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Abstract

Two types of partial summation of parent and godparent distribu-
tions leading to generalized STER distributions used in inventory decision
problems, income underreporting, etc. are presented. The summations
are applied to two kinds of generalized hypergeometric distributions and
demonstrated on many examples.
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1 Introduction

Let X be a discrete random variable (r.v.) (called basic r.v.) defined on nonneg-
ative integers with probability mass function (pmf) {Fg*, Pi™,...} and proba-
bility generating function (pgf)

G™(t) =) Pt M
z20
*Supported by VEGA, grant No 1/7295/20.
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216 Gejza WIMMER, Gabriel ALTMANN

The sum in (1) may be finite or infinite. The generalization of the STER
distribution (d.) corresponding to the basic d. has the pmf

S

Py = Z ox )
ygﬁ_ky"k‘*'lzgkpl

z=0,1,2,..., (2)

where k € Ng = {0,1,2,...}, which is a slight enlargement of Patil et al. [51,
p. 90-91]. One can see that the generalization of the STER. d. does not depend
on F§*,...,Pg*,incase k € N = {1,2,...}.

Since
0,0,... s Py
Yok B X B

is for every kK = 0,1,2,... a proper pmf belonging to the k-left truncated basic
r.v. X with pgf

JH=3 Pyt

P+ ’
ik Yizk i

thus pes

Pr=tsl o102, (3)

X B
is again a proper pmf belonging to the (k — 1)-shifted [i.e. (k — 1)-times trans-
lated to the left] k-left truncated basic r.v. X. In case that £ = 0 it means
(—1)-shifted, i.e. translated one step to the right. This r.v. is called parent r.v.
Its pgf is
G*(t) = t~F1 J(1).

Thus the generalization of the STER d. (2) can be written as

*

P,
P= Y % z=012,... (4)
y2z+l

with pgf G(¢). Tt is easy to see that
1 1 G*(2)

and the recurrence formula for probabilities is P, = P, — %;, z=1,2,...

Evidently it is sufficient to consider an arbitrary parent pmf { P;*};>; and its
pgf G*(t). Then for arbitrary k € Ny we obtain the (k — 1)-displaced r.v. [i.e.
translated (k — 1)-times to the right] with pmf {P§* = 0,P* =0,...,Pf* =
Py, P}, = Py,...}. (In the case k = 0 it means (—1)-displaced i.e. translated
one step to the left.) It is the k-left truncated basic r.v. X. Thus we also obtain
the generalized STER d. (2) which is of course the same as (4). Hence if the
parent d. is given, from (4) and (5) we obtain the generalized STER d.
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On the other hand let us know the generalized STER pmf {F, P,...}.
According to (4) it is necessary that

Py 2P i=1,2..., (6)

thus from (4)
P'=iP_1-P) i=1,2,... )

It also holds that
1=ZPZ zzi(Pi—l “Pi):ZiPi—l —ZiPi, (8)
i>1 i>1 i21 i21
thus if 4} (the mean of the generalized STER d.) exists then
,u’1 < ZiPi—l < o0
i21

and (8) is true.
For the pgf G*(¢) it holds that

G*(t) = Y Pt =) iPyt' =) iPt’

i21 i21 i21

tG@)] - 1G'(t) = t{tG(®)]) - G'(1)} 9)

providing p} exists. It is easy to see that (9) can also be obtained from (5)
and thus if (6) holds and p} exists, G*(t) is given by (9). Equations (7) and
(9) give us the pmf and pgf of the parent d. belonging to the generalized STER
d. Again for arbitrary k € Ny we obtain the (k — 1)-displaced r.v. with pmf
{F5*=0,P*=0,...,P* =Py, Py, = P3,...}. This is the k-left truncated
basic r.v. X. Hence we again have the generalized STER d.

In case k = 1 we obtain results for the simple STER d. (i.e. Sums succes-
sively Truncated from the Expectation of the Reciprocal of the original random
variable) introduced by Bissinger in [5]. They arose in connection with inven-
tory decision problems concerning the distribution of the number of demands
as the parent distribution.

