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The problem of determining & periodic regime in many con-
trollable processes modelled by nonlinear differential systems
has been recently the subject of increasing attention. This pa-
per consists of two parts., The first having a survey character
gives a brief analysis of the theory developed in this field
up to now, while the second establishes a new theorem genera-
lizing some of the results commented.

By the "Poincaré-Lyapunov”"-like systems (PLS) we shall as
usually mean systems of the type

x" = a;1x + ay,y + 8732 + P(t,Xx,y,z)
(PL) y' = agx + @,y + 85z + q(t,X,y,2)

z' = 831X + 835y + 833Z + r(t,x,y,z)
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with reals a4 (1,3 = 1,2,3) and the smooth enough functions p,
q.r satisfying e Lipschitz condition with a sufficiently small
constant,

1. Such systems were probably studied for the first time by
H., Poincearé /1/, who did a complete classification of
the singular points for the linear autonomous case just in the
last century. But only since the fiftieths sutonomous PLS in
R3 were subjected to a deeper consideration by the Soviet mathe-
maticians, especially with respect to a study of "the Aizerman’s
problem”; i.e., practically (see e.g. /2/) the problem of the
global asymptotic stability of a trivial solution of some spe-
cial types of (PL)., Namely N.N.K r a s ovs kii /3/ studied
one with three nonlinearities:

x“ = f(x) + &y + 8352
(2) y = F(x) + 8, + 8,3z
z" = (x) + a5, .
while A,P, Tuzov /5/, /6/ resp. V.A, Pl iss /7/ - /11/

(and A.P. T u z o v /4/ again) those with the single nonlinea-
rity:

.

x" = a;)x + 81,y + 8152 x" = f(x) + 8,y + 852

(T) y" = F(x) + a5,y + 8,32 resp. (P) y = 851X + ay,y + 8,32

2” = ag;x + agyy + 8552 z” = ag x + 83,y + 8332,

R. Reissig /l12/ - /14/ still completed and improved the
proving techniques for some of these results in the case (T),

but since the end of the sixtieths either PLS with at least
two nonlinearities like (B) or PLS with the one involving two
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variables like (G) has started to be of main interest. This

era is connected with names as M,\A, Ba l i tinov /15/ =
/17/ for (B) and I.V. G a1 8s hun /18/, /19/ (see also /20/)
for (G), where

x" = a;1x + g(y) + h(z) x" = ay)x + @),y + 842
(B) y = 8% *+ 855y + 8,5z (G) y = 81X + 8,5Y + 8,32
2" = agx + 8,y + 8547 z' = V(x,y) + 8332 .

If the fiftieths may be called as "the one-nonlinearity
PLS period®, while the sixtieths as “the two-nonlinearities
PLS one", the seventieths might be called as “the three-non-
linearities PLS period®, because several authors like I.G.
Egorov /21/,2.Zaprianov - P,Kalitzo-=-
v a /22/ this time studied some special types of the system

T mapgx v 8y 852

y' = apx + 8,y + 8552
z” = U (x.y.2)

and others, like e.g. V.I. S hir i a ev /23/ the autonomous
system (PL) with the perturbating functions depending on the
only variable; namely p(x), q(y), r(z).

Besides /13/, where the Popov’s frequency criterium (cf.
/2/) was employed, all the previous authors used the Lyapunov's
second method, consisting of a construction of so the called
Lyapunov functions (see e.g. /20/), sometimes combinated (espe-
cially by VA, Pl i 8 s = cf, e.ge /11/) by the geometrical
techniques, for the solvability of the Aizerman’s problem.
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The sutonomous system (PL), considered as the linear per-
turbed one, has been slready examined very precisely by I.
Bihari /24/ jointly with A, E1 b er t /25/ in order
to describe asymptotic properties of its solutions. These
authors proceeded, similarly as K.R, Schneider /26/,
/27/ for the general autonomous system in R3. by the topologi=-
cal approach,

Wwhile K.R., S chneider studied the problem of the
existence of periodic solutions in the autonomous case, the
same question appeared naturally in connection with investi-
gating the periodically perturbed systems (T) resp. (P), too.
The answer can be either partly deduced from the boundedness
results by E.S. Ani tova /28/, /29/ and R, Re is s ig
/2/ ((T)-case) resp, W, Mi 1 1er /31/ ((P)-case) obtained
by means of Lyapunov-like functions again or derived directly
employing e.g. a functionally-analytical approach, similarly as
G.Villari /30/ ((P)-case) resp. the present author in
the second section of this paper.

