8[m](r]2)6[n](7Iw)

+ + ! 1 [ + !
_ZB[ mm :7)1 a](27’|z+w)9[2(mm“_ni“ a](2r|z—w)

1 m' +n'

= 2 Z (-2 tm'a ") {l(m” +n") + a/r] (272 + w)
o 2

m!

xé’[ "
3(m

where a’,a” run over a complete set of representatives for £2?/Z9.
The last relation is the base change formulra. Let m € R*?,z € CY and 7 € H,.
For any positive integer p, we have

Ofm (r|z) = Ze[ - @i

el=r'm'a)0 | ul L | (512)

n//) + all] (27"2 - ‘U.)),

Py = p

where @', a" run over a complete set of representatives for —Zg/Zg

Finally we recall the transformation formula of theta functions. Let mm € R%, z €
€ C? and 7 € H,. For an element

b
M = (z d) € Sng(Z)7
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o= (D) (G0

O[M -m)(M - 7|t (cr + d) ™ z) =x(M)e(d

let

Then we have

(M))det(cr +d)?-

m

: e(%tz(cr + d)=1e2)8[m](]2),
where
¢ (M) = — —;—(tm'tbdm’ + " taem” — 2bm'them”
- Halb)y(dm' — em™)).

Here if we choose the sign of the square root det(cr + d)!/? , then the constant
k(M) depends only on M.

4. Equations defining abelian varieties

In this section we will give some remarks on the equations defining abelian varieties
of dimension g. For a positive integer n, we denote by R(n) a complete set of
representatives for 1Z9/Z9.

For a point 7, € HH, let

®, =%:C%(15,1,)2% — P, d=4°-1
be the holomorphic map defined by
B(z) = (- e(=‘m'm")f[m](ro[22), )

where m', m" run over the set R(2). Then & is biholomorphic to its image, which
is an abelian variety. We denote it by A(7,).

Let {X[m] | m',m" € R(2)} denote the homogeneous coordinates of the ambient
projective space IP¢.

Proposition 2.  The abelian variety A(7y) is an intersection of quadrics. More-
over the coefficients of their quadratic equations are quadratic polynomisals of e(—

—tm’m”)6[m](70) 's with integer coefficients.

Proof. Consider another mapping ®, of the complex torus C?/(7, 19)Z29 defined

by
¥'(z) = ( 6 [‘6] (4T0|4z),---) ,

where a' runs over the set R(4). We notice here, by the fundamental properties of
theta functions (cf. 2), that we can consider a’ an element in the group $Z9/Z9.
Then the map @' is biholomorphic to its image, which we denote by A'(7,).
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Let

!
o[i] weqme

be another homogeneous coordinates of IP%. For
A,B,C,D € R(8), r"€R(2
with )
AEBECEDmOdZZ'{],
define a quadratic polynomial

Q'(A,B,C,D;r")

=q > e(2p'r)o [A + ]g “"} (47,)8 {A - ’g trp ] (47,)
P ER(2)

" Z 2l [C’+€+p1}y[c—€+p}
p'ER(2)

_ { S e(2tp'r)e [A+€+p'} (47,)6 [A“€+p'] (470)}

P ER(2)
t i B+D+p B-D+p
X{Ze(2pr)Y[ 0 Y 0 .
p' €R(2)

Here we consider the A+B+p' € iZg elements in +Z9/Z¢. Then the abelian variety
A'(7y) is an intersection of quadrics defined by the equations Q'(4, B,C, D;r"")
((8][12]).

By the base change formula of theta functions (cf. 2.), we have

vy | A+B+p A-B+yp
S e@lp'r )9[ 0 p](47‘0|4z)9[ 0 " ] (4742)
p'€R(2)

-l v [Z(Apj B)] (15122)0 [fo__ 13)] (rol22),

29
p"'€R(2) P

where B
f(m](7]z) = e(=m'm")g[m](r|z).

