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SECOND ORDER CONNECTIONS

ON SOME FUNCTIONAL BUNDLES

Antonella Cabras, Ivan Koĺař

We study the second order connections in the sense of C. Ehresmann.
On a fibered manifold Y , such a connection is a section from Y into the second non-
holonomic jet prolongation of Y . Our main aim is to extend the classical theory to
the functional bundle of all smooth maps between the fibers over the same base point
of two fibered manifolds over the same base. This requires several new geometric
results about the second order connections on Y , which are deduced in the first part
of the paper.

Having two fibered manifolds Y1 and Y2 over the same base M , we are interested
in the functional bundle F(Y1, Y2) of all C∞-maps from a fiber of Y1 into the fiber
of Y2 over the same base point. In [2] we started the study of those connections
on F(Y1, Y2) that represent a functional modification of a first order connection
Γ : Y → J1Y on an arbitrary fibered manifold Y →M . This was iniciated by the
idea of the Schrödinger connection on a double fibered manifold by Jadczyk and
Modugno, [9]. Later we studied the iterated absolute differentiation on F(Y1, Y2),
[3], [4]. On the one hand, the present paper was inspired by the fact that Ehres-
mann established a theory of higher order connections on a Lie groupoid, [7],
which is equivalent to the theory of higher order principal connections on a prin-
cipal bundle, [10]. In [11], the second author extended the Ehresmann’s theory
to the case of an arbitrary fibered manifold Y . On the other hand, we realized
already in [2] that the analogous concept of second order connection on F(Y1, Y2)
is useful for numerous geometric problems. That is why we develop a systematic
theory of second order connections on F(Y1, Y2) in the present paper.

For this purpose we need some new results on the second order connections on Y .
They are deduced in Section 1–3, so that these sections are of independent interest.
In Section 1 we deduce a useful identification ∆ = (∆1,∆2,Σ), where ∆ is a second
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order non-holonomic connection on Y , ∆1 and ∆2 are first order connections on

Y and Σ is a section of V Y ⊗
2⊗
T ∗M , V Y being the vertical tangent bundle of Y .

This is based on the idea of the product ∆1 ∗∆2 by Virsik, [19], and on an original
algebraic operation on the second order non-holonomic jet bundles. In Section 2
we discuss the second order principal connections on principal bundles and the
induced connections on the associated bundles, which corresponds to the original
theory by Ehresmann, [7]. Section 3 is devoted to the absolute differentiation
with respect to second order connections on an arbitrary fibered manifold Y . In
particular, in Propositions 4 and 6 we prove two important formulae characterizing
the absolute differentiation in the above identification ∆ = (∆1,∆2,Σ).

The study of the functional case starts with Proposition 7, which describes
an element of the second non-holonomic prolongation J̃2F(Y1, Y2) in terms of its
associated map. Section 5 deals with the basic facts on second order connections
on F(Y1, Y2). The most interesting subclass is formed by those connections that
are of finite order in the operator sense. These connections can be determined
by means of a C∞-map on a suitable finite order jet space. In Example 1 we
show that a second order connection ∆ on Y1 and a second order connection Λ
on Y2 define a second order connection (∆,Λ) on the functional bundle F(Y1, Y2)
analogously to the first order case, [3]. In the last section we explain how the ideas
of Propositions 4 and 6 enable us to introduce the absolute differentiation with
respect to second order connections on F(Y1, Y2).

If we deal with two finite dimensional manifolds and a map between them, we
always assume they are of class C∞, i.e. smooth in the classical sense. On the
other hand, the idea of smoothness in the infinite dimension is taken from the
theory of smooth structures by Frölicher, [8]. Unless otherwise specified, we use
the terminology and notations from the book [15].