Example 1 Let the basic r.v. X has the pmf

e %’

P =

1

—— i=0,1,2,...
1.

i.e. the basic distribution is a Poisson d. with

G**(t) — ea(t—l) — OFO(at)

oFo(a)

For k = 0,1,... the k-left truncated basic r.v. has the pmf
Pre ai-k

Z@k B N ii—k) 1F1(LE+ 15a)’

i=kk+1,...,
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where rgy =1, 75y =7(r—1)...(r —s+1), s€ N, and

oo

Z al(")ag(") ...a,,(")z"
— Igl(n)lg?(n) . .ng(")

with 7 =1, (&) = ¢(r +1)...(r + 5 — 1), s € N, is the generalized Gauss
hypergeometric function (see e.g. in [29]). The pgf of this k-left truncated basic
r.v. is

pFo(a1,00,...,0p; 81, B2,...,B¢;2) =

ECF(1: .
J(t) = t* 1F1(1;k + 1;at)
1F1(Lk+1;a)
The parent r.v. [i.e. the (k — 1)-shifted k-left truncated Poisson d.] has the pgf

tlFl (l,k + l;at)

* _ 4—k+1 _
GO =0 = R Gt L a)

and, according to (3), the pmf is

-1

—agk+i-1 [ X —ag,l i1

pr=ot YA = = Li=1,2,...
(k+1i—1)! — I (k+i-1)-1y1F1(1k+ 1;a)

According to (4) the generalization of the STER d. corresponding to the basic
Poisson d. is given as

1 > a¥—!
P = Hartta 2 k+y-1)
181015 ) Y Yy (y-1)

, £=0,1,2,...

and its pgf given by (5) is

1 . .
G(t): 1 / lel(l,k+1,az)

1-—t t lel(l,k-{-l;a)
1

= DA 1;a){2F2(1’ 1k+1,2;0) —toFo(1,1;k+ 1,2;at) }.

In the literature one finds two special cases:
For k = 0 the parent pmf is

e—aai—l
P ——, i=1,2,...
P1, (i _ 1)! ) 1 17 I b
i.e. one-displaced Poisson d. with pgf
4 ()Fo(at)
G*(t) = ———— =t oFo(a(t — 1)).
(1) = =22 = toFolalt ~ 1)

The generalized STER d. has

1

0= Ty A La

{1Fi(1;2;a) — ¢t1F1(1;2;at)} = 1 F1(1;2;a(t — 1))
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and

P, 1 -~ ar! C  p(z4liza2 0,1
z—11F’1(31;1;a)y=zz;1 y @+t et liot-a), o=0,1,...

and can be found in [17]; [29,p. 448]; [36]. It is known e.g. under the names
Poisson’s exponential binomial limit or Feller’s Poisson-rectangular d.
For k = 1 the parent pmf is

—a,t
e "a
P!

=—< 9% _ i=12...
P T il —eay I

i.e. the zero-truncated Poisson d. with the pgf

t1F1(1;2;at) _ 6at -1
1Fi(1;2;a) ~ er—1"

The generalized STER d. has then
1

G*(t) =

G(t) = m{ze(l,l;Z?;ﬂ)‘-tze(l,l;?,?;at)}
_ e i al(1—t9)
Q-1 -e) = Jl
and
1 S\ av! et X av
P — = R
T 1R(152;0) g;jrl yy!  1-e@ yle yly

e-aaa:+1

T ez +Dl(z+1)

oFo(l,z+ L2+ 2,2+2;a), z=0,1,...

which is known as STER-Poisson or Bissinger-Poisson d. ([5]; [29, p. 449];
[37); [52))- |
&
2 Investigations in the class of Generalized Hypergeo-
metric Factorial Moment distributions (GHFD)

The generalized hypergeometric factorial moment distributions (GHFD), called
also Kemp—hypergeometric distributions, have pgf’s of the form

W(t) = ,,Fq(al,...,ap;bl,.. .bq;)\(t - 1))

(see [33]; [29, p. 91]). The relationship between the generalized STER d. and its
parent distribution in the GHFD family has been analyzed by Kemp and Kemp
[38] applying Patil and Joshi’s result in [51]. If for the parent d.