For a € 17, let {a} be the element in R(2) satisfying a = {a}mod Z?. Moreover
we put s(a) = a — {a}. Then the above becomes

=S e(-Ys(2(4 + B)) + s(2(A - B))p")8

9
p"€R(2)

{{2<Ap77 B”} (ro122)8 [{2“‘ - B)}} (rol22).

rl/ _ pll
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Let
L: Pt — p?

be the linear transformation defined by

")z

Then, by the base change formula, we see that A(ry) = £(A'(7,)). Moreover we see
that the abelian variety A(7,) is an intersection of quadrics defined by the quadratic
equations

5 (]

p”GR

Q(A,B,C,D;r")

{p%;( )a(p,, é[{z(AerB)}]( )9[ {2 A B)}] }

{ St [ (€1 PV x [12€ = 2]

p"' €R(2)

{ > [ AT o [ B C}]} }
}

X

p" ER(2)

X{ > gy [ [L2 - D))
P ER(2)

where a(p”), B(p"), v(p") and §(p"") are £1 defined by
a(p") = e(~"s(2(A + B))p" = Is(2(A - B)) (" - p")),
B(p") = e(=ts(2(C + D))p" — 's(2(C — D) (" — p")),
Y(p") = e(=ts(2(A + C))p" - 8( (A=CO)" =p"),
8(p") = e(=ts(2(B + D))p" - ts(2(B — D) (" - p")).
O

The following lemma is easily proved by the induction on g.

Lemma 1. For any two half-integer vectors m,n, there are even characteristics
a,b such that all the column vectors of (m,n,a,b)T are half-integer vectors, where
T is the matriz introduced in 2.

Proposition 3. If no even theta constants 6[m](7,) vanish, then the addition and
the inversion of abelian variety A(my) are defined over the field

@ (g 1m0 ).
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Proof. 1t is clear for the inversion. For any two points
8(z), B(w) € Alr),

there exists a half-integer vector n such that
0[n)(7p|2(z — w)) # 0.

Then by the lemma, for any half-integer vector m, we have even characteristics
ny,n, such that any column vectors of
(m7n7n11n2)T = (l1)127137l4)

is half-integral. By the Riemann’s theta formula, we have
8lm](7o]2(z + w))6[n)(7o12(z — w))6[0)(7o)*

= 0O (gl 20 + )l (7 202 — )6l )(70) 6l (7))

0[n1](75)8[n,)(75) 0 0 1o 2o
— l 0[0](7'0)2 %
29 0[n,](19)6[n,](o)

(Z e(—2tm’a")9[ll + a](15122)0[l, + a)(75]22)0[l5 + a](7o|2w)0[l, + a](TOIQw)) ,

a

wh(_ére a runs over a complete set of representatives for %Zzg /Z*°. By the definition
of 8[m](7,|22), it follows that
6[m](1o12(z + w))A[n](7y]2(2 — w)) thetal0](ry)?
_1 60’
29 6[n,](9)0[n,) (7o)

X (Z Ma)d[l, + a)(15]22)0[l, + a](75]22)0[ls + a)(7,|2w)8[l, + a](TOIQw)) ,

where .
Aa) = e(~tm'm” = tn'n" — 2m'a" + Z B+ ) (1, + a)").
i=1

Since I}, +1, + I3 + 1, = 2m,
St = (0 1, 1, B 11, 1))

and T is an orthogonal matrix, it follows that
2
Ma) = (> tninf + 2'm'a").
=1
If n is even characteristc, then e(tn’n”) = =+1; hence Ma) = 1. Thus we see
that the point ®(z + w) is rationally determined by ®(z) and ®(w) over the field
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5. Abelian surfaces and curves of genus two

From now on we assume g = 2. For a point 7, € IH,, the abelian surface A(7,) is
the image of the map

®: C?/(1,1,)2* — P'®
defined by
®(z) = (-, e(t = m'm")8[m)(r,)22), ),

where m runs over a complete set of representatives for —Z /Z*. We denote by
(9(7'0) the divisor on A(r,) corresponding to the lelsor on the complex torus
C?/(7y,1,)Z* difined by the theta function [0](7|z). Then the pair (A(79), ©(79))
is a principally polarized abelian surface. It is well known that (A(7,),©(7,)) is
isomorphic to a principally polarized Jacobian variety of a complete non-singular
irreducible curve of genus 2 if and only if no even theta constants 8[m](7,) vanish,
and that it is equivalent to the irreducibility of the divisor ©(7y) (cf. [14]). When
these conditions are satisfied, 7, is said to be indecomposable. In fact, when no
even theta constants 8[m](r,) vanish, the curve C(7,) defined by the equation