1. Second order connections on a fibered manifold

For a fibered manifold π : Y → M , we denote by β : J1Y → Y its first
jet prolongation. If xi, yp are some local fibered coordinates on Y , the induced
coordinates on J1Y are denoted by ypi . On the second non-holonomic prolongation
J̃2Y = J1(J1Y → M ) we have the additional coordinates yp0i, y

p
ij. Beside the

target jet projection β1 : J̃2Y → J1Y , we have another projection β2 := J1β :
J̃2Y → J1Y . In the case of the product fibered manifold M ×N →M , J̃2(M ×
N → M ) =: J̃2(M,N ) is the space of non-holonomic 2-jets of M into N . The
second semiholonomic prolongation of Y is defined by

J
2
Y = {X ∈ J̃2Y ; β1(X) = β2(X)} .

The coordinate characterization of J
2
Y is ypi = yp0i. The space J

2
(M,N ) of all

semiholonomic 2-jets of M into N is introduced as J
2
(M ×N →M ). The second

holonomic prolongation J 2Y is a subset of J
2
Y , which is characterized by ypij = ypji.

The following definition generalizes an idea by Ehresmann, [7].
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Definition 1. A second order non-holonomic connection on Y is a section ∆ :
Y → J̃2Y .

If the values of ∆ lie in J
2
Y or J2Y , we say ∆ is semiholonomic or holonomic,

respectively.
Using β1 and β2, we obtain two underlying first order connections ∆1 = β1 ◦∆ :

Y → J1Y and ∆2 = β2 ◦∆ : Y → J1Y .
The coordinate form of ∆ is

(1) ypi = F pi (x, y) , yp0i = Gpi (x, y) , ypij = Hp
ij(x, y) .

The first or the second expression is the coordinate form of ∆1 or ∆2, respectively.
For a first order connection Γ : Y → J1Y , we can construct the jet prolongation

J1Γ : J1Y → J̃2Y . If Γ : Y → J1Y is another first order connection, then
(J1Γ) ◦ Γ : Y → J̃2Y is a second order non-holonomic connection on Y .

Definition 2. The second order connection Γ∗Γ := (J1Γ)◦Γ : Y → J̃2Y is called
the product of Γ and Γ.

If the coordinate forms of Γ and Γ are

(2) Γ ≡ ypi = F pi (x, y) , Γ ≡ ypi = Gpi (x, y) ,

the coordinate expression of J1Γ is yp0i = ypi , ypij = ∂Fpi
∂xj + ∂Fpi

∂yq y
q
j and the coordinate

form of Γ ∗ Γ is

(3) ypi = F pi , yp0i = Gpi , ypij =
∂F pi
∂xj

+
∂F pi
∂yq

Gqj .

Clearly, Γ ∗ Γ is semiholonomic, if and only if Γ = Γ. A well known fact is that
Γ ∗ Γ is holonomic, if and only if Γ is curvature-free.
β : J1Y → Y is an affine bundle with derived vector bundle V Y ⊗ T∗M , [15].

So β1 : J̃2Y → J1Y is also an affine bundle, whose derived vector bundle is
V J1Y ⊗ T∗M . We recall a well known exact sequence of vector bundles over J1Y

(4) 0→ V Y ⊗J1Y T
∗M ↪→ V J1Y

V β→ β∗V Y → 0 ,

where β∗ indicates the pullback. Tensorizing with T∗M , we obtain another exact
sequence

(5) 0→ V Y ⊗J1Y

2⊗
T ∗M ↪→ V J1Y ⊗ T∗M → β∗V Y ⊗ T∗M → 0 .

Consider A ∈ (J̃2Y )y, B ∈ (V Y ⊗
2⊗
T ∗M )y, y ∈ Y . Write B(β1A) ∈ V Y ⊗J1Y

2⊗
T ∗M ⊂ V J1Y ⊗ T∗M for the pullback of B into the fiber over β1A ∈ J1Y .

Then we have defined

(6) A +B(β1A) =: A uB .
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In coordinates, if A = (xi, yp, api , a
p
0i, a

p
ij), B = (xi, yp, bpij), then B(β1A) =

(xi, yp, api , 0, b
p
ij) and

(7) Au B = (xi, yp, api , a
p
0i, a

p
ij + bpij) .

