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Category of extended fuzzy automata

JIRT MOCKOR, RENATA SMOLIKOV A

Abstract. An extended fuzzy automaton is introduced as a fuzzy automaton, where
sets of states and inputs, respectively, are the sets of all fuzzy subsets F(S) and F(A),
respectively, for some finite sets S and A. A category of these extended fuzzy automata
is introduced and a functor between this category and a category of fuzzy automata is
investigated. A relationship between output functions of fuzzy automaton and extended
fuzzy automaton are derived.

1991 Mathematics Subject Classification: 68Q70

1 Introduction

In papers [2],[3] and [4] we investigated some properties of a category of automata
and its generalization — a category of fuzzy automata. We also derived some
functors between these categories which enable us to approximate the behaviour
of a fuzzy automaton by an appropriate classical automaton. Namely, if A =
(S,A, F,p,G) is a fuzzy automaton with a set of states S, an input alphabet A, a
transition function F' C S x A x S, an initial fuzzy state p C S and final fuzzy
state G C S and if fp is its output function (i.e. fa is a fuzzy set in a free
monoid A* such that fp = po F*(A) o G) then for any positive real number € < 1
there exists a classical Moore automaton B over the same input alphabet A with
an output function gg such that

(YA eA)fa(X) > e gp(N) =1

In this paper we deal with some special kind of fuzzy automaton. We introduce
the so called extended fuzzy automaton which is a fuzzy automaton where sets of
states and inputs, respectively, are the sets of all fuzzy subsets F(S) and F(A),
respectively, for some finite sets S and A. We define a category of these extended
fuzzy automata and we prove that there exists a functor M from a category of
fuzzy automaton into a category of this extended fuzzy automaton. By using
this functor we show that there exists some relationship between output function
fa of a fuzzy automaton A and the output function fM(A) of a corresponding
extended fuzzy automaton M(A). Moreover,we prove that an analogy of the above
mentioned approximation theorem can be derived for extended fuzzy automata as
well.

We recall firstly some basic properties of fuzzy automaton and their category.
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Definition 1.1 (see [2]) A (Moore) type of fuzzy automaton is a system A =
(S,A,p, F,G) where S is a set of states, A is a set of inputs, p C S is a fuzzy set
called a fuzzy initial state, F : S x A x S — [0,1] is a fuzzy transition function
ie. F(A)C S xS, GCS isa fuzzy set called a fuzzy final state.

If S and A are finite then A is called a finite fuzzy automaton. If we denote by
A* the free monoid generated by A then F' can be extended to a fuzzy transition
function F* : S x A* x S —[0,1].

A principal identification of a fuzzy automaton is provided by its output function
fa A —[0,1] such that for A = AjAy. .. A, € A

fAN) =po Fr (V) oG =V (V (p(2) AF*(N)(z,5)) AG(s)).

SES 2€S5

Recall that by a category ® we understand a category of Moore type automata (see
[2]), the objects of which are finite automata B = (S, A, p,d, ) and morphisms
from (S1, Ay, p1,d1, G1) to (S2, Az, p2, da, G2) are pairs («, ), where a : S1 = S5,
B Ay — Ay are maps such that

L. (Y(p]) = P2
2. a(Gy) C Gy,
3. a(di(s,A)) = dz(a(s),B8(N)) foranyse S, AeA.

Any Moore type automaton B provides an output function gg : A* — {0, 1} such
that for A = X\ ...\, € A*

gV =1 iff & (p,A) = d(d"(p, A1 - A1), M) EG

where d* is an extension of a function d onto A*. A category of fuzzy automata
was introduced in [2], the objects of which are fuzzy automata and morphisms are
defined as follows. We recall the following definitions.

Definition 1.2 (see [2]) Let A and B be sets and f and g be fuzzy sets in A and
B, respectively. Then for a map v : A — B the following diagram

A -5 B
r Lo
(0,1 == [0,1]
is said to fuzzy commutes if

(Va € A) f(a)
(Vb € v(A)) g(b)

IN A
< =
\h
B

(2)
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Definition 1.3 (see [2]) Let A; = (Si, Ai, pi, Fy, (3y) be (in general nonfinite) fuzzy
automata for i = 1, 2. Then a couple («, ) : A1 = Ay is called a fuzzy morphism
ifa Sy = Sy, B 1 Ai = Ay are maps such that the following diagrams fuzzy
commute.