(z B (aﬁ[ng]z(lrolz)/89[nfg]z(210|z))zzo) ’

where m,-- -, mg are the set of six odd characteristics, is of genus 2, and the princi-
pally polarized Jacobian surface associated to C(7y) is isomorphic to (A(7,), O (7))
(cf. [2]). By the Rosenhain derivative formula (cf. [18]), we see that the curve
C(7y) is isomorphic to the curve defined by

@M
Il
=P

v =a(@ — 1 = M)z = M)z = A),

where
9[”1] 70)29[ 2](70)2
! 9[“3](70)29[”4](7'0)2’
_ [%](%)29{ 2](7’0)2
2T ["3]("0)29[”6](7'0)2’
A 6[”5]( 0)20[n1](7'0)2
8 B[n4)( 0)26[”’6](7-0)2,
and 0 % 2
ny = g Mg = 8 M3 = g '
0 0 0
: 0
ny = (2) yNg = % e = |
0 1 3
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Thus we have the following, which will not be used in the sequel.

Proposition 4.  If 7, is indecomposable, then the principally polarized abelian
surface (A(7y), ©(7y)) is isomorphic to one defined over the field

Q (H[mJ(To)2

8n)(my)? |m,n: even) .

6. Kummer surfaces

In this section we recall some results on the equations defining Kummer surfaces,
which were investigated by Gopel, Kummer, Cayley, Borchardt, etc. (cf.[1],[3]).
Set

, 1,j€{0,1}.

<
O O . =

We define a holomorphic map
U=0_:C?/(r5,1,)2" — IP?
by
U (2) = (0agp)(279122) : Olag,)(27]22) : Bla,)(275|22) : O[ay,](279]22)).

If 7, is decomposable, then the image of ¥ is a quadric isomorphic to P! x IP!.
If 7, is indecomposable, then the induced map:

(C*/(70,1)Z") /{1, ¢} — PP

gives an embedding (cf. [14]), and its image is a quartic surface. Here ¢ is the in-
version of C?/(7y,1,)Z*. We call this quartic surface the Kummer (and Wirtinger)
surface associated with 7, and denote it by Km(7,).

The Kummer surface Km(7,) has exactly 16 singular points which are node.

These are obtainable from the four,

(Blagol(279), Olag,1(275), Olay0](27p), 0[ay,](275)),
(e[aoo](QTo)’ 9[‘101](270)1 —9[‘110](27'0), ~9[‘111](27'0)):
(0lan)(275), —0(ag,](275), 8(a10)(275), —0[a1,](27,)),
(Blago)(279), —0[ag,)(275), —6[a10](275), 0]ay,](275)),
by writing respectively, in place of

9[%0](2%), 8lag,](275), [a10)(27), 8lay,](27),

1. Blag,)(279), 0ag,)(275), 8[ay)(275), O[ay, ](275),
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2. Bag,)(275), 0lago) (279), Olay, )(2 0)19[010](270))a
3. 0ay0)(275), 0[a1,](275), Blage](275), Olag, 1(27),
4. 0[ay,](275),0[a10)(275), 8[ao, ) (2 ) 6ago)(275)-
In particular any two of

Blago)(275), 0lag,)(275), 0lay0)(27), Olay ) (275)

does not vanish.

Let 7, € IH, be indecomposable. We denote by L the line bundle on the complex
torus C*/(r,1,)Z* associated with the theta divisor O(7,) = div(8[0](7,|2)). For
any positive integer n, the space I'(L™) of holomorphic sections of L™ is canonically
isomorphic to

®,Co {8] (n7y|nz),

where a runs over a set of complete representatives for —};ZQ/ZZ. Let I'(L™),. denote
the subspace of I'(L™) consisting of even theta functions. Then we have

[(L?) =T(L?%),.
Since 7, is indecomposable, it follows (cf.[9]) that
[(L?)-T(L%) =T(L%),,
and that the canonical map
ST(L?) — T(L),

is surjective, where S*T'(L?) is the space of symmetric tensors of degree 4. Since
the dimensions of these spaces are 35 and 34, respectively, there exsists only one
non-trivial relation among the product of theta functions
28020282, i k+l=4,
where
Z;; = 0la;;](2m522).