Conversely, if we have another A ∈ J̃2Y satisfying β1A = β1A, β2A = β2A, there

is a unique B ∈ V Y ⊗
2⊗
T ∗M such that A = Au B.

Definition 3. We write B = A−̇A and we say that B is the strong difference of
A and A.

For a second order connection ∆ : Y → J̃2Y , we have ∆1, ∆2 : Y → J1Y , so
that we can construct ∆1 ∗∆2 : Y → J̃2Y .

Proposition 1. Second order non-holonomic connections on Y are in bijection
with triples (Γ,Γ,Σ), where Γ,Γ : Y → J1Y are first order connections on Y and

Σ : Y → V Y ⊗
2⊗
T ∗M is a section.

Proof. We set Γ = ∆1, Γ = ∆2, Σ = ∆−̇∆1 ∗∆2. �
Remark 1. Such a result for principal connections was deduced by Virsik, [19].
We remark that an analogous formula for principal connections on the first prin-
cipal prolongation of a principal bundle was proved in [14].

2. Principal and associated connections

Consider a principal bundle P → M with structure group G. Let s be a local
section of P . The well known formula

(j1
xs(v))g = j1x(s(v)g) , g ∈ G ,

defines a right action of G on J1P . In the same way, the formula

(8) (j1xσ(v))g = j1x(σ(v)g) ,

where σ is a local section of J1P , defines a right action of G on J̃2P .

Definition 4. A principal second order connection on P is a G-invariant section
∆ : P → J̃2P .

One verifies easily that the product of two first order principal connections is a
second order principal connection.

In the first order case, it is well known that every principal connection Γ :
P → J1P induces a connection Γ[S] on the associated bundle P [S], where S
is any left G-space. We shall need the following form of this construction. Let
q : P × S → P [S] be the canonical map

q(u, a) = {(u, a)} , u ∈ P, a ∈ S .
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If we fix a ∈ S, q(−, a) is a map P → P [S] and we can construct its first jet
prolongation J1q(−, a) : J1P → J1(P [S]). So we obtain a map

(9) J 1q : J1P × S → J1(P [S]) ,

J 1q(j1
xs(v), a) = j1xq(s(v), a). Then we set

Γ[S](q(u, a)) = J 1q(Γ(u), a) .

Since Γ is principal, this formula does not depend of the representatives u and a
of q(u, a).

By iteration, we obtain a map

(10) J̃ 2q : J̃2P × S → J̃2(P [S]) .

Then for every principal connection ∆ : P → J̃2P we construct ∆[S] : P [S] →
J̃2P [S] by

(11) ∆[S](q(u, a)) = J̃ 2q(Γ(u), a) .

Even this does not depend of the representatives u and a of q(u, a).

Definition 5. ∆[S] is called the induced second order connection on P [S].

Proposition 2. For every two first order principal connections Γ and Γ on P and
every left G-space S,

(12) (Γ[S]) ∗ (Γ[S]) = (Γ ∗ Γ)[S] .

Proof. This follows directly from (10). �
Remark 2. An r-th order non-holonomic connection on a fibered manifold Y is
a section Γ : Y → J̃rY , [11]. If Γ : Y → J̃kY is another k-th order connection, we
construct by iteration J̃kΓ : J̃kY → J̃r+kY . Then Γ∗Γ := J̃kΓ◦Γ is an (r+k)-th
order connection on Y . On a principal bundle P , an r-th order connection that
is right invariant in the sense of (8) is called principal. Every principal r-th order
connection Γ on P induces an r-th order connection Γ[S] on P [S] analogously to
(11). If Γ is another k-th order principal connection on P , then one verifies in the
same way as above that (12) holds even in the case of arbitrary r and k.

For every vector bundle E → M , J1E → M is also a vector bundle. So even
J̃2E →M is a vector bundle.

Definition 6. A second order connection ∆ : E → J̃2E is called linear, if ∆ is a
vector bundle morphism.

If the fiber coordinates yp on E are linear, then the coordinate form of a linear
connection is

(13) ypi = F pqi(x)yq , yp0i = Gpqi(x)yq , ypij = Hp
qij(x)yq .
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One verifies directly that the product of two linear first order connections is a
linear second order connection.

