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The problem of determining a periodic regime in many con­

trollable processes modelled by nonlinear differential systems 

has been recently the subject of increasing attention. This pa­

per consists of two parts. The first having a survey character 

gives a brief analysis of the theory developed in this field 

up to now, while the second establishes a new theorem genera­

lizing some of the results commented. 

By the "Poincare-Lyapunov"-like systems (PLS) we shall as 

usually mean systems of the type 

x# • a i l

x * 8 1 2 y * a13 z * P( t» x#Y» 2) 

(PL) y* - a 2 1x • a 2 2y + a 2 3z + q(t,x,y,z) 

z* * a 3 1x • a 3 2y +
 8 3 3 z * r(tfx,yfz) 
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with reals a+4 (i»j * 1#2,3) and the smooth enough functions p, 

q,r satisfying a Lipschitz condition with a sufficiently small 

constant. 

1. Such systems were probably studied for the first time by 

H . P o i n c a r 6 /!/, who did a complete classification of 

the singular points for the linear autonomous case just in the 

last century* But only since the fiftieths autonomous PLS in 

3 

R were subjected to a deeper consideration by the Soviet mathe­

maticians, especially with respect to a study of "the Aizerman's 

problem"; i.e. practically (see e.g. /2/) the problem of the 

global asymptotic stability of a trivial solution of some spe­

cial types of (PL). Namely N.N.K r a s o v s k i i /3/ studied 

one with three nonlinearities: 

x* « f(x) + a12y + a13z 

(2) y* m F(x) + a22y + a23z 

z* « T*(X) + a 3 2 . 

while A.P. T u z o v /5/, /6/ resp. V.A. P 1 i s s /!/ - /ll/ 

(and A.P. T u z o v /4/ again) those with the single nonlinea-

rity: 

x' " all x + al2 y + a13 2 x* " f ( x' + a12 y + a13 2 

(T) y' • F(x) + a22y + a23z resp. (P) y* - a21x + a22y + a23z 

z/ «- a31x + a32y + a33z z' » a31x + a32y + a 3 3z. 

R . R e i s s i g /12/ - /14/ still completed and improved the 

proving techniques for some of these results in the case (T), 

but since the end of the sixtieths either PLS with at least 

two nonlinearities like (B) or PLS with the one involving two 
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variables like (G) has started to be of main interest. This 

era is connected with names as M#A# B a l i t i n o v /15/ -

/17/ for (B) and I#V# G a i s h u n /18/, /19/ (see also /20/) 

for (G), where 

x' • axlx + g(y) + h(z) x' - a u x + a12y + a13z 

(B) y' « a21x + a22y + a23z (G) y' » a21x + a22y + a^z 

z' - a31x + a32y + a33z z' - ^(x.y) + a33z . 

If the fiftieths may be called as "the one-nonlinearity 

PLS period", while the sixtieths as "the two-nonlinearities 

PLS one", the seventieths might be called as "the three-non-

linearities PLS period", because several authors like I#G# 

E g o r o v /21/, Z # Z a p r i a n o v - P . K a l i t z o -

v a /22/ this time studied some special types of the system 

x' « a1]Lx + a12y + a13z 

y' « a21x + a22y + a23z 

z' « ^(x,y,z) 

and others, like e#g# V #I # S h i r i a e v /23/ the autonomous 

system (PL) with the perturbating functions depending on the 

only variable; namely p(x), q(y), r(z)# 

Besides /13/, where the Popov's frequency criterium (cf# 

/2/) was employed, all the previous authors used the Lyapunov's 

second method, consisting of a construction of so the called 

Lyapunov functions (see e#g# /20/), sometimes combinated (espe­

cially by V#A# P 1 i s s - cf# e#g# /ll/) by the geometrical 

techniques, for the solvability of the Aizerman's problem* 
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The autonomous system (PL), considered as the linear per­

turbed one, has been already examined very precisely by I. 