This relation is an equation defining the Kummer surface K'm(7,). First of all,
we assume that no H[Gij](ZTO) are zero. Then we shall write down this equation

explicitly, which is called the Gopel’s biquadratic relation. For h € %Z“/Z", we
have

! ! !
9 [‘(’) ] (275|2(z + Toh' + B")) = e(2ta’h")e(~th'T b — 2th'2)0 [“ J(; h } (27,]22).

By these relations, we see that the relation must be of the form:
ay(Zgy + Zg + Zio + Z1)
20,0(230 23 + 2 Z3)) + 200, (23023, + Z3,Z3))
20y, ( 00211 + Zglzxzo) + 4820020121021, = 0.
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~() () ()

then we have the following relations, respectively:

1
]
1
]

r 07 0 01 0
0 3 0 3
o0 | 1| (27)* +0 | 1| (270)*) + 20,0 | | | (270)%0 | 1 | (27)% =0,
2 2 2 2
L0J | 0 ] L0 10
0] 07 2e
0 0 0 0
ay (0 0 (2‘r0)4 +6 0 (270)4) + 20, 0 0 (27'0)29 0 (270)2 =0,
1 1 1 1
2 2 S27 _2
0] ! K 3
0 4 3 4 0 W 2
ao(ﬁ 1 (2T0) + 0 1 (27'0) ) + 20119 1 (ZTO) 0 1 (2T0) = 0
i 3 i i
L2 J L 24 L2 J L2

Since no coefficients of ag;, g, @, of these relations vanish, it follows o # 0.
Since

[16lay;)(2m) # o0,

iJ

we get the ratio 8/« if we put z = 0.

Next assume
[16lei12r) = 0.
ij

Then, as we remarked in the above, there exists only one G[aij](2ro) which is zero.

Set
1 0 L
p= (6),q= (l),p+q= (i)
2 2
By the Riemann’s theta relation, we get
0 0
o[ 2] e [B] e[, 2 ]l [ 0] ol

= [3] o [75] o [5] et [

0
0[P o, ] e [] aiapolcol.
We denote this equation by A = B + C. Then we have a quartic equation

A* + BY 4+ C* —2A2B? - 2B%C? - 2C%4%* = 0.
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By the addition formula, we see that this is a quartic equation of Zj;s with co-
efficients in Z([6[a,;](275)]i,j = 0,1]. We see that this quartic is non-trivial. For
example, suppose that 6[0](27,) = 0. Then

9 [’5] (275)0 [g] (275)0 {p “g ‘1] (275) # 0.

The coefficient of Zj, of this equation becomes

o8] e [P 50| et [ 2] e 759 o

which is not zero. Similar arguments work for other cases.
Thus we have the following.

Theorem 1. If 7, is indecomposable, then the Kummer surface Km(7y) C IP® is
defined over the field

( 8la;,)(27,)

AT oy ) Z’]1kvl:071>
Blalr) |

7. Fields generated by torsion points on a Kummer surface

In this section, we fix an indecomposable point 7, € IH,. Then it should be remem-
bered that no even theta constants vanish.
We put

_ o [ 8mi(w) .
L(r,) = Q (m;g)— | m,n : even char.) ,

and, for an odd positive integer N, put

e[aij](QTOIQ(TohI + h'"))
Olay)(27o|2(moh! + R"))

FN(TO):Q( |i,7,k,1=0,1; he%z“/Z“).

By the addition formula of theta functions, we see

9 2
Fi() =Q (—0}[%]]((7‘%)2— ;] m,n: even char.) )

For an element M € I'(2,4) and a non-zero even characteristic m, we define
e(M,m) by
O[m](M - 7,) 8[m]()
" = (M, m) —"—".
oI 7o)~ B0,

Then, using the transformation formula, we see that ¢(M,m) does not depend on
T, and that e(M,m) = £1.
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Proposition 5. The map
f : F(2a4) — {il}gx

defined by
M (- e(M,m),- ),

is a group homomorphism. Moreover it induces a group isomorphism

['(2,4)/{£1,}I'(4,8) — {£1}°.