Consider the frame bundle PE of E, i.e. the bundle of all linear frames in
the individual fibers of E. This is a principal fiber bundle with structure group
GL(n,R), where n is the fiber dimension of E. The local coordinates on PE
corresponding to xi, yp are xi, apq , det(apq) 6= 0. Then the induced coordinates

on J̃2(PE) are apqi, a
p
q0i, a

p
qij . The action of (bpq) ∈ GL(n,R) on J̃2(PE) has the

following form

(apq , a
p
qi, a

p
q0i, a

p
qij) (bpq) = (aprb

r
q, a

p
rib

r
q, a

p
r0ib

r
q, a

p
rijb

r
q) .

Hence the coordinate form of a second order principal connection ∆ on PE is

(14) apqi = F pri(x)arq, a
p
q0i = Gpri(x)arq , a

p
qij = Hp

rij(x)arq .

Clearly, E coincides with the associated fiber bundle PE[Rn] and one evaluates
easily that the equations of the induced connection ∆[Rn] are (13). This implies
the following assertion, which is quite similar to the first order case.

Proposition 3. The construction of induced connections establishes a bijection
between second order principal connections on PE and second order linear con-
nections on E.

3. The absolute differentiation on fibered manifolds

The Ehresmann’s idea of the absolute differentiation with respect to princi-
pal higher order connections can be extended to connections on arbitrary fibered
manifolds, [11]. We are going to discuss the second order case in detail, for we
are looking for an approach that can be generalized to the functional bundles
mentioned in the introduction.

In the first order case, consider a section C : Yx → J1
xY , x ∈M . This defines a

bijection µC : J1
x(M,Yx)→ J1

xY as follows. Take locally a smoothly parametrized
family of maps ψ(v, y) : Yx → Yv, v ∈M , such that ψ(x, y) = idYx and j1

xψ(v, y) =
C(y). Let X = j1xϕ(v) ∈ J1

x(M,Yx). Then ψ(v, ϕ(v)) is a local section of Y and
we define

(15) µC(X) = j1xψ(v, ϕ(v)) .

In coordinates, if Y pi are the induced jet coordinates on J1
x(M,Yx) and ypi =

F pi (x, y) is the coordinate form of C, then (15) yields the following coordinate
form of µC

(16) ypi = Y pi + F pi (x, y) .

Hence the inverse map (µC)−1 is the standard absolute differentiation of the theory
of first order connections on Y .
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In the second order case, we consider a section D : Yx → J̃2
xY . We can write

locally D(y) = j1xΨ(v, y), where Ψ(v, y) ∈ J1
vY with target ψ(v, y) ∈ Yv and

ψ(x, y) = y. An element X ∈ J̃2
x(M,Yx) is of the form j1

xΦ(v), Φ(v) ∈ J1
v (M,Yx)

with target ϕ(v) ∈ Yx. The first jet prolongation of the map ψv := ψ(v,−) : Yx →
Yv is

J1(idM , ψv) : J1(M,Yx)→ J1(M,Yv) .

Hence J1(idM , ψv) (Φ(v)) ∈ J1
v (M,Yv) with target ψ(v, ϕ(v)). Since J1Y is an

affine bundle with the derived vector bundle V Y ⊗ T∗M =
⋃
x∈M

J1
x(M,Yx), we

have defined

(17) Ψ(v, ϕ(v)) + J1(idM , ψv)(Φ(v)) ∈ J1
vY

and we can set

(18) µD(X) = j1x[Ψ(v, ϕ(v)) + J1(idM , ψv)(Φ(v))] ∈ J̃2
xY .

Lemma 1. µD : J̃2
x(M,Yx)→ J̃2

xY is a diffeomorphism.

Proof. Let (1) be the coordinate form of D. If the coordinate form of Ψ is
ψp(v, y), ψpi (v, y), then

F pi (x, y) = ψpi (x, y), Gpi (x, y) =
∂ψp(x, y)
∂xi

, Hp
ij(x, y) =

∂ψpi (x, y)
∂xj

.