B i h a r i /24/ jointly with A*. E l b e r t /25/ in order 

to describe asymptotic properties of its solutions. These 

authors proceeded, similarly as K.R. S c h n e i d e r /26/, 
3 

/27/ for the general autonomous system in R f by the topologi­
cal approach. 

While K.R. S c h n e i d e r studied the problem of the 

existence of periodic solutions in the autonomous case, the 

same question appeared naturally in connection with investi­

gating the periodically perturbed systems (T) resp. (P), too. 

The answer can be either partly deduced from the boundedness 

results by E.S. A n i t o v a /28/, /29/ and R. R e i s s i g 

/2/ ((T)-case) resp. W. M u 1 1 e r /31/ ((P)-case) obtained 

by means of Lyapunov-like functions again or derived directly 

employing e.g. a functionally-analytical approach, similarly as 

G . V i l l a r i /30/ ((P)-case) resp. the present author in 

the second section of this paper. 

In closing let us supply that we omitted here many results 

dealing with third order equations corresponding to PLS and 

that there also exist two survey papers on the third order 

systems by W. M u 1 1 e r /32/ and G. S a n s o n e /33/ 

since the sixtieths. 

2. In this part we consider the following system, with res­

pect to the periodic solutions problem: 

x# • f(x) + p(tfxfy,z) 

(1) y' « F(x) + G(y) + Cz + q(t) 

z# « h(x) + g(y) + cz + r(tfxfyfz) 
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where F(x). G(y), q(t+ 0) « q(t)C C1(R1)/ «> yS C2(R1)/j 
f(x), h(x). g(y)£C(R1)j p(t+0,X) « p(t,X), r(t+0,X) 2 
8 r(t,X)€ C(R4)s X « (x,y,z); 0 > 0,C,c€ R1 « (-oo|Po). 

Furthermore, let us assume for in (1) appearing functions, 
resp. for some of their derivatives, the boundedness by con­
stants in the following way: 

iP(t,X)|£P. |q(t)|£Q, Iq'(t)l£Q* , 

(2) 
/r(t,X)|^R, |F'(x)[^F'. |G*(y)|£-^ :» G* . 

holding for all arguments and 

s> fi 
Jq'(t)dt - 0 . \ q(t)dt • 0, 

(3) e 

|p(t)dt - 0. when p(t) a p(t.X) . 

{ 
Now let us consider a one-parameter family of systems: 

x* « ( l - ^ ) a x + ^[f(x) + p(t.x,y,z)J (iji ) 

( I / O y ' » ( l - ^ ) B y + p[f(x) + G(y) + Cz + q( t ) ] ... (ljfc ) 

z ' » ( l - ^ ) d z +^[h(x) + g(y) + cz + r ( t , x ,y , z ) ] (lj*. ) 

with suitable nonzero constants a,B,d« which magnitude will be 

specified later, and the parameter M> being M€<&tlJ . 

It is clear that for JU. « 1 we get the original system 
(1); i.e. (1) rw (lx). while for ^ « 0 the following three 

equations 

(1Q) x* « ax, y* « By, z* « dz (a^O, B^O. df*0), 
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from which no one has a nontrivial 0-periodic solution and 

hence, according to the classical "Leray-Schauder fixed point 

technique" (see e.g. /2/), the sufficient condition for the 

existence of a 0-periodic solution of (1) will be: an a priori 

estimate of all the 0-periodic solutions of (1A)_ indepen­

dently on M. £ (0,1> . 

J__n e 9__r__eL _
m • 

The system (1 ) admits a 0 - p e r i o d i c so lu t ion , provided ( 2 ) , 

( 3 ) , C / 0 and 

1) lim inf f(x)sgn x > P resp. lim sup f(x)sgn x < -P 
|x|->oo |xl«->o--> 

/P:« 0, when p(t) 5 p(t , X ) / , 

2) lim |cBy + cG(y) - Cg(y)| « 00 , 

[yi-±<x=> 

3) |c + G'{y)\>: 6 > 0...const. for all y € R1 . 