Proof. 1t is clear that f is a homomorphism. Moreover the transformation formula
of theta functions yields
Ker(f) D {£1,}T'(4, 8).

Calculate e(M,m) for

M=A,

i Bty Crs - 4,05k, Uk < 1) € {1,2},

where A;;, By ;, Cy;, are defined in 2, then we see that f is surjective. On the other
hand, we know
[[(2,4) : {£1,)}T(4,8)] = 2°.

Thus we have obtained our assertion. 0
Proposition 6. The field L(7y) is a Galois extension of F(r,), and for any ele-

ment o € Gal(L(7y)/F(7,)) there exists an element M € ['(2,4), which is uniquely
determined modulo {+1,}I'(4,8), such that

(e[m](n,))” _ 8m)(M -7,)
6(0)(7,) 6[0)(M - 1)’

for every even characteristic m.

Proof. 1t is clear that L(7,)/F(r,) is a Galois extension. For an element o €
€ Gal(L(ry)/F(ry)) and a non-zero even characteristic m, we define (o, m) = %1

by
0[m) (o) \ = (o 8[m](o)
(‘—o[ol(foﬂ =™ 901(r)
The map
Gal(L(ro)/ F(rp)) — {1}°,
defined by

g — ( 76(Uvm)y"')
is an injective homomorphism. By the preceding proposition, we get the assertion.
We denote by Km(7o)[/V] the subset of the Kummer surface K'm(r,) consisting

of points
(roh' +h") = (--- ,0la;1(2m0|2(Toh + A™)), -+ )
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with h € £Z*/Z*. Then we have

Fy(19) = Q(Km(7)[N]).

Let 0 be an automorphism of C over F(7,). We denote by A(7,)? the transform
of A(7y) under o, i.e.,

A(rg)” = {P°|P € A(r)}.
We notice here that, for a point P = (z:y:---) € IP!®, P? = (z°

= Sy ).
The automorphism o induces that of L(7,) over F(7,), hence, by Prop.7, we

have an element M € I'(2,4) such that
<9lm](fo)>° _ Ol )
0[0)(7o) 6[0)(M - 1)

By Prop.2, we see that the abelian surfaces A(r,) and A(M - 74) are completely

determined by the ratio of the coordinates of their origins, respectively. Therefore
we have

A(ry)” = A(M - 1),
and, by Prop.3, we have
(P+Q) =P +Q7, PQ e A(n).

In particular, if P € A(7y)[N], then P? € A(M - 1,)[N], and P — P° is a group
isomorphism of A(7,)[N] to A(M - 7)[N]. Put
P=2&, (roh' + ") = (- e(=tm'm")8[m](ro|2(roh' + h")), ),

P7 =&, (M- 1ok + k") = (- e(=tm'm")8[m)(M - 7|2(M - k' + K")), ),
then h — k defines an isomorphism

1
N

which is given by a matrix R(o) € GL,(Z/NZ), i.e., R(o)h = k.
By the addition formula of theta functions, we have

1
—747° VASVA
N / H / b

(9[aij](2fol2(Toh’ + h")))" _ 0lay)(2M - 79|2(M - 70(R(0)h)' + (R(9)R)"))
0lag ) (2mol2(roh" + b)) ) Blag)(2M - 7o|2(M - taus(R(o)h) + (R(a)h)"))’

M= (i Z) € T(2,4),

M = (‘; 2;) €T(1)

Since

it follows that

and M'-(21)) = 2M - 7.
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By the transformation formula of theta functions, we have
!
’ [M" (73 )] (M (2r0) Hery +d) ™' 2) =
1
= k(M") e(tz(cro +d)"tez) det(cry + d) /2 e(o m\ (M")0 [18 ] (275 2).
0)

Here we have the following:

(%) +3 ()
(

Since 1

dm' + Z(ctd)0 =m' (mod 1)
and

—2bm’ + (a’b)y =0 (mod 4),
we have

) ["01} (r]2) = 6 [M’- (’8)] (1)2).

6 iy (M) = == (im’ (2%bd)m’ — 24(al), (dm"))
(%)

Moreover we get

2
=0 (mod 1).

Set
20 = 2(ro (Yak' + tek”) + Bok' + tdk") = 2(r, CME)' + (PMk)"),
0 0 0
then we get
berg +d) 12y = 2((M - 1)k + K").

