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Casopis pro p&stovini matematiky, roé. 102 (1977), Praha

ON HADAMARD’S CONCEPTS OF CORRECTNESS

MIROSLAV SOvVA, Praha
(Received January 21, 1976)

In the present paper, we first continue in Section 2 the study of well-posedness or
correctness of the Duhamel initial value problem in the sense as introduced in [1].
In Section 3, a weakened form of correctness, called here Hadamardian correctness,
is newly introduced and studied. It is characterised by the fact that the continuous
dependence of solutions on the initial values is omitted, so that the Hadamardian
correctness becomes of almost algebraic character. The main results concern the rela-
tions between correctness and Hadamardian correctness in Banach spaces. Finally,
in Section 5, we obtain the equivalence between these both notions, naturally only
under strong restrictions, i.e. for a special system of coefficient operators in Hilbert
spaces.

In the text, we use the notation and definitions introduced in [1] In particular,
it is necessary to be acquainted with the points 1.10, 5.1-5.3, 7.1, 7.4 and 7.7 of [1]
Moreover, we need some results of [1], which will be quoted when necessary.

1. PRELIMINARIES
1.1 The complex number field will be denoted by C.

1.2 Lemma. Let ¢, §, xe R* - R. If the function ¢ is continuous on R* and
bounded on (0, 1), the functions ¥, x are nondecreasing and

Igo(t)] < l//(t) + 2() J:Iq)(‘t)l dt for every teR™*,

then
|o(t)] < ¥(t) e for every teR™.

Proof. See [3], p. 19.

1.3 By a Fréchet space F we mean a metrizable complete linear topological convex
space.
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1.4 Lemma. Let F,, F, be two Fréchet spaces and T a linear transformation
from Fy — F,.If the transformation T is closed, then it is continuous.

2. BASIC NOTIONS AND RESULTS

The notions of definiteness, extensiveness and correctness are introduced or recapitu-
lated and some of their properties, needed in the sequel, are discussed. This part
should be regarded as a completion and extension of the paper [1].

2.1 Let A, A,, ..., A,€ L*(E), ne{1,2,...}. The system of operators 4;, A4,, ...
., A, will be called definite if every null solution for the operators A, 4,, ..., 4,
is identically zero.

2.2 Theorem. Let Ay, A,, ..., A€ L*(E), ne {1,2,...}. If the operators Ay, A,, ...
<.y A, belong to L(E), then the system Ay, A,, ..., A, is definite.

Proof. Let u be an arbitrary null solution for the operators A4,, 4,, ..., 4,. By

[1] 5.6
1) u (1) + Alfru("“)(r) dr + ...

t
e+ —1—~A,,'[ (t— 1" 'u" (1)dr =0 forevery teR".
Yoodo

(n— 1)
Let us denote

¥)) K = max (|4

- "An") :

It follows from (1) and (2) that

) [u= ()] s K ( ﬂuw—n(r)u de + 1 ﬁuun-l(f)u dr + ...

+( 5 J Jur- ’(‘r)"dr) for every 1€ R* .

We can rewrite (3) in the form
t
4 [ 2@)| = Ketj [u®~P(z)| dr for every teR™.
0
Using 1.2, we obtain from (4) that u®~1)(t) = 0 for every te R* which implies
according to {1] 2.10 that u(t) = O for every te R”.

The proof is complete.
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2.3 Theorem. Let A,, A,, ..., A,e L*(E), ne {1, 2,...}. If the operators A, A,, ...
. A, are closed and if there exists a sequence P, ke{l1,2,...}, of operators
from L(E) such-that

(o) P} = Py for every ke{1,2,...},
(B) Pix = x (k —» ) for every x€E,
(v) Px€D(A;) for every xeE, ke{l,2,...} and i€{l,2,...,n},
(8) PAx = APyx for every ke{l,2,...}, ie{l,2,...,n} and x eD(4,),
then the system of operators Ay, A,, ..., A, is definite.
Proof. Since the operators A,, 4,, ..., A, are assumed to be closed, we see
from (y) by virtue of [1] 1.11 that
(1) AP e L(E) forevery ke {1,2,...}and ie {1,2,..., n}.
Let now u be an arbitrary null solution for the operators 4,, 4,, ..., 4,.
Let us denote u,(t) = P, u(t) for every te R* and ke {1,2,...}.
~ It follows without difficulty from (), (Y) and (3) that
(2) for every ke {1, 2, ...}, u, is a null solution for the operators A,P,, AP, ...
. APy
Using now 2.2 we obtain from (1) and (2) that
(3) u(t) = 0 for every te R* and ke {1,2,...}.
On the other hand, it follows from (B) that

4 u(t) > u(t) (k > o) forevery teR™.
It follows from (3) and (4) that u(t) = 0 for every t € R* which was to be proved.

2.4 Remark. A different criterion of definiteness (of spectral type) was given
in [1] 7.3.

2.5 Theorem. Let A, A;, ..., A, LY(E),ne {1,2,...}. If the operators Ay, A,, ...
..., A, are everywhere defined and bounded, then for every x e E there exists
a Duhamel solution u such that u"~1X0,) = x and for every te R*

| . ll))

[exp (1 + max (4], [4a] . .. lAnlI))t]llxll .
Proof. Let us denote
) )
Further, let us choose a fixed x € E and let us put for te R*
tn—l

Ax.
(n— 1)

1)'

s A2“1 s

(2) g(t) = Ayx + t Ay x + ... +
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Obviously, by (1) and (2),
(3) lg(?)| < K e'|x| forevery teR*.

Let us now denote by C the set of all functions ve R* — E which are continuous
on R* and bounded on (0, 1).
It is clear from (2) that

4 geC.

Further, let us take for we Cand te R*

(%) Tw(t) = AIJ”w(r) dr + A4, j:(t —)w(r)dr + ...

0
1

+(n - 1)

It is clear from (5) that

4, ﬂ(t — o w(e) de.

(6) T transforms C into itself .

Further, we see without difficulty that

(7) ifw,eC ke {l,2,...},we R* - Eand w, > w(k - o0) uniformly on bounded
subsets of R*, then we C and Tw, - Tw (k — o) uniformly on bounded
subsets of R*.

On the other hand, if follows from (1) and (5) that

(8) | Tw(?)| < Kt sup “w(r)" forevery weC and teR*.
0<tst

By induction in virtue of [1] 1.8 and [1] 2.9 we obtain immediately from (8) that
K¢
9 T*w(t)| £ — su
forevery weC, teR* and ke{0,1,..}.
It follows from (9) that
(10) ¥ (—T)*w converges uniformly on bounded subsets of R* for every w e C.
k=0

Let us now write
(1) - -3 (-1}
It follows easily from (3), (6), (7) and (9) that
(12) veC,
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(13) le(0)]| < K e®*V||x| for every teR*,
(14) . v+ To= —g.
According to (2) and (5) we can write (14) in the form

(15) ot)+ A4 J. u(t)dr + ... + (—n—j—f)—' A,,J:(t — 1) ty(r)dr =

n—1
_I:A,x+tA2x+...+( ! 01 A,,x]
n—1)!
for every te R*. ’

Let us now define for re R*

(16) u(t) =

= 1)! ( 1)'
It follows from (12), (13) and (16) by means of [1] 1.7 and [1] 2.8 that
(17) the function u is n-times differentiable on R*,

I( o) dr 4

(18) u® =y,
(19) h.u(0+) =u0,) =...=u""20,)=0, u""Y0,)=x,
(20)  u(t) + Ay u V(1) + ... + Ay u(t) = oft) + [A1 f "o(c) de + Alx] ;

+[ ~ ) J‘(t — 1) tyr)dr + ( 1) A,,x] for every téR*,

e®* Vx| forevery teR™.

(1) [« = (K +1) (n t_a1)!

By (12) and (18) we conclude that
(22) the function u™ is continuous on R* and bounded on (0, 1).
Further, by (15) and (20)

(23) u™(t) + A, u"" V() + ... + 4, u(t) =0 forevery teR".
Since x € E was chosen arbitrarily, we see that the statement of our theorem is,

with regard to [1] 5.1, contained in (1), (17), (19) and (21)—(23).

2.6 Let Ay, A,,...,A,e L*(E), ne{1,2,...}. The system of operators A;, 4,, ..
., A, will be called extensive if there exists a subset Z < E dense in D(4,) n

nD(4,) n ... nD(4,), such that for every x € Z, we can find a Duhamel solution
u for the operators 4,, A,, ..., 4, so that u"~Y(0,) = x.
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2.7 Theorem. Let A, Ay, ..., A,€ L*(E), n€ {1,2,...}. If the operators Ay, A,, ...
.» Ay belong to L(E), then the system Ay, A,, ..., A, is extensive.