P r o o f . 

I. Let us start from the equation (1̂ . ) multiplied by x*(t), 

where x(t + 0 ) 5 x(t) is the first component of a fixed solu­

tion of the system (l/_). Integrating over one period, we 

obtain, with respect to (2) that 

x*2(t)dt £ |Jp(t,X(t))x#(t)| ^ P V?V JV2(t)dt; i.e. 

f 
(4) x'2(t)dt 6 P 2 0 , 

while integrating (1JH ) we get, with respect to (2): 
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[ii-^Al a 1 x(t)dt + J f(x(t))dtl -- | p(t,x(t))dtj £ P © . 

Since the last relation implies together with 1) that (for more 

details see e.g. /34/) 

min lx(t)l := lx(t-)| ^ D„ 
t€<0,e> L ° 

holds evidently with a suitable constant D . it will be satis-
' o 

fied according to (4) also 

fx(t)[£ [x(t1)| + |[x'(t)dt| £ D o +V©» x'
2(t)dt L D Q + 0P: = D1j 

i.e. 

(5) |x(t)| £ D x 

and furthermore with respect to (1/L)# (2), (5): 

,fi. |x*(t)J 6 [aD-A + max If(x)| + P :« D { . 
K } (xl£D1

 x 

II. Let us consider the last two equations from ( 1 A ) ; i.e. 

(lSw) and (I A I ) , from which we get for C ̂  0 that 

y " -» ( l - ^ ) B y * + ^ ( F ' ( X ) X ' + G'(y)y' + ^c [h (x ) + g(y) + 

+ r ( t ,X) ] + fyk-l)d-c] [ ifcffi i By + F(x) + G(y) + q(t) -

- j H •,'(OJ , 
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l. , 

y " - [c • (l-/v)(B + d) +^UG'(y)] y' - ̂,2Cg(y) + [ ( l - / . ) d + cj 

(7) . [(l-yOBy •/•'G(y)] • ̂ »{r'(x(t))x'(t) + 

• frC [h(x(t)) + r(t.X(t))J + [(^.-l)d-c] [F(x(t)) + 

+ q(t)] + q'(t)j .« ^.Q(t). 

Multiplying (7) by y'(t), where y(t +0) a y(t) is the eecond 
component of e fixed eolution of (l/~). we get efter integra-
tion over the period Q that 

[c + (1-/-)(B • d) • ̂ G'(y(t))] y'2(t)dt - ̂ ]Q(t)y'(t)dt 

o 

and from here under 3) and with suitably chosen constants B.d 

({B[ , [dj - snail enough) firstly 

(8) [c + (1-^)(B • d) + /iG*(y(t))[:- lH^(y)|^ <U,| > 0 

and thsn with respect to (2), (5) - (8): 

A 5 jy'2(t)dt £j|Hr(y(t))y'
2(t) {dt^J|Q(t)y'(t)l dt 6. 

£r[F'D{ • /c/(H*R) • ()d | + |c()(F+Q) + 

• <-']*/£". V Jy'2(t)dt :- ^ . t M (y'2(t)dt . 
6 0 

where 
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( 9 ) F: • max Í F ( x ) [ . H: - max í h ( x ) I , i . . 
I x l f í O ^ |x| 6 D x 

JŁ ІĽâ- , - D2
2 Jy'2(t)dt i-

Furthermore, a f t e r i n t e g r a t i o n ( 7 ) over the period 0 , we get 
for ( 2 ) , ( 3 ) , ( 9 ) that 

J* 
•:-|- д 2 c ( g(y(t))dt + £(1-Д)d + c] [( l-^)B j y(t)dt 

f ' ( f 
+ ^ j G ( y ( t ) ) d t ] [ « Ы ^ C j[h(x(t)) + r(t.X(t))]dt 

e 

- [(l-Дu)d + c] I F ( x ( t ) ) d t J | ^ ^ f ^ f c U н + R) + 

+ (1-^HІdl + [C/)F] . 