Combining these formulas, we have the following:

9 [’g] @M -7y | 20(M - 1)k + K'))
=i ()] oramtens + 720
= k(M")det(cry + d)l/ze(tzo(m'0 +d)"tezy)0 [Tgl] (275 2g)-

Therefore we have

(0[a,-,~1(2ro|2(roh’ + h")))" _ 8la;)2ro|2(ro (P M R(0)h)' + (*MR(o)R)")
Olaw)(27ol2(oh" + ")) ) Blay,)(270|2(mo(EM R(0)R)' + (M R(0)R)")
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Thus we have a commutative diagram:

*¥2'/2" — Km(r,)[N]
tMR(0) l 1) o,
%Z“/Z4 —  Km(1y)[N]

where both of the horizontal maps are defined by
h— @ (1oh' + R").

In particular we have
Fn(79)7 C Fy(7),

hence Fy (1) is a Galois extension of F(7).
We denote by £(o) the left vertical map in the above diagram, i.e.,

£(0)(h) = tMR(0)h.
Since M is uniquely determined modulo {£1,}T'(4,8), the residue class £(c) of
&(o), modulo {£1,} in GL,(Z/NZ)/{*1,}, depends only on the restriction of ¢ to

Fn(7p).
Therefore the map

£ : Gal(Fy(70)/F(79)) — GL4(Z/NZ)/{%1,}
is an injective homomorphism. Thus we have the following:

Theorem 2. The field extention Fy(7y)/F(7y) is a Galois extension and there exsits
an isomorphism & of Gal(Fy(7y)/F(7y)) on to a subgroup of GL,(Z/NZ)/{£1,}.

Now we shall recall the pairing associated with polarized abelian varieties (cf.
[13]). We consider the polarized abelian surface

(A(79),E(70))
where Z(7,) is the divisor corresponding to the divisor div(8[0](7]2z)) on the com-

plex torus C?/(7y,1,)Z*. =(7,) is linearly equivalent to 40(7,), where O(7,) is the
divisor corresponding to div(#[0](7,|2). The subgroup

K(E(ry)) = {P € A(7p) | TP E(1g) ~ Z(79)}
of A(7,) is equal to the group A(7)[4] which is consisting of the points of order

dividing 4. Here Tp : @ — Q + P is the translation and ~ means the linear
equivalence. For any point P € A(7y)[N], set

D = T;l®(7o) = 0O(7p),
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then the divisors
ND, N7'D=(N -1, (D)

are linearly equivalent to zero; hence there exist rational functions f and g such
that
(f)=ND, (99 =N"'D.

Since
(N"'fy=N-N"'D = (g"),
there exists a constant ¢ such that
9" (z) = c- f(Nx).

It follows that
9(z)

9(z+ Q)

is a constant N-th root of unity. Define
en : A7) [N] x A(7o)[N] — py
by

__g9(z)
en(Q,P) = m, Q € A(7)[N],

where pp, is the group of N-th roots of unity. Then ey (@, P) is a non-degenerate
skew-symmetric pairing.
Now let ¢ : Cz/(ro, 12)Z4 — A(7,) be a complex analytic isomorphism induced
by the embedding
®: C?/(rg, 1,)2* — P*°.

Set B

P = q>(("-0’ 12)h) = ( o ,9[77’1.](7'0!2(7'0, 12)h‘)v e ):

Q = &((10,12)k) = (- -+ ,6[m](7o|2(79, 1p)K), - - ).

Then the divisor ¢~ (N ~1D) is the divisor of the meromorphic function

21"

6 [ 2K’ ] (1|2 2)
0[0](m|2N 2)

on the complex torus C?/(ry, 1,)Z*, hence it is equal to ¢ ¢~!g for some non-zero
constant c¢. Therefore we have

-1 g(:l:)

6 [Zh”] (ol2V2) o)y laV (= + k! + k)

oOlol2Nz) [22,?] (ro 2N (2 + Tok' + k)

= e(dN(h'k" _ tprgty).
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Let 1 1
e: N—Z“/z“ X 7\7Z4/Z4 — Z/NZ

denote the skew-symmetric form defined by

_ a2t 0 1
e(h,k) = N h(_l 0>k.

