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ON NATURALITY OF THE HELMHOLTZ OPERATOR

W. M. MIKULSKI

ABSTRACT. We deduce that all natural operators of the type of the Helmholtz map
from the variational calculus in fibered manifolds are the constant multiples of the
Helmholtz operator.

0 INTRODUCTION

Given two fibered manifolds Z; — M and Z, — M over the same base M, we
denote by C33(Z1, Z2) the space of all base preserving fibered manifold morphisms
of Z; into Zs. In [2], Kolaf and Vitolo studied the s-th order Helmholtz map of the
variational calculus on a fibered manifold p : Y — M, dim M = m, as a morphism
operator

m m

H:CP(JY, VY @ \T*M) - CRy (J*Y, V*I'Y @ V'Y @ NT*M).

They also deduced that for s = 1,2 all F.M,, ,-natural operators of this type
(in the sense of [1]) are of the form cH, ¢ € R. In the present paper we deduce
that the same result holds for arbitrary s. In other words we prove the following
theorem.

Theorem 1. Let m, n, s be natural numbers with n > 2. Then any m2%-local and
F M, n-natural (regular) operator

m m

D:CE(IY, VY @ NT*M) — C3ty (J*Y,VIY @ V'Y @ [\ T*M)

is of the form D = cH, ¢ € R, where 72° : J*Y — J*Y is the jet projection.

From now on R™" is the trivial bundle R™ x R®* — R™ and z!,...,z™,

yl,...,y" are the usual coordinates on R"™".
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1 PROOF OF THEOREM 1

Let D be an operator in question.

Since an F M, ,-map (z,y—o(z)) sends j&*(c) into © = j2*(0) € J3*(R™, R")
= JZ(R™"), J2$(R™") is the F M, n-orbit of ©. Then D is uniquely determined
by the evaluations

(D(E)o,w®uv) € 7\T§Rm

for all E € C&m.m (J‘S‘(Rm’”)7 V*R™™ @ \™ T*Rm), w € Vyzo(e)J*(R™™) and
v E T()Rn = ‘/’(O,O)Rm,n'

Using the invariance of D with respect to F M, ,-morphisms of the form idrm= x
1 for linear ¢ (since n > 2) we get that D is uniquely determined by the evaluations

d , . B m
<D(E)@, o (G @),0,...,0) © a_y20> e NT;R™

for all E € Co (J*(R™™), V*R™" @ A™ T*R™) and all f: R™ — R.

Using the invariance of D with respect to FM,, ,-maps (z!,... 2™ y! +
f@)yt,v?,...,y") preserving © we get that D is uniquely determined by the
evaluations

d 0 A
D(E)o, = (tj3(1,0,...,0 —> TsR™
(D(Bo, 3 (i Negs )N
for all E € CZ,., (J*(R™7), V¥R™" @ \™ T*R™).
Let E € C&m.. (J*(R™"),V*R™" @ A" T*R™). Using the invariance of D

with respect to F My, p-maps ¢ = (z!,..., 2™, Ly, ..., Ly") for 79 # 0 we get
the homogeneity condition

(D((¥r)E)e, %O(tﬁ(l,o, L0 & a%o>

d 0
1.2 .S
- D(E)o, % (tj3(1,0,...,0 —>
T < (E)e dto(jO( ))®8y20
for 7 = (r1,...,7"). By Corollary 19.8 in [1] of the non-linear Peetre theorem

we can assume that F is a polynomial (with arbitrary degree). It is easily seen
that coordinates of polynomial (i;).F are the multiplication by monomials in
7 of respective coordinates of polynomial E. The regularity of D implies that
<D(E)@, %O(tjg(l, 0,..., O)) ® 3%/20> is smooth with respect to the coordinates of
E. Then by the homogeneous function theorem (and the above type of homogene-
ity) we deduce that <D(E)@, %O(tjg(l, 0,..., O)) ® 6%20> depends linearly on the
coordinates of E on all 2%yldy? ® dz* and z°y%dy' ® dz*, it depends bilinearly
on the coordinates of E on all z°dy' @ dz* and z°dy? ® dz*, and it is independent
of the other coordinates of E, where (z°,y) is the induced coordinate system on
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J5(R™") and da* = dz* A--- Adax™. (Here and from now on «, p and 3 are
arbitrary m-tuples with |a| < s).