Let Y p0i, Y
p
ij be the additional coordinates on J̃2

x(M,Yx). If ϕp(v), ϕpi (v) is the
coordinate expression form of Φ(v), the coordinates of X are

Y pi = ϕpi (x) , Y p0i =
∂ϕp(x)
∂xi

, Y pij =
∂ϕpi (x)
∂xj

.

The coordinate form of (17) is ψp(v, ϕ(v)) and

ψpi (v, ϕ(v)) +
∂ψp(v, y)
∂yq

ϕqi (v) .

Passing to 1-jets, we obtain the following coordinate expression of µD

(19)


ypi = F pi (x, y) + Y pi , yp0i = Gpi (x, y) + Y p0i ,

yp0i = Hp
ij(x, y) +

∂F pi (x, y)
∂yq

Y q0j +
∂Gpj (x, y)

∂yq
Y qi + Y pij .

�
Remark 3. If the values of D lie in J2

xY and X ∈ J2
x(M,Yx), then µD(X) ∈ J2

xY .
In this case one can construct µD(X) by the second order analogy of formula (15).
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Definition 7. The map ∇∆ := (µD)−1 : J̃2
xY → J̃2

x(M,Yx) will be called the
absolute differentiation with respect to D.

If ∆ is a second order connection on Y , then the restricted map over x ∈M is
a section ∆(x) : Yx → J̃2

xY . Hence we have ∇∆(x) : J̃2
xY → J̃2

x(M,Yx). If s is a
section of Y , we construct its second order jet prolongation j2s : M → J2Y .

Definition 8. The map(
∇∆s

)
(x) = ∇∆(x)(j

2
xs) : M →

⋃
x∈M

J̃2
x(M,Yx)

will be called the absolute differential of s with respect to ∆.

In Section 1, we deduced the formula

(20) ∆ = ∆1 ∗∆2 uΣ .

We are going to describe the effect of (20) at the level of the absolute differentiation.
If we consider the product fibered manifold M ×N →M , we have J̃2(M ×N →

M ) = J̃2(M,N ) and V Y ⊗
2⊗
T ∗M = TN⊗

2⊗
T ∗M . Hence every A ∈ J̃2

x(M,Y )y

and every B ∈ TyN ⊗
2⊗
T ∗xM determine

(21) AuB ∈ J̃2
x(M,N )y .

In particular, for A ∈ J̃2
x(M,Yx)y and B ∈ VyY ⊗ T∗xM , we have A u B ∈

J̃2
x(M,Yx)y. If we compare (3), (7) and (19), we obtain

Proposition 4. For every X ∈ J̃2
yY ,

(22) ∇∆(x)(X) = ∇(∆1∗∆2)(x)(X) u Σ(y) .

For a section s of Y,∇∆1∗∆2s can be expressed as the absolute differential of
∇∆1s with respect to a connection derived from ∆2, [4], [11]. However, we are
going to construct the latter connection in a new way, that can be applied to the
functional case as well.

Write
J1

fibY =
⋃
x∈M

J1(M,Yx) .

This sum defines a fibered manifold over M . The local coordinates on J1
fibY

induced by xi, yp are xi, ui, yp, Y pi , where ui are the coordinates of the source of
an element from J 1(M,Yx) and Y pi are its jet coordinates. We extend J1

fib into
a functor on the category FMM of fibered manifolds over M and their base-
preserving morphisms as follows. For another fibered manifold Z → M and a
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base-preserving morphism f : Y → Z with the restrictions fx : Yx → Zx, x ∈M ,
we set

J1
fibf =

⋃
x∈M

J1(idM , fx) ,

where J1(idM , fx) : J1(M,Yx)→ J1(M,Zx).
We are going to introduce a canonical map

iY : J1
fib(J1Y )→ J1(J1

fibY ) .