In closing let us supply that we omitted here many results
dealing with third order equations corresponding to PLS and
that there also exist two survey papers on the third order
systems by W, MU 1l 1er /32/ end G. Sansone /33/
since the sixtieths, S

2. In this part we consider the following system, with res-
pect to the periodic solutions problem:

x* = f(x) + p(t,x,y,z)
(1) y’ = F(x) + G(y) + Cz + q(t)

z” = h(x) + g(y) + cz + r(t,x,y,z)
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where F(x), G(y)., q(t+8) = q(t)e c*(RY)/ => ye c3(rRY)/;

£(x), h(x). g(y)e C(RL); p(t+@.,X) = p(t,X), r(t+@.X) =

£ r(t.X)e C(R*): X = (x,y,2); 0> 0,C,ceR! = (- 00,00).
Furthermore, let us assume for in (1) appearing functions,

resp. for some of their derivetives, the boundedness by con-
stants in the following way:

[p(t,x)| &P, la(t)] £ Q. la’(e)l Q" ,
(2) -
[r(e.x)[ £ R, lFroal 267, [6%(n¢ B 1= 67,
holding for all arguments and
e (]
jq(t)dt = 0, jq'(t)dt =0 ;
0
(3) 0 )

jp(t)dt = 0, when p(t) & p(t,X)
0

Now let us consider a one-parameter family of systems:

X‘ = (1'4‘1')3x + oﬂa[f(x) + p(toanaz)] eeccccce (1}4.)
(Lh) y" = (2=p)By + p[F(x) + 6(y) + Cz + q(t)] ... (1%)

o

2% = (l-p)dz + afh(x) + g(y) + ez + r(tixy.2)] (1R)

with suitable nonzero constants a,B,d, which magnitude will be
specified later, and the parameter (. being /¢€<D,17 .

It is clear that for /. = 1 we get the original system
(1l); i.e. (1)r\/(11), while for ﬂk = O the following three
equations

.

(1) x° = ax, y’ = By, z” = dz (a¥0, BgO, dyoO),
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from which no one has a nontrivial 0O-periodic solution and
hence, according to the classical “"Leray-Schauder fixed point
technique” (see e.g. /2/), the sufficient condition for the
existence of a O-periodic solution of (1) will be: an a priori
estimate of all the O-periodic solutions of (1/1), indepen=-
dently on ME (0,1> .

Theorem.,
The system (1) admits a () -periodic solution, provided (2),
(3), C # 0 and

1) lim inf f(x)sgn x > P resp, lim sup f(x)sgn x £ =P
|x|->o00 [x] >0

/P:= 0, when p(t) = p(t.X)/,

2) lim |cBy + cG(y) - Cg(y)| = ==,
[yl oo

3) e +6°(y)[> J > O...const.,  for all y € R .

Proof.

I. Let us start from the equation (g% ) multiplied by x°(t),
where x(t +@) = x(t) is the first component of a fixed solu-
tion of the system (lM ). Integrating over one period, we

obtain, with respect to (2) that
] ()

]
5x’2(t)dt < lfil(t.X(t))x'(tﬂ < p Wa fx'z(t)dt: i.e.

0 0
3}

(4) Jx'z(t)dt < PZO .
0

while integrating (k}x) we get, with respect to (2):
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o 0 0
[ﬂi&l a Sx(t)dt + Sf(x(t))dt[ = S p(t.x(t))dt] £ PO.
0 0 0

Since the last relation implies together with 1) that (for more
details see e.g. /34/)

o

in | [ = L D
mtne 43653% ()l £

holds evidently with a suitable constant D,, it will be satis-
fied according to (4) also

(] (<]
[x(0)] £ Ix(t)] + [fx'(t)dtl < 0, +VéVSx’2(t)d: 4D, + OP:=D
0

0

13
i.e.

(5) Ix(t)] £

and furthermore with respect to (Lh ), (2), (5):

x“(t) [aDy| + max [f(x)l + P :=D7 .
(6) [ ' (x| £ D N 1

II. Let us consider the last two equations from (llh)' i.e.

(1 ) and (l ). from which we get for C ¥ O that
» »

' = sy’ + a{E0xT e 6 (vdy" s pchn) +aly) ¢
+ r(t,x)] + [(éu-l)d-c] [L}.(".f’.”.l By + F(x) + G(y) + q(t) =

'%_"] + Q'(t)} ;
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i.e.

.

y' - e+ ()@ s d) +p6" (] ¥ - pely) + [(A-prd v ] .
(7) - [Q-prsy + pen] = p{F (X" (0) +

s pe [hix(e)) + r(ex(e)] + [(p=L)d=c] [F(x(2)) +
+a(n] +a’ (0] = no().

Multiplying (7) by y“(t), where y(t +O) & y(t) is the second
component of a fixed solution of (I/L). we get after integra-
tion over the period O that

] (]
S[c + (1= )(B + d) + w8 (y(t))] v 3(r)at = ,wSo(t)y'(t)dt

[
0

and from here under 3) and with suitably chosen constants B,d
(l8] , |d]| - small enough) firstly

(8) e+ (1=pu)(B + d) + W67 (y(t))s= [Hp()[2 Mé-; >0

and then with respect to (2), (5) - (8):
I 6 (] " ) _
k3 z{y’zmdt sSln[w(v(t))y’a(t) [ dt ﬁ/ujlo(t)y'(r) [ dt &
0 0 .