G*(t) = t pFy(as,. .., ap; by, ...bg; At — 1))
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is valid, then the corresponding G(t) is

G(t) = pr1Fags1(ar, ..., ap,15b1,...bg,2; A(t — 1)). (10)
On the other hand, any distribution with a valid pgf

G(t) =pFy(a1,.--,ap;b1,...0g; At — 1))

and nonincreasing probabilities { Py, P, ...} is a generalized STER d. if

W(t) = pt+1Fg1(a1,...,ap,2;b1,... b4, 1;A(E = 1))
is a valid pgf. In that case

G*(t) =tpr1Fgr1(ar,...,ap,2;b1,.. . by, 1; A(E = 1)) (11)

is the pgf of the corresponding parent distribution.

The following list in Table 1 shows that besides the well known Bissinger
distributions in the literature a number of distributions has been considered
whose mutual relations remained unknown.

3 Investigations in the class of Generalized Hypergeo-
metric probability distributions

The generalized hypergeometric probability distributions (GHPD), called also
Kemp-Dacey-hypergeometric distributions, have pgf’s of the form

pFalar, ..., ap; b1, ... bg; At)
pFq(a1,...,ap;b1,...bg; At)

(cf. [33], [34], [12], and [29)). If

pFg(ar,...,ap;b1,.. . bg; At) :l
oFy(at,...,a5;b1,...05;))  DP?

W(t) =

G(t) = Fy(a1,...,ap;b1,...bq; A2) :ZPjtj

320
(12)

is the pgf of the generalized STER d., i.e. if (6) is valid, then
s (J) (J) pYLY
. ..
[tG(t)] - {D Z b(J) b(]) ]l }

, i

1) & al?) o) it 1

=5 {ZO W 7l =D pr1Fgri(as,...,ap,2;b1,...0, 15 A1),
-

where 7 =1, (&) =¢r(r+1)...(r+s—1), s€ N, and

/\al

Do “" pFy(ar +1,...,ap + ;b1 +1,...b, + 1; At).

G'(t) =
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Hence according to (9)

t

G*(t) =
() pF’I(a’17"‘7ap;b17”-bq;A)

{p+1Fq+1(a1,. .. ,G,p,2;b1, .. .bq, 1; }\t)—-

aj .

_)‘b b”

Fy(ar +1,. ,ap+1;bl+1,...bq+1;/\t)} (13)
is the pgf of the parent d. corresponding to the generalized STER d. with pgf
(12).

From (7) we obtain also the probabilities {Fy, Py, ...} as

Pi* :i(Pi—l —Pi), 1= 1,2,... (14)
where
1 @) o) i
P = GG N4 (15)

pFa(ar, ... ap;b1,...bg; N) bgi) ...bgi) K
On the other hand, let

tpFylay,...,ap;b1,...b,;At)

F(al,.. ap;bl,...bq;)\)
= C pFaas, ... ap;by,.. . by; At) (16)
be the pgf of the parent distribution. According to (5), the pgf of the corre-
sponding generalized STER d. is given as

G*(t) =

1 1
G(t) = m/t pFolay,...,ap;b1,...04;A2) dz

1
(1—1t) pFy(ay,...,ap;b1,...bg; N

{p+1Fq+1(al,...,a,,, 1;b1,...bq,2;A)

—t pr1Fpir(ar,. .. ap, 1;b1, ... by 2; ,\t)}

_ priFgr1(a1, ... ap,1;01,...54,2; X)
(1—-1¢) pFylar,...,ap;b1,...bg; A)
<1 _ tpriFena(ar, ... ap, 150y, ..bq,2;/\t))
pt1Fgr1(ar, ... ap,15b1,... 04,25 X)
1 — tpt1Fosi(e1,0p Libr,nbg 200

p+1Fq41(ar,..., ap,1;b1,...b4,2;)) (17)