Let X ∈ J1
fib(J1Y ), X = j1zσ(v), σ(v) ∈ J1

xY , v ∈ M . We have σ(v) = j1xs(v, w),
w ∈M . Hence X = j

1

1
z(j

2

1
xs(v, w)), where the subscript 1 or 2 means the partial jet

with respect to the first or second factor, respectively. Then we apply exchange
and define

(23) iY (X) = j
2

1
x(j

1

1
zs(v, w)) .

Since σ(v) ∈ J1Y , we have s(v, w) ∈ Yw. Hence j
1

1
zs(v, w) ∈ J1

z (M,Yw) and this is

a section of J1
fibY .

Every connection Γ : Y → J1Y is a base-preserving morphism, so that we can
construct

(24) J1
fibΓ : J1

fibY → J1
fib(J1Y ) .

Definition 9. The map Γ1 = iY ◦ J1
fibΓ : J1

fibY → J1(J1
fibY ) will be called the

connection induced by Γ on J1
fibY .

Proposition 5. If (2) is the coordinate expression of Γ, then the coordinate form
of Γ1 is

(25) uij = 0 , ypi = F pi (x, y) , Y pij =
∂F pj (x, y)

∂yq
Y qi .

Proof. The proof consists in direct evaluation. �
Hence Γ1 coincides with the connection (21) from [4].
We recall that the absolute differential of a section of Y with respect to a first

order connection on Y is a section of J1
fibY .

Proposition 6. For every section s of Y and every two first order connections Γ
and Γ on Y ,

(26) ∇Γ∗Γs = ∇Γ1(∇Γs) .

Proof. Let (2) be the coordinate expressions of Γ and Γ and let s be given by
sp(x). By (25), the coordinate form of the main term of ∇Γ1(∇Γs) is

∂2s2

∂xi∂xj
− ∂Gpi
∂xj

− ∂Gpi
∂yq

∂sq

∂xj
−
∂F pj
∂yq

(
∂sq

∂xi
− Gqi

)
.

Comparing with (3) and (19), we prove our claim. �
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4. Representations of some functional jets

We shall need the composition of non-holonomic 2-jets, [6]. Consider three
manifolds Q1, Q2, Q3. Let A = j1xσ ∈ J̃2

x(Q1, Q2)y and B = j1y% ∈ J̃2
y (Q2, Q3)z.

Hence σ is a map Q1 → J1(Q1, Q2) satisfying α ◦ σ = idQ1 and % is a map
Q2 → J1(Q2, Q3) satisfying α◦% = idQ2 . Then σ(u) ∈ J1(Q1, Q2) and %(βσ(u)) ∈
J1(Q2, Q3) are two composable 1-jets and one defines

B ◦A = j1x(%(βσ(u)) ◦ σ(u)) ∈ J̃2
x(Q1, Q3)z

with the composition of 1-jets on the right-hand side, [6]. In coordinates, if A =
(xi, yp, api , a

p
0i, a

p
ij), B = (yp, za, bap, b

a
0p, b

a
pq), then

(27) B ◦A = (xi, za, bapa
p
i , b

a
0pa

p
0i, b

a
pqa

p
i a
q
0j + bapa

p
ij) .

Let p1 : Y1 →M and p2 : Y2 →M be two fibered manifolds over the same base.
Consider the set of all fiber maps

F(Y1, Y2) =
⋃
x∈M

C∞(Y1x, Y2x)

and denote by p : F(Y1, Y2) → M the canonical projection. The set F(Y1, Y2) is
a smooth space in the sense of Frölicher, [8]. We shall use some local coordinates
xi on M and some additional local coordinates yp or za on Y1 or Y2, respectively.