which surely implies under 2) the existence of such constants 

D o ' D 2 t h a t 

•in [ y ( t ) | : - l y ( t 2 ) | é D 
t í < 0 , 6 > 

and consequently (cf. (10)) 

fi r-z i 

|y(t)|4 [y(t2)| +/Jy'(t)dt| L o; + Y^yty^íOd t 4 

£ D; • D2 : - D2 

holds; i.e. 

(ii) |y(t)l .4 D 2 . 
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III. Now multiplying equation (7) by y**(t), we get after 
integration over the period © that the following is satisfied 
with respect to (2), (6). (7). (9) - (11): 

. It + 
0 

A fi 

jy"2(t)dt - I^JG*(y(t))y'(t)y"(t)dt + ffr j g(y(t))y"( t)dt 
o o o 

ř f 
* [d-^d+c] [(l-^)Bjy*2(t)dt -/*jG(y(t))y"(t)dt] 

í o 

+ /~JQ(t)y"(t)dt| é QX + Q
+ j ly"(t)Jdt + 

O í 

6'j [y'(t)y"(t)| dt . + 
0 

where 

(12) g:» max lg(y)l , G:» max I G(y)I , G # : = max lG #(y)I 
l y K D 2 | Y K D 2 i y i - o 2 

and 

Q* :« F #D£ + |C|(H + R) + ([dj + IcJ) (F + Q) + Q' 

Q + :» ICgl + ([d[ + [c[)G + G* . Q x :« B 3 2 D # , 

which gives by means of the Wirtinger-type (cf.e.g. /35/) and 

Schwarz inequalities: 

Q1 + Q
+-^1JY (Odt 

y"2(t)dt * -

x-e'A 
2JT 

reap. (cf.(2)) implies the existence of such a constant D^ 
that 
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y " 2 ( t ) d t 6 D2 h o l d s . 

o 

Since i t i s , however, always s a t i s f i e d the re la t ion 

max y * 2 ( t ) ^ 0 y " 2 ( t ) d t . 
t€40.e> i 

then 

(13) l y ' ( t ) [ £ iev2 

must be true and consequently (cf . ( l i ) , ( 2 ) , ( 5 ) , ( 9 ) , (11) -

(13 ) ) i 

(14) | z ( t ) / £ i [ l/eDg*" + BD2 + F + G + Q] : » D3 . 

Thus (5), (11), (14) obviously imply the existence of such 

a constant D: - 3max (D-̂ , D 2, D3) with 

max [lx(t)I + (y(t)[ + [z(t)l] £D.../X(t+6) 5 X(t)/, 
t€<0,8> 

which completes the proof. 

175 -



REFERENCES 

/l/ P o i n c a r é , H.: Sur les courbes définies par des 
equations differentielles, CR.Acad.Sci.Paris, 94, 1882, 
416-418. 

/2/ R e i s s i g , R. - S a n s o n e , G. - C o n t i , R.: 
Nichtlineare Differentialgleichungen hoherer Ordnung, Cre-
monese, Róma, 1969. 

/3/ K r a s o v s k i i , N.N.: On the stability of the solu­
tions of a nonlinear system of three equations with any 
initial perturbations (in Russian), Prikl.Mat.Mech., 17, 
3, 1953, 339-350. 

/4/ T u z o v, A.P.: Stability problems for a control system 
(in Russian), Vestnik LGU, 10, 2, 1955, 43-70. 

/5/ T u z o v, A.P.: On the stability in the whole of a control 
system (in Russian), Vestnik LGU, 12, 1, 1957, 57-75. 

/6/ T u z o v, A.P.: On necessary and sufficient conditions for 
global stability of a control system (in Russian), Dokl. 
Akad.Nauk BSSR, 4, 1960, 101-105. 