Then we have

en(@P) = e(xye(h, )

Proposition 7. The field Fy(1,) contains a primitve N-th root ¢ of unity. For an
element o € Gal(Fy (1)/F (7)), we have

(Cehk)ye = (eE@RE@R) ke %24/24.
In particular, if 0 € Gal(Fy(7y)/F(7,)) satisfies

¢ =q

then
(o) € Spy(Z/NZ).

Proof. For any automorphism o € Aut(C/F(7,)), there exists an element M €
€ I'(2,4) satisfying

(f)[muro))" _ Ofml(M - 7y)
6[n](ro) O[n)(M - 7))’

Vm,n : even.

Then we have
(A(19),2(70))7 = (A(M - 1), E(M - 75))

and
(N - 14¢:0))° =N - 1g(r1.7)-
Therefore we get
en(Q,P)7 = en(Q7, P7).
Set
P=9% ((r,15)h), Q=2 ((15,12)k).
Then we have
P =@y (M- 15,1,)6(0)h),  ®prr, (M - 79, 15)(0)k).

Therefore we have
4 g -
e (N—e(h’ k)) =en(Q,P)
=en(Q7, P7)

= o (R (el ).
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If o induces an identity on Fy (7,), then £(0) = %1, hence it follows e(#) = e(#)°.

Thus we see that a primitive N-th root ¢ = e(+) of unity is contained in Fy (7).
Moreover if o € Gal(Fy (7,)/F(7,)) satisfies (7 = (, then {(o) satisfies

e(h, k) = e({(0)h, £(a)k).

Therefore we see that
£(0) € Spy(Z/NZ).

8. The field generated by modular functions for I'(2/NV,4N)

Let N be a positive odd integer. For h € 71\,-Z4/Z4, we define meromorphic functions
on HH, :

Bla..](27|2(Th' + A"

where a;; is the half-integral vector defined in 6. For simplicity, set

fij[o](T) = fij(T)'
This is equal to k, (7) in the introduction.

Proposition 8.

fh)(M7) = £ [EM7 R)(r), VM €TD(2,4).

Proof. By fundamental properties of theta functions, we have

6 [”5] (2rl2(rh + 1)) 8 [mz;f"] (27)
ol0)(2r2(rh' + B7)) 0[2;;1'”](%)

for m' € 12%/2* h € £Z*/Z*. For an element

M= (‘cl Z) € T(2,4),
put
M = (‘_’ Zb) er(1).
2
Then we have M'(27) = 2(M 7). Moreover we have

W () = Lo o i)
2h —2bh' + 2ah" — 2bm’ + (a'b),
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v ( h! > _ ( dh' — ch" + %(ctd)(,)
2h" —2bh' + 2ah" — 2bm’ + (alb), /)’

and

Drmt (M) =@, g\ (M) = —2tm'tbdh’ + 2'm/tbeh” (mod 1).
( 2hl/ ) (2hli>

By the transformation formula, we have
ml _+_ hl

] [M'. (mlh;t h')} (M'(27)) ezt + th,tbCh”)e [ 2h/” } (27)
o[zw( h )] (M(27)) 9[ h }(27)

2hll 2hl/

By fundamental properties of theta function, we see that the left hand side of the
above equation becomes

m' + (dh' — ch')
2(=bh' + ah”) ] (2M)
dh' — ch" ‘
[2(—-bh’ + ah")} (2M)

|
e(—2tm'tbdh’ + 2tm/tbeh”)
0

Therefore we have
fij[h](T) = fij[tM——lh](MT)-

|

Let A(T'(2,4)) (resp. Aq(I'(2,4))) denote the rings of modular forms (resp. of

even weight) for the congruence group I'(2,4). Let x;(7) denote the product of 10
even theta constants. Then Igusa ([5]) showed that

1.
Ay(T'(2,4)) = C[0[m](7)? | m : even].

AT(2,4)) = Ap(T(2,4)[ xs(7) |-

Therefore we see that the field X of modular functions for I'(2,4) is

O[m](r)? ‘
C (W I m,n: even) .

We remember, as in the begining of 7,
K= C(flO(T)1 for (1), fia ().