Proof. An immediate consequence of 2.5.

2.8 Theorem. Let A, A, ..., A,€ L*(E), ne {1,2,...}.If the operators Ay, A, ...
.» A, are closed and if there exists a set B of operators from L(E) such that
(u) P? = P for every Pe B,
(B) the closure of the set {Px : P € B, x € E} contains D(4,) n D(4,) N ... n D(4,),
(v) Pxe D(4;) for every Pe B, xeE and ie{l,2,...,n},
(8) PA;x = A,Px for every PeB, ie{l,2,...,n} and xeD(4)),
then the system of operators Ay, A,, ..., A, is extensive.

Proof. Since the operators A4,, 4,, ..., A, are assumed to be closed, we see from
(y) by virtue of [1] 1.11 that

(1) APel(E) forevery PeP and ie{l,2,..,n}.

Using 2.5 we obtain from (1) that

(2) for every x € E and P € B, there exists a Duhamel solution v, for the operators
AP, A,P, ..., A,P such that v§~V(0,) = x.
Let us now define for Pe B

(3) uP=PvP.

It follows easily from (), () and (8) that

(4) for every x € E and P € B, the function up is a Duhamel solution for the operators
Ay, Ay, ...y A, such that u§'~1(0,) = Px.

The extensiveness of the system of operators 4,, 4,, ..., 4, follows from (B)
and (4).

29 Let Ay, Ay,..., A, L*(E), ne{1,2,...}, and me{0,1,...}. The system of
operators A,, A4,, ..., A, will be called subcorrect of class m if
(A) it is extensive,

(B) there exist two nonnegative constants M o such that for every Duhamel solu-
tion u for the operators 4,, 4,, ..., 4,, forevery te R* and ie {1,2,...,n}

t
l—l— J‘ (t— " Au® (1) dr
m! J,
2.10 Let Ay, A, ..., A,eL*(E),ne{1,2, } The system of operators Ay, 4, ...

.» A, will be called subcorrect if there exists an m € {0, 1, ...} so that the system
Ay, A,, ..., A, is subcorrect of class m. :

< Me*u=0,,)| .
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2.11 Theorem. Let Ay, A,, ..., A, e L*(E), ne{1,2,...} and me{0,1,...}. The
system of operators Ay, A,, ..., A, is correct of class m[correct] if and only if it is
subcorrect of- class m[subcorrect] and the set D(4,) "D(4,) N ... DI4,) is
dense in E.

2.12 Theorem. Let Ay, A,, ..., A,€ L*(E),ne {1, 2, } If the system of operators
Ay, Ay, -5 A, is subcorrect, then it is also definite.

Proof. Use 2.9 (B).

2.13 Theorem. Let A,, A,, ..., A,€L*(E), ne{1,2,...}, and me{0,1,...}. If
(@) the operators Ay, A,, ..., A, are closed,
(B) the set D(Ay) N D(A,) N ... " D(4,) is dense in E,
() the system of operators Ay, A,, ..., A, is subcorrect of class m,
then there exists a W € R* x E — E such that
(a) for every x € E, the function #(., x) is continuous on R* and
— ‘///(t x) = %
tm
(b) fo(t — ©)'"* #(z, x) dr e D(4;) for every xeE, te R* and t€{l,2,...,n},

(c) for every xe E and i€{1,2,...,n}, the function A; [o (t — 7)' ' #'(z, x) dt is
continuous on R* and bounded on (0, 1),

(d) #(t, x) + A,J‘t"llf(t, x) dt + Azj-'(l — 1) #(r, x)dt + ...

.+ A4 l)’J'(t—T)n Y# (1, x)dt = ~x for every xeE and teR",
(e) for every te R”, the function #'(t, ) is a linear mapping,

(f) there exists two nonnegative constants M,  so that for every x € E, te R* and
ie{l,2,...,n}

4
i

Proof. It follows immediately from 2.12 that

(1) the system of operators A,, 4, ..., 4, is definite.
Further, we can choose a dense lmear subset Z < E and two nonnegatlve constants
M, o so that :

(2) for every x € Z, there exists a Duhamel solution u for the operators 4y, 4,, ..., 4
such that u("‘l)(o 4 =X

< Me|x] .

j(r — ) W (r, x)de
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(3) for every Duhamel solution u for operators A,, A4,, ..., A,, for every te R* and
ie{l,2,..}

Now we see easily from the assumptions and from (1)—(3) that the hypotheses
of [1] 7.10 and [1] 7.11 are fulfilled. Hence the assertion of our theorem easily
follows.

é Mewl

u®- l)(0+)" .

2.14 Proposition. Let A,, A,,..., A, L*(E), ne{1,2,...}, me{0,1,...} and
W eR* x E~E. If
(@) the operators Ay, As, ..., A, are closed,

(B) the conditions 2.13 (a)—(d) are fulfilled,

then for every 1€ {0, 1, ...}

(a) for every x € E, the function (d/dt) f (t — ©)' #7(z, x) d7 is continuous on R*
and bounded on (0, 1),

(b) fo(t — )~ **! #(z, x) dr € D(4;) for every xe€ E, te R* and ie{l,2,..., n},

(c) for every x€ E and i€ {1,2,...,n}, the function A, fo(t — )" '*' #(r, x) dt
is continuous on R* and bounded on (0, 1),

t t . '
@) LA — iy win x)de + A= [ (1 - o #(r, x) de +
nde ), nJ,
+ 4, 1 -J‘t(t — )t H(r,x)de + ... + 4 ~——1—~——j‘(t — g)t*e-t
7+ 1)) "U+n—=1)),

I+m

t
(1, x)dt =
(7. x) dv 1+

;X for every xe E and te R*,
m!

(€) for every te R*, the function (d/d?) [5 (t — ©)' #(x, *) dt is a linear mapping,
(f) there exist two nonnegative constants M, w so that for every x€ E, te R* and
ie{l,2,...,n}

tl
< Me®' x| .

1 ! ,
Ai———— | (t = )" 1 w(z, x)dr
i—1+l)!L( ) )

[
Proof. An easy consequence of 2.13 by means of [1] 1.8, [1] 2.4, [1] 2.7 and [1]
2.9.

2.15 Proposition. Let A, A,,..., A, e L¥(E), ne{1,2,..}, me{0,1,...} and
WeR* x E-E.If ’

() the operators Ay, A,, ..., A, are closed,
(B) the system of operators Ay, A,, ..., A, is definite,
(Y) the conditions 2.13 (a)—(d) are fulfilled,
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then for every x e D(4;) N D(4;) N ... " D(4,) and for every te R*

w(¢ x) + J.t‘//f(r, Aix)dt + J.t(t — 1) W (7, Ax)dr + ...

+( 1)'.((t-—v:)" ‘"//f(r,Ax)dt—;'x

Proof. Let us fix an x e Dy(4y, 4,, ..., 4,) and let us put for te R*

w(t) = #(t, x) + J‘W(t, Ayx)dt + J.‘(t — 1) # (1, A)x) dt + ...

"
-1 —_—
(n—-—l)’J‘(t ) W (1, A,x)dr o
A simple calculation using conditions 2.13 (a) —(d) and 2.14 (a)—(d) shows that the
function w has properties [1] 7.10 (1)—(4). Hence by Lemma [1] 7.10, w(t) = 0 for
every te R* and this proves our proposition.

2.16 Proposition. Let A,, A, ..., A,e L*(E), ne{1,2,...}, and me {0, 1,...}. If
(o) the operators Ay, A,, ..., A, are closed,
(B) the system of operators Ay, A,, ..., 4, is definite,
() there exists a function W € R* x E — E such that 2.13 (a)—(f) hold,
then

(a) for every x €D,y (As, Az, ..., Ay,), there exists a Duhamel solution u for the
operators Ay, A,, ... ,A, so that

u®=Y0,) = x,

(b) there exists a nonnegative constant x such that for every Duhamel solution u
for the operators A,, A, ..., A, satisfying u®~1(0,)€Dpys (41, 42, ..., 4,)
and for every i€{1,2,...,n}, the function e ™4, u=(t) is bounded on R*,

(c) there exist two nonnegative constants M,  such that for every Duhamel solu-
tion u for the operators A, A,, ..., A,, for every te R* and everyie {1, 2, ..., n}

t
;nl_'.[ (t— " A4,u" (7)dr
‘Jo

(d) the set D(A;) nD(A;) N ... "D(4,) is dense in E.
Proof. For the sake of simplicity we shall write

(1) N ={1,2..,n.

Further we choose, by assumption (y), a fixed function # € R* x E - E for
which
(2) the conditions 2.13 (a)—(f) are fulfilled.