/7/ P 1 i s 8, V.A.: Investigation of a nonlinear system of 
three differential equations (in Russian), Dokl.Akad.Nauk 
SSSR, 117, 1957, 184-187. 

/8/ P 1 i s 8, V.A.: Necessary and sufficient conditions of 
stability in the whole for a system of three differential 
equations (in Russian), Dokl.Akad.Nauk SSSR, 120, 1958, 
708-710. 

/9/ P 1 i s s, V.A.: On the Aizerman's problem in the case of 
a system of three differential equations (in Russian), 
Dokl.Akad.Nauk SSSR, 121, 1958, 422-425. 

/10/ P 1 i s 8, V.A.: Some problems of stability of motion in 
the whole (in Russian), Izdat.Leningrad.Univ., Leningrad, 
1958. 

/ll/ P 1 i s s, V.A.: Nonlocal problems of the theory of oscilla­
tions (in Russian), Nauka, Moscow, 1964. 

/12/ R e i s s i g , R.: Ober die Stabilitat eines Systems von 
autonomen Differentialgleichungen, Monatsber.Deutsch.Akad. 
Wiss., 7, 1965, 330-335. 

/13/ R e i s s i g, R.: Das Aisermansche Problem bei einem 
nichtlinearen System dritter Ordnung, Z.Angew.Math.Mech., 
46, 1966, 79-82. 

/14/ R e i s s i g, R.: Ober die Stabilitat eines Regelungs-
systerns, Math.Nachr., 32, 1966, 63-72. 

- 176 -



/ 1 5 / E f n d i e v , A#R# - B a l i t i n o v , M^A*: On the 
asymptotic stability in the whol of some nonlinear yst m 
(in Russian), Diff

#
Urav

#
, 4, 4, 1968

# 

/16/ B l i t i n o v , M
#
A

#
: Behaviour of solutions in the 

large of cert in nonlinear system (in Russiәn)* Diff
# 

Urav
#
, 5, 1969, 254-262

# 

/17/ B a l i t i n o v , M
#
A

#
: Certain theorems on the global 

beh viour of solutions of a certain nonlin ar systeш (in 
Russian), Ukrain

#
Mat

#
Zh

#
, 23, 1971, 56-63

# 

/18/ G a i s h u n, I
#
V

#
: On th stability in th larg of soie 

optimal control syst m (in Russian), Diff
#
Urav

#
, 6, 5, 

1970, 1953-1962
# 

/19/ G a i s h u n* I
#
V

#
: On th stability in th large of the 

motion d fined by some nonlin ar third ordeг system (in 
Russian), Diff

#
Urav

#
, 5, 12, 1969

# 

/20/ B a r b a s h i n , £#A#: The Lyapunov functions (in Ruв-
sian), Nauka, Moscow, 1970

# 

/21/ E g o r o v, I
#
G

#
s The st bility in th larg of the zeгo 

solution of a c rtain syst m of thr e differential qua-
tions (in Russian), Diff

#
Urav

#
, 7, 1971, 1960-1966

# 

/22/ Z a p r i a n o v , Z
#
- K a l i t z o v a , P

#
:On the to-

tәl stability of certain systems of differ ntial quations 
of th third order (in Russian), Theor t

#
Prilozh

#
Mech

#
, 

2, 1971, 2, 31-37, 4«5
# 

/23/ S h i r i a v, V
#
I

#
: On th stability in the large of a 

third ord r syst m with
 и
its own

м
 nonlin arities in cer-

tain sp cial case (in Russian), Diff
#
Urav

#
, 9, 1973

# 

2Ю2-2104
# 

/24/ B i h a r i, ï#s Perturbation theory of thre -dim nsion l 
r al linear autonomous systems, Studia Sci#Math#Hung#, 1*. 
1966, 261~295# 