(1 _ t) ltp+1Fq+1(a1 ..... +Qp,1; b1, bq,2;At)
dt p+1Fq+1(a1 ,(lp 1;b1,. bq,2;)\)
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Let us now consider a quite another type of summation process. If Y is a
discrete r.v. defined on nonnegative integers with pmf {Qg,Q3,...}, pgf H*(¢)
and finite mean v*, then it is easy to see that

1 *
szy_* Z Qj7 m:(])l"" (18)
j2z+1
is again a proper pmf (see e.g. [29, p. 448]) belonging to another type of partial-

sums d. as the generalized STER d. defined in (4). In this case of summation
let us name the r.v. Y a godparent d. The resulting partial-sums d. has now the

pef
1— H*(t)

HO =G0

(19)

and its r-th moment about zero is

1 =
r_ * —
ve=c {ng k’}, r=12,...
j21 k=0

provided it exists (see [29, p .449]). Comparing (17) and (19) we see that if

tp+1Fq+1(a1,...,a,,,1;b1,. ..bq,2;)\t)
p+1Fq+1(a1,...,ap, 1;b1,. bq,2,)\)

is a proper pgf of a r.v. Y with a finite mean

i tp+1Fq+1(a1, ceeyQp, 1;b1, .. bq,2,/\t)
dt p+1Fq+1(a1,...,ap,l;bl,...bq,Q;)\) t:17

then Y is a godparent d. corresponding to the generalized STER d. with pgf
G(t). So the same generalized STER d. could be obtained via two summation
processes. The correspondent parent d. has pgf G*(t) and the correspondent
godparent d. has pgf H*(t).
It is also easy to obtain the relationship
T

i I
v*

i=1,2,... (20)
between the pmf of the parent d. and the godparent d. showing that the parent
d. is a weighted godparent d. (moment godparent d.).

Example 2 Let the generalized STER d. be the Poisson d. with pgf

_ OFo(at)
G = oFo(a)

with 0 < @ £ 1 in order to secure nonincreasing probabilities. According to (13)"
the pgf of the parent distribution is

G*(t) = F1(2; 1;(1t) —a ()F()(at)}

t
01'70((1){1

eia [(1+ at)e — ae®] = te® V(1 +a(t — 1)] = t 1 F1(2; 1;a(t — 1)),
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(since 1F1(B + 1;8;2) = %(ﬂ + z)e*). Thus we again obtain the Poisson’s
exponential binomial limit or Feller’s Poisson-rectangular d. as above.

For the opposite direction, let the parent d. be the 1-displaced geometric d.
with pgf G*(¢) = tp 1Fo(1;qt), 0 < ¢ < 1. According to (17)

1-—
G(t) = (T:%{ 2F1(1,15259) —t 2 F1(1,1;25qt)}
1 — t2F1(1,1i%iqt) 1 — log.(1—qt)
- 2F1(1,15259) log.(1—q) (21)
(1 _ t) 1Fo(ligt) (1 _ t) [_ q ]
2F1(1,1;2;9) (I—q)log.(1—9q)
1- log, (1 — 1 1—gqt -
_l-gqf log(-q ,og(1-g)] _p 1 logel at
1-t¢ q qt ql—t 1-¢q
1 gt — 1))
= —————log (1 -— (22)
—l—ﬂ—q(t -1) ¢ 1—g¢q
q . 1
= 2F1(1,1;2;Tq(t_1)) if0<g< 5 (23)

(since In(l — 2) = —2z2F1(1,1;2;2)). Thus one can see from (21) that the
godparent d. has pgf
H* (t) — 10ge(1 - qt)
log.(1-q)
(logarithmic d.). The resulting STER d. is proposed in [48, p. 115]; in the case
0 < ¢ < § it yields the 1-displaced binomial-beta-geometric d. given in [41] as
obtained in Table 1.
In Table 2 one finds some trinities of corresponding distributions (parent d.,
godparent d., generalized STER d.) where the parent d. and the godparent d.
belong to GHPD (Kemp-Dacey-hypergeometric family).
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