< Metfue=0(0,)
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We begin with proving the assertion (a).
To this aim let us fix an arbitrary x €D, ,(4,, 4,, ..., 4,) and let us write for
teR* .
n—1 tll -1+4+a,

(3) ()= ——x -y A,x+

(r=1)  a(n— 1+ o)

tn—l+a1+az
+ Ay A, x — ... +
al,§em (n - 1 + al + az)! o

tn—1+al+az+...+um
+ (—1)" Ay Ay, . A x +
( ) @1,82,000,ameR (n -1+ ay +oy + ...+ me)! e o
t _ o ltatart.tamer—m—1
+ (_1)m+1 Z (t v .
al,az,...,am+1sm 0 (n - 1 + al + az + oo + am+l - m — 1)!
W (r, Ay Ay, ... A, x)dT.

By means of [1] 1.8 and [1] 2.8 we obtain easily from (3) that
(4) the function u is n-times differentiable on R,

5 weay = oy Ty
(= 1) oa(i—1+ a)!
ti—l+a1+az
+ ), Ay Agx — .+

a;,azem (i e 1 + al + az)!

R ti—l+a.+az+...+am
(=1 A A, ... A
( ) a;,az,;,ame‘ﬁ (l -1+ a, +oy + ...+ oc,,,)! e

X +

am

(t _ t)i—l+a,+az+...+am+l‘m°l

+ (__ 1)n+m+l

aaz,amete® Jo (i — 1+ 0y 05 + oo + Uy — M — 1)!'

W (1, Ay Ay, -+ A, ,1x)dt forevery teR* and ie{l,2,..,n},

a; 1 ay+ay—1
6 u™(t) = — x + A Ax-
( ) () agm (al - 1)' dlﬂzzem ((Zl + az - 1)! ! 2
t¢;+az+...+a,,.—l
R ) i AgAgy .o A X +

al,az,....amem (al + az + ces + am - 1)!

r)a. +art..tamer—m—1

+ (=~ 1)

ap,a,. um“ei’? dtj (ory + U + e+ Uy —m = 1)
W (1, Ay A,, .- A

It follows from (2) and (5) that
@) u"=10,) = x.

x)dr forevery teR™*.

Am+1
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With regard to the assumptions of our proposition, we see from (2) that Theorem
2.14 may be applied and therefore

(8) the conditions 2.14 (a)—(f) hold for every € {0, 1, ...}.

Using the properties 2.14 (b) and (c) with I =i — 1 + &y + 0 + ... + Gpyy —
—m— 1,00, ..., &4 €N, we see easily from (5) and (8) that
© u® (t)eD(4;) forevery teR* and ie{l,2,...,n},

(10) the functions A;u"~? are continuous on R* and bounded on (0, 1) for every
ie{l,2,...,n},

. i-1 tl'—1+¢1
11 A u (1) = Ax -y — A A, x+
( ) . ! () (i - 1)! ! ¢1Em (i - 1 + al)! !
ti—1+a|+uz
+ Z AiAalAux - ... +

a,.aze% (i - 1 + al + az)!

tx'—1+¢1 +az+...tam
(=D X AA,,A

A
anarame® (i — 14 0y + 03 + ... + ap,)! e

X +

am

1+aj+az+...+ 1
f)i ay +az Am+1—m—

TGS VASID) =

g ,02,. a,,..”eéﬂ (l—1+a1+d2 .--+am+1_m"‘l)!.

W (r, A x)dt forevery teR* and ie{l,2,..,n}.

Our next objective is to find out that
(12) u™(t) + A, u"" V(1) + ... + 4, u(t) =0 forevery teR™.

To this aim we first consider the terms of the expressions (6) and (11) except the
last ones. After a simple calculation we verify that

t¢1—1 t¢1+az—1
' - x+ ———— A, A x — ...+
( ) [ anzém(al - 1)’ ay azzein (“1 + o, — 1)| 1“taz
t¢1+a2+...+um—1
+ (=1 AgA,, ... A +
( ) @1,82,...,8meN (“1 -+ o, + ...+ &y — 1)' a1“Faz ,mx]

n t;— n tt 1+a;
- Ax =% T A+
[z 1(1 - 1) i;l ulzem (i—1+a) ¥

ti 1+ay+az

AA, A, x —
lazzem(l_ 1 +a1 +a2)' ¥ vre

NE )

i=1 ay,d2,e0.,8m- 16N (i - 1 + al + az + ... -+ am_l)! )

CAAA,, ... A

ti 1+aj+ar+...+am-

X +

IGm =1
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+(=1)" CAAA, . A,
( ) igl al,az,;,amefﬂ (l -1+ oy +a, + ... + (Zm)! x

ti—1+a1+u2+...+a,,. ]

t¢1+az+...+um+1-1

= (=1 Apuy o Ay x
( ) al,az,..;!mﬂem (“1 + oy 4 e F Oy — 1)’ araz am+1

forevery teR™.

On the other hand, using the properties 2.14 (b)—(d) with I = o, + o, + ...
coo F Oy —m — 1,0, 0, ..y Oy y € N, we obtain from (8) that for the last term
of (6) and (11) the following identity holds:

d t t—1 ay+azt...tamer—m—1
(14) N ol .
a2z, eme e | dE ) (“1 +oy; + .0 F Ay — M — 1)!

(t T)i—1+al+a1+...+am+1—m~l
.W(T,AMA”... am“x)d1:+ZAj‘ .
-1+ +a;+ ..+ ey —m—1)!
W (1, Ay A, ... 4, x)dT =

ta1+az+...+dm+1—1

= A, A, ... A
a1,a1,..§,..+1e‘k (0(1 + az + coe + am+1 - 1)! ae

x forevery teR™.

Um+1

Now the identity (12) follows at once from (6), (11), (13) and (14).
The above considerations, namely the points (4), (7), (9), (10) and (12), show that

(15) the function u is a Duhamel solution for the operators A;, Aj, ..., 4, such that
u"=(0,) = x.
Since x €D,,41(A4;, 43, ..., 4,) has been arbitrary, the property (15) shows that
(16) the statement (a) holds.

Let us now turn to the statement (b).
By (8) [2.14 (f)], we can find fixed nonnegative constants M, w so that

< et 1 o]
=7

(17) "A,. (T—_:Tﬂo“ — )1t oy(r, x) dr

forevery xe E,teR*,ie{1,2,...,n}and 1€ {0, 1,...}.
Let now u be an arbitrary Duhamel solution for the operators Ay, Az s Ay
such that

(18) U (0,) €D,y 1(Ags Ags s Ay) -

Using the definiteness assumption, we obtain from (15) and (18) that
(19) the solution u may be expressed by the formula (3) with x = u®~"(0,).
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It follows from (11), (17) and (19) that

tl—l

(i — 1)!

(20) B EPha U] = |4~ 2,)] +

ti"l'f'al
ay ol
alem(i - 1 + al)!

i-1+4+ay+az -

|44, u®=2(0.)| +

t

e (i — 1+ oy + a,)! |4i4z, A, w0, + ...

ti- 1+ay+ar+...+am

e [4idey4a, - - As, u®~(0,)] +

,a,,a;,;,ame‘ﬁ (l -1+ oy + 273 + ... + ot,,,)! '

tul +ar+..tamir—m—1

+ Me®! .
al,az,..§m+1em (al + az + “ee + “m+l - m - 1)!
N A A, - A, u""(0,)| forevery teR* and ie{l,2,...,n}.

Let us now choose

(21) x> 0.

Since w was chosen nonnegative, we obtain immediately from (20) and (21) that
(22) the functions e™*'4, u~(t) are bounded on R* for every ie{l,2,...,n}.

Now an immediate consequence of (22)is, if we take into account the assumption
on the solution u, that

(23) the assertion (b) holds.

Now we have to prove the assertion (c)
To this aim, let 4 be an arbitrary Duhamel solution for the operators A, A4,, ..., 4,.
Let us write for te R*

(24) o) = (%(mi' J' 0'(: () dr>.

It follows from [1] 2.9, [1] 5.6 and [1] 5.7 that
(25) the function v is continuous on R* and bounded on (0, 1),

t
(26) ‘[ (t — ©) ' o(r)dr e D(4;) for every te R* and ie{l,2,..., n},
0
t
(27) the functions 4; f (t — ©)""'ov(r)dr are continuous on R* and bounded
0 )
on (0, 1) for every ie{1,2,...,n},

28 . v(:)+A,J:u(z)dz+A2£(t_r)v(f)dw...
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.+ A 1)'.[ (t = tu(r)dr = —u‘" 0,)

for every te RY,
. 1 t . 1 t .
(29) — | (=" A, u" Nt)dt = A;——— | (t — 1) ' o(r)dr
m! Jo G- 1),
forevery teR* and ie{l,2,..,n}.
It follows from (2) [2.13 (a)—(d)] and (25)—(28) by means of [1] 7.10 that
(30) o(t) = #(t,u""(0,)) forevery teR™.