St 5 S - S,
a | pa G | es
(0,1 = [0,1] [0,1] = [0,1]
S1 x Ay xS PR G Ay x Sy
Fl l 1 F‘Z
[0, 1] = [0,1]

Let ¥ be a category of (in general nonfinite) fuzzy automata with morphisms
defined above. By ¥, we denote a subcategory of ¥ the objects of which are finite
fuzzy automata and a morphism between two fuzzy automata is a pair of functions
(e, B) such that the above mentioned diagrammes commute (and not only fuzzy
commute).

2 Category of extended fuzzy automata

An extended fuzzy automaton is a fuzzy automaton where a set of states is the set
F(S) of all fuzzy sets over some finite set S and a set of inputs is the set F'(A) of
all fuzzy sets over some finite set A.

It means that extended fuzzy automata are some special objects of a category W.
The full subcategory of these objects will be denoted by ¥, C W.

It is a natural question if from any finite fuzzy automaton from ¥ can be con-
structed an extended fuzzy automaton and, moreover, whether this construction
M : Ob(¥.) — Ob(¥.) (which will be called an eztension function) is a functor
U, > WV,

We will use the following notation. Let f : X; x ... x X,, = Y be a function.
By f we denote a function F(X;) x ... x F(X,) = F(Y) obtained by using the
extension principle applied on f.

An extension function is then any function M : Ob(¥.) — Ob(¥,) such that

M(S,A,p, F,G) = (F(S), F(A), M(p), M(F), M(G))
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where M (p) C F(5), M(F) C F(5) x F(A) x F(S) and M(G) C F(S).

We present firstly an example of this extension function. Let S and A be finite

sets and let pC S, G C S, FC S xAxS, uCAandde(01]

Example. We define M(p), M () and M(F) such that

M@p)T):= \/ T(s) , TeF(S)
p(sse)§5
M(G)(T) = \/ T(s) , TeF(S)
G(5)>s
M(F)(T,A,T") = \/  (T(s) NAD) AT (5))

(5,7, s/)ESXAXS

F(s,A\s")>6

T,T' € F(S), A€ F(A).

Moreover, if u: A — [0, 1] is a map then M (u) : F(A) — [0, 1] is defined such that

M (u)(A) = \/ AN , AeF(A).

A€A
u(X)>d

Theorem 2.1 The extension function M from the Ezample is a functor

M :W. — V., where for a morphism (a, ) : Ay — Ag in W, M(a,B) = (&, 5).

ProOF: Let («, ) : Ay — Ay be a morphism in ¥.. At first, we have to prove

that the following diagram fuzzy commutes.

F(S1) -5 F(S))

M (p1) l l M (p2)
(0,1 = [0,1]
M(p)(T) < M (p2) - &(T)
M(p2)(T") < M (p1)(T)
&(T)=T"
We have
M(p)(T) = T(s1)

®)
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Then
M(p2)(@&(T)) = \/  &(T)(s2) > &(T)(a(s1)) > T(s1)

2€S

P;(52)2Z5
for any element s, € Sy such that py(sy) > 6.

In the last inequality we use the fact that for morphisms in a category ¥. we have
p1(s1) = p2(a(s1)). Then

M(p2)(&(T) >\ T(s1) = M(p1)(T)

Pi(s1)29
and the inequality (3) holds.

Let T" € F(S2) and &(T) = T’ for some T' € F(S1). Then there exists s5 € 52
such that py(s9) > & and

Mp)(T) = \/ T'(s2) =T'(s5 =a(T)(s9) = \/ Tls):

p2(s2)>9

s1€S5;
afsy)=s

Since
{s1 € S1,a(s1) =55} C {51 € S1,p1(s1) > 6}
it follows that

Mp)(T)= \/ Ti)> \/ T(s1) = Mp)(T").
P1 (13613125 (V(Qsllg)i_lsg

Hence,
M (p1)(T) = M(p2)(T")
and the inequality (4) holds.
Analogously we can prove that the following diagram fuzzy commutes.

F($1) -5 F(S)

MG | | ()

[0,1] = [0,1]
Finally, we prove that the following diagram fuzzy commutes.