/25/ B i h a r i , I, - É 1 b e r t, A,' : Perturbation theory 
of three-dimensional real lin ar зutonomous systems, 
Period

#
Math

#
Hung

#
, 4. 4, 1973, 233-302

# 

/26/ S c h n i d e r , K
#
R

#
: öb r di p riodisch Losung i-

neг Ҝlasse nicht-linearer autonomer Diff r ntialgleichungs« 
systeme dritter Ordnung, Z

#
Ang w

#
Math

#
Mech

#
, 49, 1969, 

441-443
# 

/27/ S ch n & i d e r$ Ҝ
#
R

#
: Schranken -fur den Umfang und die 

Periode geschloss n r Integralkurven von Diff r ntial-
gl ichung syst nen dritter und hoh r r Ordnung, Z

#
Angew« 

MatҺ
#
Mech., 51, 1971, 149-151

# 

/28/ A n i t o v a, £#S#$ On th boudedness of solutions of 
a syst m of differential quation of th third ord r 
(in Russian), V stnik LGU, 19# 1, 1964, 5-14# 

- 177 -



/29/ A n i t o v a, E.S.: On the boudedn sз of solutions of a 
system of diff r ntial equations of th third order (in 
Russian), Vestnik LGU, 19, 7, 1964, 149-151. 

/30/ V i l l a r i , G.: Soluzioni periodlsche di una class di 
sist roi di tr equazioni differenziali ordinari , Ann. 
Mat.Pura Appl., 4, 69, 1965, 191-200. 

/Зl/ M u 1 1 e r, W.: Hinr ichende Bedingung n fur di Be-
schrinkh it der Losungen ineз Systeros von dr i Diff -
r ntialgleichungen, Abh.D utsch.Ak d.Wiss., Kl.Math.Phys. 
T chn., 2, Akad roi , B rlin, 1967. 

/32/ M u 1 1 e r, W.: Asymptotic behaviour of nonlinear systems 
of the third order, Proce d.Fourth.Conf.Nonlin.Oscill., 
Pragu , 1967, Academia, Prague, 1968, 215-226. 

/ЗЗ/ S a n s o n , G.: Nonlin ar differ ntial syst ms of the 
third and fourth ord r, Proce d.Conf."Equadiff": Diff r n-
tial equation and their applications, Acad roia, Prague, 
1963, 143-165. 

/34/ A n d r e s , 3. - V o r á č k, 0. : P riodic solutions 
of a certain parametric third ord r differ ntial quation, 
Knižn.odb.v d.sp.VUT v Brnô, B-94, 1983, 7-11. 

/35/ A n d r e s , 0. - V o r á č k, 0.: P riЪdic solutions 
to a nonlinear param tric diff r ntial quation of the 
third ord r, to app ar in Rend.Accad.Naz.Lincei. 77, 3-4, 
1984, 81-86. 

- 178 -



SOUHRN 

O SYSTÉMECH TŘÍ DIFERENCIÁLNÍCH ROVNIC 

"P0INCARÉH0-L3APUN0V0VA" TYPU 

JAN ANORES 

Pomoci Leray-Schauderovy alternativy je nalezeno dosti 

obecné kriterium existence periodického řešeni soustavy (1) # 

Rovněž jsou uvedeny dosud dosažené základni výsledky o zvlášt­

ních připadech soustavy (PL), z nichž ronohó byly v této práci 

zobecněny* 
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РЕЗЮМЕ 

О СИСТЕМАХ ТРЕХ ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 

ТИПА "ПУАНКАРЕ-ЛЯПУНОВА" 

ЯН АНДРЕС 

В работе дается достаточно общее условие существования 

периодического решения системы (1) при помощи альтернативы 

Лере-Шаудера. Представлены тоже основные результаты8 дости-

женные до сих пор для частых случаев системы (Р{_ ) , многие из 

которых были обобщены в этой работе. 

AUPO, F a c r , n a t # 8 5 , Mathematica XXV, (1986) 
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