Taking I = 0 in (17) we can write

(31) ’A

~ ) J‘ (t =)t #(r,x)de

" forevery xeE, teR* and ie{l,2,..,n}.

< M e

Now we obtain from (29)—(31) that
t
(32) —l—J‘ (t — )" 4, u"" (r) de
m! 0

forevery teR* and ie{l,2,..,n}.

< M e,

Since the Duhamel solution u examined above was arbitrary we obtain from (32)
that

(33) the assertion (c) holds.
Finally, by (2) and (8), we can apply 2.13 (a) and 2.14 (b) and we easily obtain that

{(34) the assertion (d) holds.
According to (16), (23), (33) and (34), the proof is complete.

2.17 Theorem. Let Ay, A,,...,A,eL™(E), ne{l1,2,...}, and me{0,1,...}. If
(«) the operators Ay, A,, ..., A, are closed,

(B) the set D, 1(Ay, Ay, ..., A,) is dense in D(4,) nD(4,) N ... nD(4,),
then the following two statements (a) and (b) are equivalent:

(a) the system of operators Ay, A,, ..., A, is subcorrect of class m and the set
D(4,) nD(4,;) n ... nD(A,) is dense in E,

(b) the system of operators Ay, A,, ..., A, is definite and there exists a function
W € R* x E > E such that the properties 2.13 (a)—(f) are fulfilled.

Proof. An immediate consequence of 2.13 and 2.16. .
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3. HADAMARDIAN CONCEPTS

In chapter two of book one of his treatise [2], J. HADAMARD introduced different
concepts of correctness for partial differential equations which are mostly very general
or too weak. An abstract variant of these concepts (but not so general) is defined and
studied in the remaining part of this paper.

3.1 Let Ay, 4y, ..., A, e L*(E), ne {1,2,...}. The system of operators A, 4,, ...
..., A, will be called exponentially Hadamardian if
(A) it is definite
(B) there exists a constant x such that for every x e D (A4, 4,, ..., A,) we can find
a Duhamel solution u for the operators 4,, 4,, ..., 4, for which 4"~ Y(0,) = x
-and the function e *4; u"~"(t) is bounded on R* for every ie{l,2,..., n}.

3.2 Let Ay, A, ..., A, e LY(E), ne {1, 2, ...}. In the sequel, we shall consider the
linear space D,(A4y, 4,,..., 4,) as a linear topological space determined by the
following system of seminorms:

ledx.az,...,ad = ”x“ + ”A“Aaz e A,dx“

for xeDj(A4y, Az ... 4,), de{l,2,...} and aja,...,05€{1,2,...n}.

3.3 Lemma. Let Ay, Ay, ..., A,€L¥(E), ne{1,2,...}. The linear topological
space D (A, A,, ..., A,) is convex and metrizable.

3.4 Lemma. Let Ay, A,, ..., A, € L*(E), ne {1, 2,...}. If the operators Ay, A,, ...
..., A, are closed then the linear topological space D (A, A,, ..., A,) is a Fréchet
space.

Proof. By 3.3 it is only necessary to prove the completeness of D, (4, 45, ..., 4,).
Hence, let x;, I e {1,2,...}, be an arbitrary Cauchy sequence in the linear topo-
logical space Do (A4, 4;, ..., A,).
This implies by 3.2 that
(1) x; 1€ {1,2,...} is a Cauchy sequence in E,
(2) for every de{1,2,...} and oy, ap,...,05€{1,2,...,n}, AyA,, ... Az, l€
€ {1,2,...}, is a Cauchy sequence in E.
It follows from (1) that there exists an x € E such that
(3) xi = x (I > ).
It is clear that it suffices to prove that
(4) xeDy(4,, A,, ..., A,) for every de{1,2,..},
(5) for every de{l1,2,...} and aj,a;,..,0,€{1,2,...,n}, A, A4, ... g% >
= Ay Ay, ... Ayx (1 & ).
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To prove this we proceed by induction on d.
First, it follows immediately from the closedness of operators Ay, 4,, ..., 4, that
(6) xeDy(Ay, A,, ..., Ay),
(7) for every ay € {1,2, ..., n}, Agx; = Az x (I = ).
Now we suppose that (4) and (5) are true for some fixed d € {1, 2, ...}. Using this
assumption and the closedness of operators A, 4,, ..., 4,, We obtain easily that
(8) x€Dy41(Ay, 4z, ..., 4,),
(9) for every ay, 0y, ..., Ogs gy AgAgy - Aggy X1 = AgAay - Augyy X (1= ).
This argument implies that the assertions (4) and (5) hold for every de {1, 2, ...}
and this completes the proof.

ad +1

3.5 Proposition. Let A,, A, ..., A,e L*(E), ne{l,2,...}. If the operators
Ay, Ay, ..., A, are closed, then the system of operators Ay, A,, ..., A, is exponentially
Hadamardian if and only if
(A) there exists a set Z < D(Ay, A,, ..., A,) dense in the linear topological space
D(Ay, A, ..., A,) such that for every x € Z we can find a Duhamel solution u
for the operators Ay, A,, ..., A, fulfilling u®~1(0,) = x,

(B) there exist two nonnegative constants N, x and a finite sequence qy, q, ..., 4, €
€{l,2,...,n}, re{1,2,...}, so that for every Duhamel solution u fulfilling
u®1(0,)eDofAy, Ay, ..., Ay), for every te R* and ie{l,2,..., n}

|45 w20 = NeTu204)] + [4edgs - Aq u=(04)[]-

Proof. “Only if” part.
Let us assume that the system A, 4,, ..., 4, is exponentially Hadamardian and
let us try to verify the properties 3.5 (A) and 3.5 (B).
The property 3.5 (A) being evident we should only prove 3.5 (B).
To this aim, let us introduce some notation.
First we choose a fixed constant » such that the condition 3.1 (B) holds.
We denote by Q the linear space of all functions f€ R* — E such that
(1) fis n-times differentiable on R™,
(2) f™ is continuous on R* and bounded on (0, 1),
(3) f(t) e D(A;) for every te R* and i€ {1, 2, ..., n},
(4) the functions 4; f*~? are continuous on R* and bounded on (0, 1) for every
ie{l,2,...,n},
(5) the functions e *A,; f”~(r) are bounded on R* for every ie{l,2,...,n}.
The space Q will be equipped with the following system of seminorms:

© 1o = sup e i)
") e = sup (L] + @] + .. + )] +

+ |4 + [4572@] + o+ |4 O} for T>0.
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Clearly
(8) Qs a linear topological space.
Moreover, it is almost evident that
(9) the linear topological space Q is convex and metrizable.
Now, utilizing the assumed closedness of the operators Ay, A4,, ..., A, we obtain
easily that
(10) the linear topological space Q is complete.

Hence, by (8)—(10), we can state that
(11) the space Q is a Fréchet space.

After these preparatory constructions, we can define, in virtue of the properties
3.1(A),(B), a linear transformation U e€D,(A4,;, 4,..., 4,) > Q in the following
way: °
(12) for x € D4(A,, A, ..., A,), we denote by Ux the unique Duhamel solution u

for the operators 4, A4,, ..., 4, fulfilling

u®0,) = x.

Using the assumed closedness of the operators A, 4,, ..., A, we deduce easily
from the properties defining the spaces D(4;, 4;, ..., 4,) and Q that
(13) the operator U is closed as a transformation of the linear topological space
D, (A, 43, ..., 4,) into the linear topological space Q.
Applying now the closed graph theorem 1.4 we get from 3.4 and from (11) and (13)
that
(14) the operator U is continuous as a transformation of the linear topological
space D(4;, 45, ..., 4,) into the linear topological space Q.
The required property (B) is an immediate consequence of (14).
The proof of the “only if” part is complete.
The “if” part.
Now we suppose that the conditions 3.5 (A), 3.5 (B) hold and we try to prove
3.1(A), (B).
Since the property 3.1 (A) is an immediate consequence of 3.5 (B), it remains in
fact to prove only 3.1 (B).
To this aim let us choose

(15) x €D (A, Az, ..., 4,).