In other words (and more precisely) <D(E)@, %O(tjgu,o,...,o)) ® 2 > is
determined by the values

< (2Py2dy* ®dm“)@,jt (tj3(1,o,...,o))®aiy20 ;
a6 doe. L (s )
< (zPyldy? ® dx )@,dt (tjo(l,O,...,O))®a—y20 ,
< (zPdy @ da* + 2P dy* @ dzt)e d (tj5(1,0,. O))®i >
"dto ’ 9y?,

Moreover

d 0
D(E)o, L (1j5(1,0,...,0)) ® — >
(DB)e, 3 (15301,0,...0) @ 5o
is linear in F for E from the vector subspace (over R) spaned by all 27y} dy? @ dz*
and z°y2dy' @ dz*,

d
< (dy ®da* + E)o, —

. d
o (tj§(1,0,...,0)) ® = >

ayo

(1) :<D(E)@, %O(tjgu,o,...,o)) ® 8%20>

for E from the vector subspace (over R) spaned by all 2%y} dy?®@dz* and 27y dy'®
dz*, and

d ) 0
(D(azdy' @ da’ + b dy? @ da*)o, T (t53(1,0,...,0)) @ 5

d ,
(2) :ab<D(ac'”dy1 @ dzt + 2P dy? @ dat)e, Eo(tjg(l, 0,...,0) ®

for all real numbers a and b.
Then by the invariance of D with respect to (rlzt, ..., 7m2™ y!,... y") for
Tt £ 0 we get

d
<D( 20yl @ dat)e, —

2o (1,0, 0) @

d .S
(3) :< (2Pyldy® @ dat)e, — o (tj5(1,0,...,0)) ®
if only 8 # «, and

d
<D(x”dy ® det + 2Pdy? @ dr'e, —

0
55(1,0,...,0)) ® = )Y =0
= (1 e 5 )
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for all p and .

Suppose o = (ayq, ..., qy) be an m-tuple with || < s and «; # 0 for some i.
Then using the invariance of D with respect to locally defined FM,, ,-map ¢ =
(... 2™yt y? + 2iy? . y") 7! preserving xt, ... 2™yl O, j5(1,0,...,0)
and 311/20 and sending y?2 into y2 + z'y2 +y2_,, (as y2 o JSY ()5, 0) = Oalo? +
2'0”)(w0) = 0a0?(20) + 2400 (20) + da—1,0%(x0) = (Y2 + 2’y + ya_1,)(J5,0)
for ji o € J'R™", where da is the iterated partial derivative with erspect to the
index o multiplied by %) from

d
a— M ;S _ =
<D(a: yady ® dx )e’dt (tjo(l,O,...,O)) ® 8y20> 0
(see (3)) we deduce that
d 0
wy . L (pas i
< (x® yady ® dz*)e dto(tjo(l,O,...,O)) ® 8y20>

d . . 0
:7<D(;Z;a Ayt @ dit)e, < (£3(1,0,...,0)) @ >

dto

Then for any m-tuple « with |a| < s we have

(15500, 0) @ 5 )

d
<D(x yady ® dz')e, — 97
0

dto

a d is 9

By the same arguments (since v sends dys into dy? + x'dy?) from

(153'3"(1,0,...,0))®i2 >:0

d
D a—1; 1d2 dxt el
< (z yay®l')e,dt0 e

we obtain

d
o
< (x® yady ® dx )@,dt

if a # (0).

Using the invariance of D with respect to (locally defined) FM,, ,-map

(', o™yt +yty? . y") T preserving ©, j§(1,0,...,0) and 3%20 from

d P
< (dy' @ dot)e, = (tjo(l,(),...,()))®—0>=0

(see (2)) and (1) we deduce that

d . . 5
<D(l/(o)dy ®di')e, (tjo(l,(),...,()))®8_y20
)

d , .
= ~(Dlylydy* @ d*)o, 2 (L3(1.0,....0) ®

dto
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Then D is uniquely determined by

d , N e
<D(y(20)dy1 @ dat)o, T (t5(1,0.....0)) >e ATGR™ =R.

® _
Y2,

Then the vector space of all D in question is of dimension less or equal to 1. That

is why D = cH for some ¢ € R. O
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