We denote by K the field of modular functions for I'(2N,4N). Then the group
I'(2,4) acts on the field K in the following way:

(M) () = f(M7'r), M eT(2,4),f € Ky,
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Thus we see that K is a Galois extension of the field K with Galois group
I'(2,4)/T(2N,4N){*1,}.
Proposition 9.
1
Kn = C(fiolh), for[h], fi[h] | h € J_\[‘Z4/ZA)'
Proof. We know that
K C K(fi;[h]) € Ky

If an element M € I'(2,4) induces an identity on the field K(f;;[h]), then we have

fi MM~ r) = fij[tM_lh](T)

Since the map
(C?/(1,1,)Z") /{1,1} — IP?,

zr— (- 0[a;)(27]22) 1 - 0)
is injective for a generic 7, we have
(1,1,) M~ h = £(7,1,)h  mod (r,1,)Z%,

hence
EM~'h = +h (mod 1), Vh.
1t follows that

EM=1 e {I(2,4) NT(N)}{£1,} = [(2N,4N){£1,}.

Therefore we have

,CN = }C(fij[h])'
We denote by F the field of modular functions over the rationals, i.e.,

Fr = QUio(h), for (h), fs (WIh € 5-24/21)

We shall investigate the extension Fy /F, where F = F; = Q(f0, for» f11)-
Now we shall apply the following, which is proved by Shimura ([17]).

Proposition 10. Let {f, |a € A} be a set of meromorphic functions in a domain

D C C% such that the cadinality of the index set A is countable. Let k be a
countable subfield of C. Then there exists a point 2z, € D such that

{fa}aeA — {fa(zo)}aeA
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defines an isomorphism of the field k(f,) onto k(f,(z,)) over k.

Theorem 3. The field F, has the following properties.
1. Fy is a Galois extension of F.

2. If ¢ is a primitive N-th root of unity, then ( € Fp.
3. Q(€) is algebraically closed in F .

4.

Gal(Fy/F) ~{R € GL,(Z/NZ)/{1,}

1

Proof. If 7, is sufficiently general, then

fi M) — fi;[R](70)

gives isomorphisms
Fn = Fn(rg), F =~ F(7),
where F(7,) and Fy(7,) are fields introduced in 7. Then . and 2. follow from

Th.2 and Prop. 7.
By Prop. 8, we see that I'(2,4) acts on the field F in the following way:

fM(r) = f(M7'1), M eT(2,4),f € Fy.
By this action, the group
G =T(2,4)/{T(2,4) NT(N){£1,} = Spy(Z/NZ)/{*1,}

is isomorphic onto a subgroup H of Gal(Fy(7y)/F(7,)). Then the subfield E cor-
responds to H contains the field

F(75)(€) = Q(O)(f10(70), for (70), f11(70))-
Let € : Gal(Fy(7y)/F (7)) = GL4(Z/NZ)/{£1,} be an injective homomorphism

defined in 7. By Prop. 7, we have the following. An element o € Gal(Fy (7,)/F (7))
satisfies (¢ = ( if and only if

(% 0)=t (5 §)e@ wmoam,

ie., £(0) € Sp,(Z/NZ). Therefore we have

E = F(7)(Q).
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Set
E(Gal(Fy (7o) /F(r,))) = A C GL(Z/NZ)/{*1,},

and
£(Gal(Fy(10)/ F(74)(€)) = B C GL4(Z/NZ)/{*1,}.

Then we have
[A: B]=[F(1)(C) : F(m)] = [((2/NZ)* : 1].

Therefore we have the exact sequence

1-B—A— (Z/NZ)* - 1.

Since R € A induces on F(¢) the automorphism defined by

Ce(h,k) — Ce(Rh,Rk),
it follows that
Gal(Fy (m)/F () = { R € GL,(2/N2)/{1,)

|n(_01 (l))EtR(_OI é)R(modN),Bn,(n,N):l}.

This shows 4. To prove 3., we put k = CNF,. Then every element of k is invariant
under the action of

G =T(2,4)/{T'(2,4) N T(N)}{x1,}.

On the other hand, the field correspondin to this groun is the field F(¢). Therefore
k C F(¢). Since fio, for, f11 are algebraically independent over C, it follows that

k c Q(¢). O
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