Further, we choose fixed nonnegative constants N, x, a number re{1,2,...}
and a finite sequence ¢y, 45, .-+, 4, € {1, 2, ..., n} so that 3.5 (B) holds.
Now it is easy to conclude from 3.5(A), 3.5(B) that there exists a sequence
u,eR* - E, 1e{1,2,...} so that
(16) for every I€ {1, 2, ...}, the function u, is a Duhamel solution for the operators
Ay, Ay, . A,

250



(17) u" (0,) e D(Ay, Az,..., 4,) forevery 1e{l,2,...},
(18) u* D(0,) 5 x (I » ), '
(19) Ay Ay, - A (0,) 5 A4, ... Agx (1> )
for every de {1,2,...} and a;, a5, ..., a,e {1, 2, ..., n},
" (20) |4s 6 0) = Aiult=2()| =
< NeJus2(0,) = 80| + [Auds .- A8 00,) = w00 ))]]
forevery teR* and ie€{1,2,..,n}andl;,l,€{1,2,...}.
It follows from (20) that
Q) ) - ] S ANl 0.) — )] +
+ [ AgAg, - Ag (ufi ™ (04) — uf;7P(0,))|] forevery treR* andly,lye {1,2,...}.
Now using [1] 2.10, we obtain from (21) that
(22) [uiX(®) — wi(0)] <
< [nNe"' (n‘"— ST 1] [ufi~2(0.) — uft™(0,)] +

41792 * AQr(u("‘”(O'F) - u§:”’(0+))||]

forevery te R*, je{0,1,...,n} and I;, I, €{1,2,...}.
It follows from (18), (19) and (22) that there exists a function u € R* — E such that

(23) uft) - u(t) (1 > o) forevery teR™.

+ 4,4

Since the operators Ay, 45, ..., 4, are assumed to be closed, it is easy to obtain
from (18), (19), (22) and (23) by means of [1] 2.6 that u is a Duhamel solution for the
operators Ay, Aj, ..., A, such that u*~1(0,) = x and this was to prove.

The proof of “if”” part is complete.

3.6 Remark. The exponential Hadamardian property is related with the Hadamard
notion of “correctly set” problem (cf. [2], p. 4)’. Since it does not involve the class of
correctness, it is interesting to study its relations with the notion of correctness.

In the sequel, we prove that correctness always implies exponential Hadamardian
property, but as to the converse we are able to get it only under strong a priori restric-
tions on operators Ay, A,, ..., 4, as shown in the section 5.

It should be said that a more general property would be adequate to the (roughly
described) Hadamardian notion of correctly set problem, i.e. it would be necessary
to replace the property 3.1 (B) by
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(B') for every x €Dy(Ay, A2, .- A4,), there exists a Duhamel solution u for the
operators A;, Az, ..., A4, such that u®=10,) = x.
Such systems will be called Hadamardian.
It is easy to see that every exponentially Hadamardian system is also Hadamardian.

3.7 Theorem. Let Ay, Ay, ..., A, € L*(E), ne {1,2,...}. If
(o) the operators Ay, Aj, ..., A, are closed,
(B) the set D(4,) nD(A4,) N ... "D(A,) is dense in E,
(Y) the system of oper('z‘tors Ay, Ay, ..., A, is subcorrect,
then this system is also exponentially Hadamardian.

Proof. An immediate consequence of 2.9, 2.10, 2.12, 2.13 and 2.16.

3.8 Example. There exist a Banach space E and an operator A € L*(E) so that
(a) the operator A is closed,
(b) the system 8of operators 0, — A is subcorrect of class zero,
(c) the system of operators 0, A is definite,
(d) the system of operators 0, A is extensive,

(e) the system of operators 0, A is not exponentially Hadamardtan and con-
sequently also not subcorrect.

Proof. Let
(1)  E=Ly0,7)
and assume that the operator A is defined as follows:
(2) x eD(4) if and only if x € E, x(0,) = x(1-) = 0, x is differentiable on (0, =) and
there exists a y € E so that for every 0 < &; < &, < =, there is x'(&;) — x'(¢;) =
= [ y(n) dn; then Ax = y.

It is easy to prove by elementary means that the assertlon (a) holds.
Let us now denote

(3) e¢) = (2/n)"/2sin k& for every 0 < ¢ < mand ke {1,2,...},

4) Z ={oye, + aze; + ... + e; oy, 4y, ..., 4€C, ke{l,2,...}}.
It is easy to prove that

(5) exeD(A4) and Ae, = ke, for every ke {l,2,...},

(6) the sequence e, k € {1, 2, ...}, is orthonormal,

(7) the set Z is dense in E .

Now the assertion (b) can be dcrlved eas11y from (5)—(7) by means of Fourier
series developments.

The assertions (c) and (d) follow from (5)—(7) by means of 2.3 and 2.8 or simply
by direct verification.
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It remains to prove (e).
©

Since D,,(0, 4) = N D(A"), we prove easily that
r=1

(8) Z is a dense subset of the Fréchet space D (0, 4).
Further, let us denote
(9) u,(t) = sinh kt ¢, for every te R* and ke {1,2,...}.
It is obvious that
(10) for every k€ {1, 2, ...}, the function u, is a Duhamel solution for the operators
0, A such that u{" V(0,) = ¢,

We see from (4) and (8)—(10) that the condition 3.5 (A) is fulfilled. But it is an
easy matter to show by means of the sequence u,, k € {1, 2, ...}, that 3.5 (B) cannot
be fulfilled due to the exponential growth of hyperbolic sinus.

Hence the system 0, A cannot be exponentially Hadamardian and, by 3.8, not even
subcorrect.

But this says that (e) holds.

The proof is complete.

3.9 Remark. The above example 3.8 is a somewhat elaborated version of the
famous example of a non-correctly set problem, given for the first time by Hadamard
in 1917 (cf. [2], pp. 33 and 37). '

4. SOME AUXILIARY RESULTS

This section collects some mostly known results on polynomials, on solutions of
ordinary differential equations with constant coefficients and on normal operators
in Hilbert spaces which will be necessary in Section 5.

4.1 Let ay,a5,...,a,€C, ne{1,2,...}, and ¢ €e R* - C. The fuuction ¢ will
be called a standard solution for the numbers a,, a,, ..., a, if

(1) the function ¢ is n-times differentiable on R*,

(2) the function ¢ is continuous on R* and bounded on (0, 1),
(3) ¢™(t) + a; @™~ 1(t) + ... + a, ¢(t) = 0 for every te R*,
4) 9(0+) = ¢'(04) =... = 0" 2(0,) = 0, "~ V(0,) = 1.

4.2 Lemma. For every ay, a,,...,a,€C, ne {1, 2, }, there exists a unique
standard solution ¢ for the numbers a,, a,, ..., a,.

Proof. Well-known result which is also an immediate consequence of 2.2 and 2.5.

4.3 Lemma. Let ay, a,,...,4,€C, zy,2,,...,2,€C, ne{l,2,...}, o a real
constant and g e R* - C. If

253



(@) 2"+ a2 ' + ...+ a,=(z—2)(z — 23)...(z — z,) for every z€C,
(B) Rez; £ w forevery ie{l,2,...,n},

(Y) the function ¢ is a standard solution for the numbers a,, a,, ..., a,,
then

() |<p(t)| < 371 + t)" e for every te R*,

(b)

J( — 1)t o(r)de| < 3(1 + 1)" e for every teR* and i€

(i - 1)'

e{l,2,...,n}.

Proof. We proceed by induction on n.

The case n = 1 is verified by a simple calculation.

Now let us assume the estimates (a), (b) take place for n — 1, n > 1 and try to
prove them for n.

To this aim, we need some preparatory considerations.

By Fundamental Theorem of Algebra, we can find numbers « € C and by, b,, ...
... b,_, so that

(1) "+a" '+ +a,=(z—0) (2" + b2 4+ byy)
for every zeC.
For the sake of simplicity we shall write
(2 bo=1.
It is easy to see from (1) and (2) that

(3) a; = bl - ab09 a, = b2 - abl’ ce Qpoq = bn—l - “bn-—z, a, = '—abn—l .
Let now
4 ¥ be a standard solution for the numbers by, by, ..., b,y .

It is an easy matter to prove using (1) and (4) that
t
(5) o(t) = J‘ e~ yY(r)dr forevery teR™.
]
Using (5), we obtain easily the following identities:
. t ' t T
(6) lj (t — 7P o(r)dr =J‘ AR lf (v — 6)?Y(o)do dr
p' 0 0 P' 0
for every teR* and k)e {0,1,...},

P t t
@) o '[ o(t)dr = j. (e**~? — 1) Y(r)dr forevery teR™,
1] 0
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®) f (t — P+ o(c) de = f (o -l J (t = o) ¥(o) do d

forevery teR* and pe{0,1,...}.

(P + 1)’

On the other hand, we have by induction hypothesis that

) |¢(t)| <371+t e forevery teR*,

(10) T I (t — 1)/t (1) de

forevery teR* and je{l,2,..,n—1}.

<31+ z)" Le

The desired estimates are now simple consequences of (2), (3) and (5)—(10).