F(S1) x F(Ar) x F(Sy) EXE p(sy) x F(Ag) x F(Ss)
M(F) |

(0,1]

—
(=)
—

—
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l.e.
M(Fy)(Ty, A1, TY) < M(Fy)- (& x B x a&)(Ty, A1, Ty) (5)
M(F)(T2, A2, T;) < \V M(Fy)(Ty, Ay, T7)  (6)
(&xBx&)(T1,A1,T})=(T2,A2,T})
In fact, we have
M(F)(T, A, T') = \V} (T(s1) ANAA) AT'(s))).

(s1,21,57)€S1 XA XS
Fi(s1,M1,87)>9

Then }
M(F2)(&(T), B(A), &(T")) =

= V (&(T)(s2) A B(A)(A2) A G(T')(sh)) >
(52,22,5,)€S2 X Aa XSy
FQ(S;,)\g,S;)Z(s

> &(T)(a(s1)) A B(A)(BO) A &(T")(a(s1)) > T(s1) A A(A) AT (s)

for any (s1,A1,s7) € S1 x Ay x Sy such that Fy(s1, Ay, s}) > 4.

In the last inequality we use again the fact that for morphisms in category ¥. we
have Fi(s1,A1,81) = Fa(a(s1), B(A1), a(s))).

Then

M (Fy)(&(T), B(A), &(T")) > \/ (T'(s1) A AA) AT'(sh)) =
(51;11(:::1’)55;?)/\21;51

= M(F)(T,A,T)

and (5) holds.
Finally, let (& x 8 x &)(T1, A1,T{) = (T2, A2, T3). Since Sy, A are finite, then there

1

exists (s9,A9,59 ) € So x Ay X So such that Fy(s3,A9,59) > 6 and

M(F2) (T2, A2, Ty) = V (T2(s52) A Aa(A2) A T5(s5)) =

(s2,22,5,)€S2 X ApX Sy

F2(52,A2,55)>6
= Ta(s9) A A2(A) AT(55 ) = G(T1)(s3) A B(A1)(A) A &(T])(s5) =

= \/ (T1(s1) A A1 (M) ATL(sY)).
(sl,Al,s'l)esle1 xSy
a(sy)=s
B(A1)=AY

1y=40'
a(sh)=s9
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Since
{(s1,A1,87) € S1 x Ay x Sy, a(s1) = s9, (M) = A, a(sh) =55} C

- {(Sl,/\l,Sll) €5 x Ay x ‘5'1;F1(31,/\1,S/1) > 6}

we have

M(Fl)(Tl,Al,T{): \/ (T](G])AA](/\I)/\T]I(QQ))Z

(51,0151 )€S1 XA x5y
Fi(s, ,/\1,3’1 )>é

> V (Ti(s1) A AL (A1) ATY(s1)) = M(F2)(Ty, Az, Ty)
(sl,/\l.sll)éslel XSy
(‘((sl)=sg
B(A1)=A)

1y=s0"
a(s])=s9

and 1t follows that
M(Fy)(Thy, Ay, TY) > M(F2)(Ty, A2, T3)

for any (T1, A1, T7) € F(S51) x F(A1) x F(51) such that
(d X ﬁ X &)(Tl,Al,T{) = (T2,A2,Té)‘
Hence,

\V Fi(Ty, Ay, TY) > Fo(Ty, Ay, T3)
(&xBx&)(T1,A1,T])=(T2,A2,T})

and the inequality (8) holds.
Hence, (&, ) : M(A;) = M(A3) is the morphism in ¥, and M is a functor (as it
may be proved easily too). 0

Now we will study an output function of an extended fuzzy automaton.
Let M : ¥. — V¥, be a functor which is constructed from some extended function
M : Ob(¥.) — Ob(¥,).
For any fuzzy automaton A € ¥, we then have an output function of an extended
fuzzy automaton M (A)

fM(A) cF(A)" = [0, 1]

Moreover, by using some construction of a function M(u) : F(A) — [0,1] from
a function v : A — [0,1] (see Example) we obtain another output function
M(fa/A) : F(A) = [0,1] where fp : A* — [0,1] is an output function of a
fuzzy automaton A.