é#“‘[F'Di + [c[(H+R) + (|d]| + [c[)(F+Q) +

8 ()
+o’Yo. ij'z(t)dt i wk VoV fy 2erar |
0 [

where
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(9) F: = max [F(x)| H: = max [h(x)| : 1.6,

Ixl £ Dl lxlﬁol
° 2
(10) Sy'amdt 4O .2 .
2
; J

Furthermore, after integration (7) over the period O, we get
for (2), (3). (9) that

) 0 '
- ﬂzc Sg(y(t))dt + [(1-pn)d + ] [(1-me j y(t)dt +
o ° o
sz G(y(t))de]| -[/u {#c j[h(x(t)) + r(tX())]dt -
0

(<]

- [(-pd + ] IF(x(t))dt}f-‘- MO[plci(n + Ry «
0
+ (-p)(ldl + [eNIF] .

which surely implies under 2) the existence of such constants

Do' 02 that

i = | LoD
ntneigfcte); : vita)l °

and consequently (cf. (10))

("]
[y(e)] £ [y(e))] +[Jy'(t)dt[ £+ @\/Sey‘z(t)dt <
0

f:D;-rGDés-Dz

holds; i.e. )
(11) Iyl & o, .
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III. Now multiplying equation (7) by y “(t), we get after
integration over the period © that the following is satisfied
with respect to (2), (6), (7)., (9) - (11):

o o ]

Sy”z(t)dt - 14““56'(y(t))y’(t)v"(t)dt + plc Jg(y(t))y"(t)dt +
/] 0 o

] (7
+ [(1= p)dsc] [(l-',w)B‘o[y'z(t)dt - ﬂiG(y(t))y"(t)dt]+

(<] (2]
+ ;‘SQ(t)Y"(t)dtl £, + Q" 5 ly*"(t)[de +

0
]

+ G'S[y'(t)y"(t)] dt .,
0
where

(12) g:= mex [g(y)l , G:= max [G(y)| , G := max |G°(y)!
IYléoz IY‘-‘-Dz |Y|é02

and
Q" = F'D] + [CI(H + R) + (ld] + |c]) (F+Q) +Q°
Q* := lCgl + (ldl + [c[)6 + 6" , Q = BOZD, .

which gives by means of the Wirtinger-type (cf.e.g. /35/) and
Schwarz inequalities:

(]
e \ 0 + 0" Y&y An)ar
Sv" (t)dt = 2 3
0 - ° ——
1-6" 2

resp, (cf.(2)) implies the existence of such a constant Dé'
that
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[2]

jy”z(t)dt £ oy’ holds.
0

Since it is, however, always satisfied the relation

. 9
o2 002
max y “(t) < eSy (t)dt ,
te <0,0&- 0

then
(13) ly ()1 £ Veny

must be true and consequently (cf. (lﬁ ), (2), (5), (9), (11) =~
(13)):

(14) lz() ¢ 2[Vo0; s B0, + Fe6 4 Q] 1m0y .

Thus (5), (1l1), (14) obviously imply the existence of such
a constant D: = 3max (D, D,, D) with

| ceoe = ’
m?x6<[o>'<ét>)[ + 1y(0)] + [z(£)1] £D.eu/X(t+0) = X(t)/‘

which completes the proof,
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SOUHRN
m——

0 SYSTEMECH TRT DIFERENCIALNICH ROVNIC
“POINCAREHO-LIAPUNOVOVA® TYPU

JAN ANDRES

Pomoci Leray-Schauderovy alternativy je nalezeno dosti
obecné kriterium existence periodického FeSeni soustavy (1).
RovndZ jsou uvedeny dosud dosaZené zdkladni vysledky o zvlést-
nich p*ipadech soustavy (PL), z nichZ mnohé byly v této préaci
zobecnény,
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PE3ME

O CUCTEMAX TPEX IV@SEPEHLVATBHHX YPABHEHMI
TUITA “TIY AHK APE-JIATIYHOBA"

fIH AHIPEC
B paGoTe naeTcs IOCTATOYHO ofljee YCJAOBKe CylieCTBOBAHUSN
nepuUOAUUECKOTO pemeHus cucTeMmu (1) npm nomomy arbTepHATUBH
JNlepe-llaynepa. llpefjcTaBieHH TOXe OCHOBHHE DesyabTarTH, JNOCTHU-

EEeHHHe O CHUX TNOp AAS HAcTHX cayuaep cuctemu (PL ), mHOrMe U3
KOTODHX 6uau o0OOmeEeRH B 9Toit paboTe.

AUPO, Fac.r.nat,.85, Mathematica XXV, (1986)

- 180 «



		webmaster@dml.cz
	2012-05-03T19:52:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