4.4 Lemma. Let ay, a,,...,a,€C, ne{l,2,...}, and ¢ € R* - C. If the
function ¢ is a standard solution for the numbers a,, a,, ..., a,, then
(@) |eP(1)| s et rmexdallazllab) for every te R* and je{0,1,...,n — 1},
(®) |e™(t)| < |a,| et FmexUerllezlslanb)t for every te R*.

Proof. Using the properties 4.1 (1)—(4) we obtain easily the following two iden-
tities:

1) ¢ V() =1 - a, j " (x) dt — aj J' "

0, 0

t
e-B(r)dr — ... — a,,f o(7) dz,
]

t

@ ") = —a,—a, j

o

t t
¢™(7)dt — aZJ- e N(r)dr — ... — a,,.[ ¢'(r)dr
0 0
for every teR*.

The identities (1) and (2) give the estimates

(3) |0 ()| = 1 + max(|as], az].... |as]) j;(|¢(f)| +10@)] + ... + 0" V) dr,

4 l(p(’"(t)l < |ay| + max (‘a,|,|a2|,..., |a,,|) J:(lqo'(t)| + + ...+ l(p("’(t)l) dz

forevery teR™*.
Using the inequalities (3) and (4) we see easily that

() lo@)] + ['@)] + .. + " 2(1)] + |0 (1) =
j ;q»”(r) ds f ;«a("-“(r) de| + o 1(0)| s

t
¢'(r)dr| + + ...+
0
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< j:|<p'(t)| + J‘(:|(p”(r)| dt + ... + J:I(p‘"“z’(r)l dr + J-(:|(p("‘”(r)| dr +
+ 1 + max (|a,}, |as), .., ]a,,l)J:(hp(‘r)l +|o'@)] + ... + e V() dr £
S 1+ [1+ max(|ay), |as, ..., |a,))] J:(|<p(1:)i + o)) + . + o 2(r)] +

+ |go('"“(t)|) dz,

(6) lo'@)] + [@"()] + ... + |e™P(0)] + |™(1)] =

J (:(p”(‘r) de f (:(p”'(r) dr J o) de

0

+ ...+

+ + |o"(n)] =

< J.‘lqo"(t)l dr + J"I(p"’(t)l dt + ... + jt|¢‘")(r)l dr +
+ Iall + max (|a1|, |az], ..., Ia,,') J:(W'(ﬂl + l(p”(r)| + ...+ I(p(’"(t)|) dr <

t
< |ay| + [1 + max (|ay], |a), ..., |a,,|)]j (l'(®)] + |e"@)| + ... + |0™ V()| +
o
+ |¢™(x)|dr for every teR™.

The inequalities (a), (b) follow immediately from (5), (6) by means of 1.2.

4.5 Lemma. Let ay, a,,...,a,€C, ne{1,2,...},zeCand e R* > C. If
(@) 2"+ a,2" ' + ... + a, =0,

(B) the function ¢ is a standard solution for the numbers a,, a,, ..., a,,
then for every te R*

e = [o" V(1) + a; 0" P(t) + ... + a,_1 9(1)] +
+ z[e®" P(t) + ay ") + ...+ a0()] + ...+
+ 2" 2[@'(1) + a; o(1)] + 2" (7).

Proof. Let us denote the right hand side of the identity to be proved by l,b(t).
Now we have

(1) (1) — zy(t) = [e™(t) + a, 0" Vt) + ... + a,_ @' (1)] —
—z[e" V() + a; 0" V() + ... + a,-1 @(1)] +
+2[o"" (1) + a, 0" (1) + ... + 4,2 0(1)] -
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= 2" (1) + a; @ V(1) + ... + a3 0(t)]] + ... +
+ 2" [@"(1) + a; ¢'(1)] — 2" '[@'(1) + a, 0(1)] +

+ 2" 1 Q'(t) — 2" (1) =

= [o"(1) + a; V(1) + ... + a,-, ¢'(1)] -
—[z"+az"" '+ ...+ a, ,z] o(t) forevery teR™.

Since by assumptions () and (B)
") + a; 0" V() + ... + a,-, 9'(t) = —a, 0(1),
"+az"'+...+a,_,z+a,=0
we see immediately from (1) that
(2 Y'(1) — zy(t) =0 forevery teR™.
On the other hand, it is easily verified that
() 4o, = 1.

Now we prove without difficulty from (2) and (3) that for t e R*

et — (1) — zJ“(e" - Y(1))dr =0

and consequently
t

4 et — y(1)| < ]z|J le=* — y(7)| dr for every teR™.
V]

Now it suffices to apply 1.2 and it follows from (4) that ¢* — yY(t) = 0 for every
te R* which was to prove.

4.6 Lemma. Let a, a,,...,a, by, by, ....,b,eC and @,y eR* - C. If ¢ is
a standard solution for the numbers a,, a,, ..., a, and Y for the numbers by, b,, ...
..., by, then, writing -

K = max (|ay, |as), ..., |a.),
L = max (|by|, |bs], ..., |b]) »
6 =max (Ja, — by, |a; — by, ..., |a, = b,|),
we have for every te R* and je{0,1,...,n}
[0) ~ Y| < (K + 1) e+ x210r.

257



Proof. By [1] 2.10 we can write for every te R*

1 o™(¢) +.a, J:(p("’(t) dt + ... + P T J:(t -1 1 o"(1)dt = —a,,

(2 v+ bl'r'/’(")(") dt + ... + f"l)! Jﬂ (t— o ' yYy"()de = —b,.

It follows from (1) and (2) that for every te R*
(3) o"(t) — ¥ (1) = —(ar = by) —

- I:(a1 - bl)J:(p("’(r) dt + ... + %—EIL)"! .r(t — 1)1 o™(1) dr] -
- [ oo —voar e v Lo [ o 00 - e o]

Moreover, we have by 4.4 (b) for every te R*

(4) lq,(u)(t)' < Ke1+50t
It follows from (3) and (4) that for every te R*
®) [0™() — ¥ =
<6+ ,5“:'(/)(")(1)' de + ... + 1 ~ ) J. (t =" o™(3)| dr]
[ [leo) -veele + v j (6= o) w0 ae | =
=0 ‘5[‘:2?:&"”‘"’(’)! Hot ,'.—!;2*:5 ool +

L[ f (:|(p‘")(1:) — ()| dr .. I lo®™() — Y| dt] <

1)'

< & + de' max (|o™(q)|) + Le‘f le™(z) — ¥™(z)| dr <
O<t<t 0
t
< 6 + de'Kel! TR 4 Le‘J‘ le™(z) = ¥™(7)| dr <
0

.
< 6K + 1) e?0r 4 Lot j lo®(z) — ¥ de.
V]

Applying now 1.2 to the inequality (5) we obtain immediately for every t € R*
(6) |(P(")(t) — lp(n)(t)| < 6(K + 1) e(z +K+Let)t .
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Now the desired inequality follows easily from (6).
4.7 The system of all Borel subsets of C is denoted by %(C).

4.8 Lemma. Let a,a,,...,a,eC > C, ne{l,2,...}, and meR* x C - C. If
(«) the functions ay, a,, ..., a, are Borel measurable,
(B) for every se C, the function m(-,s) is a standard solution for the numbers

ay(s), ax(s), ..., a,(s),
then for every te R* and je{0,1,...,n}, the functions m{(t, -) are Borel
measurable.

Proof. It follows from () that there exist a sequence X;, k € {1, 2, ...}, of Borel
subsets and a sequence K;, k€ {1, 2, ...}, of nonnegative constants such that

(1) UXk = C )
k=1
(2 |afs)| < K, forevery seX, and ie{l,2,..,n}.

Let us now fix te R* and ¢ > 0.
We take for ke {1,2,...}

(3) EX :

= (Kk + l) e(3+Kk+Kke‘)t :
By (), there exists for every k e {1, 2, ...} a subset 4, = %(C) such that
(4) . U4, = X,
(%) forevery ie{l,2,..,n}, Xed, and s(,5,€X,

we have |as;) — as;)| < 6.

Now we use 4.6 with § = §,, K = L = K, for every ke {1,2,...} and we obtain
from (B), (2), (3) and (5) that
(6) for every je{0,1,...,n}, X € 4, and s,, s, € X, we have

Imﬁj’(t, s;) — m(t, s:)l =< {Sk(Kk + 1) BHKtKiet ¢
Let us now denote 4 = | 4,.
k=1

Then by (1), (4) and (6)
(7) Ud ==C,
(8) forevery je{0,1,..,n}, Xed and s,s,€X, wehave

|mP(t, 5,) — mP(t,s,)| < e.
Since te R* and & > 0 have been arbitrary, the assertion of our lemma follows

immediately from (7) and (8).
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4.9 A Banach space E will be called Hilbert space if Hx + y“2 + ux - y“2 =
= 2(|x|* + |¥|*)forevery x, y € E. In a Hilbert space E we introduce the so-called
scalar product {x, y) for every x, y € E in the following way: (x, y) = i[“x + y|* -
— |x = ¥|?] in the real case, <x, y> = }[||x + ¥|* = |x — ¥||* + i||x + iy
-ifx - iy[| %] in the complex case. This scalar product has the usual well-known
properties. The notion of the adjoint operator A* to an operator 4 € L*(E) is intro-
duced in the usual way.