In the following proposition we show some relationship between functions

M(fp/A) and fM(A)/F(A)~
Theorem 2.2 Let M be a functor from Theorem 2.1. Then

(Fyr(ay/ FN)(A) > M(fo/A)(A) for any A € F(A).
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PRrROOF: For simplicity we set
hA I:fA/A, h]W(A) ::fM(A)/F(A)'

Let Ao € A be such that M(hp)(A) = /  A(A) = A(Ao) where hp (Ao) =
hAA(e,\A)Zé
p(z0) A F(z0, Ao, s0) A G(sg) > é. Then

hpg(A)(A) = M(p) o M(F)(A) o M(G) =

=V .V (ME)T)AMEF) AT, T)) AMG)(T)) =

TEF(S) T'€F(S)

=V (V (V 7En ) (TE)AAN ATE)A
TEF(S)

T'€F(S) p(s')>é F(s" A,s)>6

AN TED =V 2 a Vo ({zh") A AR A {soHs™))A
: (s)28

G(s)>6 F(s A,51)>6
A\ {s03(s) > {z0H(20) A {20} (20) A A(Ao) A {50} (50) A {s0}(50) = A(No)
G(s)>6
Then
hyay(A) =\ AQ) = M(hp)(A)

AEA
hp ()26

[m]

In [2] it was proved that there exists a functor F, : . — & which transforms any
finite fuzzy automaton onto a finite automaton (with required precision € > 0).
In the following theorem we prove an analogical result for the category ¥ of (in
general nonfinite) fuzzy automata. In this case the resulting functor is H, from ¥
into a category ®, of (in general nonfinite) classical Moore automata.

Theorem 2.3 Let ¢ > 0. Then there exists a functor H = H, : ¥ — &, such
that for every fuzzy automaton A € ¥ and every word A € A*,

FAN) > gy ay(A) =1
ProOF: Let A = (S,A,p, F,GG) € ¥. We set
HE(A) = (QS,A,pE,dE, (¥6)7

where 29 is the set of all subsets of S, pe = {s € S, p(s) > ¢} €25,
Ge={XCS:3xe€X,G(x)>e} C2%and d, : 25 x A — 25 is defined such that

de(X,\) ={s€S:3z € X,F(z,\s)>e} €25
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Then if (a, ) : Ay — A, is a morphism in ¥ then H.(a, 8) = (u,v) : H((A1) =
H.(A2) is defined such that

u(X) = a(X) C 52, v:=p0.
We can prove that (u,v) is a morphism in @,, i.e.
Lou(pre) = pa,e,
2. u(Ghe) € Go,
3. a(die(X,A) = dae(a(X), B(N)).
Let s € u(pr,) = a(pr) = {as) : s € S1.p1(s) > . Then ¢ < pa(s) < pa(ax(s)),

le. a(s) € pe and u(pr,c) C (p2..).
Now let s € pg.. Then € < pa(s) < \/ pi(t) holds. Then there exists t € 51

tes,

a(t)=s
such that «(t) = s,p1(t) > ¢. Then t € p1 and s = a(t) € a(p1,). Hence
p2,e C a(p1,e) = u(p1,) and (1) holds.
Let T € u(G1 ) = {u(X),X C 51 :3z € X,G1(x) > €}. Then exists t € T such
that € < G1(t) < Ga(a(t)) and o(T) = w(T) € G, i.e. (2) holds.

Finally, let s € a(d; (X, \)) = {ry( ),s €51 : 3z € X, Fi(x,\ s) >¢}. Then € <
Fr(z, A, 5) < Fafa(z), BN, a(s)), i.e. a(s) € dz,c(a(X), B(})) and a(dy«(X, 1)) C
dy,c(a(X), B(A)).

Now let s € dy (@(X), B(A)). Then

€< Fy(a' N, s') < \/ Fi(z, A, s).
(axpBxa)(z,As)=(z' N s")

Then exists (z, A, : ) € S1 x A; x Sp such that (a x 8 x a)(z, A, s) = (z', X, 5')
and Fy(z,A,s,) > e. Then s € di (X, ) and hence a(s) € a(d1 «(X,A)). Then
dy e (a(X), B(N) C a(dl,t(X A)) and (3) holds.
Hence, H, is a functor (as it may be proved easily too).
Now let d¢ (X, pe) € G, 1.e. 9H=(A)()‘) = 1. Hence there exists s € d¢(\, pe) such
that (7(s) > € and an z € S such that p(z) > € and F(xz, ), s) > ¢
Thus,

A =V (V (p(@) A F(z, A 5) AG(s)) > €

SES TES

The converse implication can be proved analogously. =]
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