2—

4.10. In the sequel we always suppose that E is a complex Hilbert space.

4.11. An operator ‘A e L*(E) is called normal if A4* = A*A.

4.12. ‘Let & € #(C) — L(E). The function & is called a spectral measure if £(C) = I,
&(X) is an orthogonal (symmetric) projector for every X e #(C), #X U Y) =
=&(X) + 6(Y) — &(X n'Y) for every X, Ye #(C) and &(X,)x — 0 for every

k= o

x€ E and every nondecreasing sequence X, € #(C), ke {l,2,...}, such that

BXI: = 0.
k=1

4.13. Lemma. For every spectral measure & in E, an integral calculus can be
developed (see [4, Chap. VII] and [5, Chap. XVIII]). The elementary rules of this
calculus will be frequently applied in Section 5 and we refer to them by quoting
this point.

The following facts are particularly important
(a) ||¢s'() x||2 is a nonnegative measure on %(C) for every x € E,

(b) if f is a Borel measurable function from C — C, then for some xeE and
X e #(C):

J‘xf(s) é(ds) x exists if and only if J;'f(s)lz ”ﬁ(ds) x“2 and

= [ o el

Lf(s) 8(ds)x

4.14. Lemma. Let A € L*(E). If the operator A is normal, then there is a unique
spectral measure & such that

(I) x e D(A) if and only if [cs&(ds)x exists,
(1) Ax = [¢ s &(ds) x for every x € D(A).

Proof. See [4, Chap. VIII].

4.15. Let Ay, Ay, ..., Aye L¥(E), ne {1,2, ...}, be normal operators. This system
. is called abelian if the corresponding spectral measures &, &5, ..., &, (cf. 4.14)
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are commutative, i.e. &(X;)E(X,) = E(X;) &(X,) for every X, X,e %(C),
i,je{l,2,...,n}.

4.16. Lemma. Let A, A,, ..., A, L*(E),ne {1,2,...}. If the operators A, A,, ...
..., A, are normal and this system is abelian, then there exists a spectral measure
& € B(C) » L(E) and Borel measurable functions a,, a,,...,a,e C - C so that
for every ie{1,2,..., n}

(I) x e D(4,) if and only if [c ays) &(ds) x exists,
(I1) Ay(x) = [c afs) &(ds) x for every x e D(4;).

Proof. See [4, Chap. X, especially § 3].

5. ABELIAN SYSTEMS OF NORMAL OPERATORS IN HILBERT SPACES

In this section, we shall study linear differential equations in a Hilbert space over C
whose coefficients form an abelian system of normal operators. In particular, we
show that in this class of operators, the exponentially Hadamardian systems are
correct.

5.1 Theorem. Let A, A,, ..., A, e LY(E), ne{1,2,...}. If
(o) E is a Hilbert space over C,
(B) the operators Ay, A,, ..., A, are normal,
(Y) the system of operators, Ay, A,, ..., A, is abelian,
then the system of operators A,, A,, ..., A, is definite.

Proof. Let us choose by 4.16 Borel measurable functions a,, a,, ..., a, and
a spectral measure & so that 4.16 (I), (II) hold.
Let us now define for ke {1,2, ...}

(1) S ={s: |a,~(s)| < k forevery ie{l,2,...,n}}.

It is clear that the sets S, are Borel measurable for every k € {1, 2, } and hence
we can take

) P, = &(Sy) for ke{l,2,..}.

It follows from 4.13 that the assumptions of 2.3 are fulfilled and hence the statement
is true.

5.2 Theorem. Let Ay, A, ..., A,€ L*(E), ne{l1,2,...}. If the assumptions
5.1 (x)—(v) are fulfilled, then the system of operators Ay, A,, ..., A, is extensive.

Proof. Let us choose by 4.16 Borel measurable functions a,, a,, ..., a, and
a spectral measure & so that 4.16 (1), (IT) hold.
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Let us now define
1) & =.{S : S e %(C), the functions 4, a,, ..., a, are bounded on S} .

Now we take
) P ={S):5¢ #}.

It follows from 4.13 that the assumptions of 2.8 are fulfilled and consequently the
statement is true. :

5.3 Remark. We see immediately that the preceding Theorem 5.2 gives more,
namely, under the assumptions of 5.2, the Duhamel solutions exist in fact for initial
data from a dense subset of E.

5.4 Theorem. Let Ay, A, ..., A, e L¥(E), ne{1,2,..}. If
(o) E is a Hilbert space over C,
(B) the operators Ay, A,, ..., A, are normal,
(Y) the system of operators A,, A,, ..., A, is abelian,
(8) the system of operators A,, A,, ..., A, is exponentially Hadamardian,
then this system is correct (of class n — 1).

Proof. It follows frorﬂ 5.1 that

(1) the system of operators A,, A,, ..., 4, is definite.
Further, by 5.2

(2) the system of operators Ay, 4,, ..., 4, is extensive.
With regard to (2), it suffices to prove that

(3) the condition 2.9 (B) is satisfied.

To prove (3), we need a series of preparatory considerations.

First, using 4.16, we obtain from (o) — () that there exist functions a,, @,, ..., a, €
€ C — C and a function & € #(C) — L(E) so that

(4) the functions ay, a,, ..., a, are Borel measurable,
(5) the function & is a spectral measure,

(6) forevery ie{l,2,...,n}, xeD(4,) if and only ifj as) &(ds) x exists,

C

(N Ax= J. afs) &(ds)x forevery ie{l,2,..,n} and xeD(4,).
c

By 4.13, we obtain from (4)—(7) that
(8) 8(X)A; < A; 8(X) forevery ie{l,2,...,n} and Xe%(C).
Let us now denote

) & ={X:Xe®(C), thefunctions a,,4a,,...,a, arebounded on X}.
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By 4.13, we obtain from (4)—(7) and (9) that

(10) é(X)xeD,(A4,y, 43, ..., A,) forevery xeE and Xe ¥,

1/2
1) [Auds, . Ar, 6(X) 5] = [ j l0,,(5) 8.5)-... 2 (9 €(ds) x||2]
X
forevery xeE, Xe &%, de{l,2,..} and a;,0,,...,0.6{1,2,...,n},

(12) there exists a sequence X, € &, v = {1, 2, ...} such that X, < X,+, for every
ve{l,2,...} and U{X,:ve{l,2,..}} = C

On the other hand, by 4.2 there exists a unique function me R* x C — Csuch that

(13) for every se C, the function m(+,s) is a standard solution for the numbers

ay(s), ay(s), ..., a,(s).

Using 4.8, we obtain from (4) and (13) that
(14) the functions mj(t, -) are Borel measurable for every te R* and je
€{0,1,...,n}.
Further, using 4.4 we obtain from (9) and (13) that
(15) for every X e &, there exists a constant K so that for every t e R*,seX and
je{0,1,...,n}
|m(t, 5)| < Ke*'.
By 4.13, we obtain from (13)—(15) that

(16) for every x € E and X € &, the function [x m(+, s) &(ds) x is a Duhamel solution
for the operators A4,, 4,, ..., 4, such that

( f e, ) 8(e) x) > 8(X) x,

j
(17) dit’f m(t, s) &(ds) x = j‘ m{)(t, s) &(ds) x for every
X

X
teR*, xeE, Xe& and je{0,1,...,n},
1

(n = 1) J:(t ) i A,:;__ii(L m(z, 5) 6(ds) x) dr =

= J;a,-(s) G _1 0 J‘ot(t — 1) m(z, s)dt &(ds) x forevery

teR*, xeE, Xe¥ and ie{l,2,..,n},

- [ oo o]

forevery teR*, xeE, Xe¥ and je{0,1,...,n}

(18)

(19)

f m(1, 5) &(ds) x

b

263



(20)

jmo( UJ(—ﬂ”mu»mawx

- [] o s [ - e e ]

forevery teR*, xeE, Xe ¥ and ie{l,2,...,n}.

Our next purpose is to establish some estimates of growth of the function m.
It follows from Theorem 3.5 that we can fix two nonnegative constants N, x,
a number r € {1, 2, } and a finite sequence q,, ¢,, ..., g, so that

(21) for every Duhamel solution u for the operators A,, 4,, ..., 4, such that
" (0,) e Dy(4;, A;, ..., 4,), for every te R* and every ie{l,2,...,n}

|4 2(1)]| < Ne[|u™2(0.)| + [|4gAq, --- Ag u®~ (04[] -
Since for every te R*
u™(1) = —[A; u"" V() + A, u" P (1) + ... + A, u(D)],
for every te R* and ke {0,1,...,n — 1}

u®(t) = (—————n - 11 ey J:(t — )"k uM(r) dr +

and for every te R*, 6 > 0and 1€{0, 1, ...}

tnlk

(1Rt

(n 1)( +)

1
¢l
n-é

~ we deduce from (21) after a simple calculation that
(22) for every Duhamel solution u for the operators A, A4,,..., 4, such that

u®=1(0,) € Dy(Ay, 43, ..., 4,), for every teR*, je{0,1,...,n} and 6 >0
[« = ](nN + 8) T u™1(0,)| + |Ag,Ag, --- Ag u™P(0,)]] -
It follows from (1), (10), (16), (17) and (22) that

(23) J; m?(t, 5) &(ds) x

S S5 + ) [60) ] + [y 44,800 ]

forevery teR*, xeE, Xe¥ and je{0,1,...,n}.

Now (11), (19) and (23) give, with regard to the inequality (a'/? + b'/?)? <
<2a+b)yforaz0,b20
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@) [ Im6 9 5@ 51" 8 Gy o + o7 e ]([ Jotw )" +
([ Joat 2 - a0 o9 #12) " | s
2

= 5207 (nN + 6)? eZina):I 1+ |aq.(s) aqz(s) aq'(s)lz) "é’(ds) x"z <
X

2
= can—J) n 2 e? q1 q2 R T
< F (nN + 6)e ("“"f (L + [ag,(s) ag(s) - - a,,(s)])? [|6(ds) x||*
X

forevery teR*, xeE, Xe% and je{0,1,...,n}.

Let us now define for 6 > 0,te R* and je {0, 1, ..., n}
(25) Nj,j= {s :seC, |mit,s)| >

> 320 4+ 0)6 0+ fa, () 4,0 - 4,0}

It is clear from (14) and (25) that

(26) the set N, ; is Borel measurable for every 6 > 0, te R*-and je {0, 1, ..., n}.
Let us now put for 6 > 0

(27) N; = U{N,,;:teR*, trational, je{0,1,...,n}}.

We see from (26) and (27) that

(28) the set N is Borel measurable for every 6 > 0.
It follows from (13) (the continuity of m{(-, s) follows by 4.1), (25) and (27) that

(29) C\N,; = {s :|m(1, 5)| <

= 6?"/%") (nN + 8) €**D(1 + |a,(s) ay(s) ... a,(s)])

forevery teR* and je{0,1,..., n}} forevery 6 > 0.
Now we need to prove that
(30) &(N;) =0 forevery 6>0.

It is seen from (12) that it is sufficient for the validity of (30) to prove that
&(N;) &(X)x = 0 for every 6 > 0, xe E and X € &, i.e. that

(31) E(N;snX)x=0 forevery 6>0, xeE and Xe .
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On the contrary, suppose that (31) is not true. Then there exist § > 0, x € E and
X e & so that &N; N X) x + 0. Consequently, by (27) we can find te R* and
je{0,1,...,n} so that

J(No,u NX)x#+0.
Hence by (25)

L ImPte 9 (e x| >

> 2 (N + 0 emwf (1 + Jag,(5) a,(5) .- 2 (S))? |8(ds) x|

Ns,e,ynX

Since N;,,,; N X € & by (9) and (26), the last inequality obviously contradicts (24)
and this proves (31).

The statements (29) and (30) represent the needed growth properties of the func-
tion m and will now be used to estimate the roots of the characteristic polynomial.

By Fundamental Theorem of Algebra, there exist functions z,, 2z,, ..., 2,€ C = C
such that

(32) "+ ays) " + ..+ afs) =
=(z — 2,(5)) (z — 25(s)) ... (z — z,(s)) forevery s,zeC.
Applying 4.5 to (32) we obtain easily
(33) | e = (1 + |z(s))" 1 (1 + |a(s)] + |ax(s)| + -
T+ |a.-(s)]) (|m(t, 5)| + |m'(t, 5)| + ... + |m{"= (e, 5)|)

forevery teR*, seC and ie{l,2,...,n}.

We get from (29) and (33)
(34 : e'“'""’ = e = (@ + [z&)) 1 (A + |ay(s)| +
+ Jax(s)] + oon + |ayos(s) \/2( A %) (nN + ).

- e®TAY + Iaqx(s) a,(s) - "qr(s)l) =

= gx+ ot [Jz( + % + . %) (nN +8) (1 + |zi(s)) .

(1 + Ia,(s)l + ‘Iaz(s)l + ...+ la,,(s)l) T+ [aq;(s) a,(s)... aqr(s)l)]
' forevery teR*, >0 and seC\N,.
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Since the member in the last brackets does not depend on t, it follows immediately
from (34) that

(35) Rez(s) <%+ 0 forevery 6 >0 and se C\N,.
Let us now put

(36) N=U{Ny,:ke{l,2,...}}.
It follows from (30) that

(37) &(N)=0.
On the other hand, by (35) and (36)

(38) Rez(s) < x forevery seC\N.

The last results (37) and (38) allow us to estimate the growth of a general Duhamel
solution which is our task from (3).
However, to this aim we need still an auxiliary result, namely

(39) for every Duhamel solution u for the operators
Ay, Ay ..., A,, every teR* and ie{l,2,...n}

f(t — Ot A u () dr

1)v

afs) —— j(—ﬂ”m«sa

“cf(ds)u"’ o, )”2]

5[ [ 07

To prove (39) let u be an arbitrary Duhamel solution for the operators
Ay, Ay, ..oy A,

By (12), we can choose a sequence X,. ve {1, 2,. } such that

(40) X, e & for every ve{l,2,...}, X, = X,,, for every ve{l,2,...} and
U{x,:ve{l,2,..}} =¢C, -

(41) &(X,)x - x (v—> ) forevery xekE.

By (16), (18), (20), (40) and (41), there exists a sequence u,, v € {1, 2, ...}, such that
(42) for every ve {1, 2, ...}, the function u, is a Duhamel solution for the operators
Ay, Ay, ..., A, such that

u‘v"")(0+) = &(X,)u""Y(0,).

J (t — =1 4 u(t) de

(43)

1)'
a(s) 1,«—ﬂ“m@»aumMWIWMP
=)

forevery teR*, ie{l,2,...,n} and ve{l,2,..}.
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On the other hand, we establish easily by means of (8) that
(44) for every ve{1,2,...}, the function &(X,)u is a Duhamel solution for the
operators Ay, 4,, ..., A, such that (&(X,) u)"~(0,) = &(X,) u"~Y(0,).

Now we get from (1), (42) and (44) that
(45) u, = &X,)u forevery ve{l,2,..}.

It follows from (43) and (45) that

(46)

f (t — =1 A, £(X,) 4" O(x) de

_ 1)1

as )

) U 1)'

forevery teR*, ie{l,2,...,n} and ve{l,2,..}.

j( — 1 m(z, )

"(ds) w10, )II’]

By (8)

. (47)

. j 1)’ Jﬂ(t - 1')"—1 Aig(Xv) u(n—i)(t) dt =

- g(xv)[ - j (t — <Pt A ut "(‘t)d‘r]

for every teR*, ie{l,2,...,n} and ve{l,2,...}.

Letting v — oo, we see easily from (40), (41), (46) and (47) that (39) is valid.
Using Lemma 4.3 we see from (13), (32), (38) and (39) that (48) for every Duhamel
solution u for the operators Ay, A4,, ..., A,, every te R* and i€ {1,2,...,n}

< 31 + o e u0,)] .

J.(t — 1) 4,u (1) de

(n - 1)

But (48) clearly yields (3) if we take M = 3", » = % + L.
The proof is complete.

5.5 Remark. The preceding theorem shows that the system of operators A,, A,, ...

., A, with the properties 5.4 (), (B), (v) is correct if and only if it is exponentially
Hadamardmn

Moreover, in the course of the proof, we have shown that the system of operators
Ay, Ay, ..., A, with the properties 5.4 (o), (B), (Y) is correct if and only if it is cor-
rect of class n — 1.

For Hadamardian systems, Theorem 5.4 does not hold and certain additional
restrictive assumptions on the operators A,, 4,, ..., 4, must be introduced.
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One of such conditions is known from Garding’s theory of hyperbolic equations
and says, roughly speaking, that the operators A;, 4,, ..., 4, are polynomials of
certain n fixed operators.

We intend to return to these problems in another paper.
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