Each section s : M → F(Y1, Y2) is interpreted as a base-preserving morphism
s̃ : Y1 → Y2, s̃(y) = s(p1y)(y). Two sections s1, s2 : M → F(Y1, Y2) determine the
same element j1

xs1 = j1
xs2 of J1F(Y1, Y2) at x ∈M , if j1

y s̃1 = j1
y s̃2 for all y ∈ Y1x,

[2]. Let X = j1
xs ∈ J1

xF(Y1, Y2) and ϕ = s(x) ∈ F(Y1, Y2) be its target. The map

X̃ : J1
xY1 → J1

xY2 , X̃(j1xσ) = j1
x(s̃ ◦ σ)

is called the associated map of X. If za = ϕq(x, y) is the coordinate expression of
s̃, then X̃ is of the form

zai =
∂ϕa(x, y)
∂yp

ypi +
∂ϕa(x, y)
∂xi

.

This is an affine bundle morphism J1
xY1 → J1

xY2 over ϕ : Y1x → Y2x whose derived
linear map VxY1⊗ T ∗M → VxY2⊗T ∗M is Tϕ⊗ id. Conversely, in [2] we deduced
that for every map Φ : J1

xY1 → J1
xY2 with these properties there exists a unique

X ∈ J1
xF(Y1, Y2) such that Φ = X̃ . Hence the coordinate form of an element of

J1
xF(Y1, Y2) is za = ϕa(y) and

(28) zai =
∂ϕa(y)
∂yp

ypi + ϕai (y) .

In the second order we must proceed systematically in the jet way. We shall
need a general concept. Let M1,M2, N1, N2 be four manifolds and f : N1 →M1,
g : N2 →M2 be two maps.
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Definition 10. Two r-jets Z ∈ J rz1(N1, N2)z2 and X ∈ Jrf(z1)(M1,M2)g(z2) are
called (f, g)-related, if

(29) X ◦ jrz1
f = jrz2g ◦ Z .

This concept can be applied to non-holonomic jets as well. Let Z ∈ J̃rz1(N1, N2)z2
and X ∈ J̃rf(z1)(M1,M2)g(z2) (the reader may assume r = 1, 2). They are said to
be (f, g)-related, if (29) holds with the composition of non-holonomic r-jets on
both sides.

Consider the case p1 : Y1 →M , p2 : Y2 →M .

Definition 11. J̃rM (Y1, Y2) is the subset of allZ ∈ J̃r(Y1, Y2) that satisfy p1(αZ) =
p2(βZ) =: x and are (p1, p2)-related with jrx idM .

Analogously to [2] we define

F J̃r(Y1, Y2) =
⋃
x∈M

J̃r(Y1x, Y2x) .

A canonical map

(30) D : J̃rM (Y1, Y2)→ F J̃r(Y1, Y2)

is induced by the injection of individual fibers. Namely, if Z ∈ J̃M (Y1, Y2), αZ = y,
py = x and ix : Y1x → Y1 is the injection, then Z ◦ (jryix) is identified with an

element D(Z) of J̃r(Y1x, Y2x) with target βZ.
It is well known that J̃rxYi can be defined as the subset of all elements A ∈

J̃r(M,Yi) satisfying

(jrβApi) ◦A = jrx idM , i = 1, 2 .

Hence every Z ∈ J̃rM (Y1, Y2), αZ = y1, βZ = y2, x = p1y1 defines a map

µZ : J̃ry1
Y1 → J̃ry2

Y2

by the jet composition µZ(A) = Z ◦A. Indeed, (jry2
p2)◦Z ◦A = (jrx idM )◦jry1

p1◦A
by projectability and jry1

p1 ◦ A = jrx idM by A ∈ J̃rxY1 ⊂ J̃rx(M,Y1), so that

Z ◦A ∈ J̃ry2
Y2.

In the first order, the local coordinates of an element X ∈ J1
M (Y1, Y2) are xi,

yp, za, zap , zai and D(X) is determined by zap . Hence the result preceeding (28)
can be reformulated by saying that the elements of J1

xF(Y1, Y2) with target ϕ are
in bijection with sections S : Y1x → J1

M (Y1, Y2) satisfying D ◦ S = j1ϕ : Y1x →
J1(Y1x, Y2x).
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The second non-holonomic prolongation J̃2F(Y1, Y2) is defined by the iteration
J1(J1F(Y1, Y2)), [2]. In formula (12) of [2] we deduced that the associated map
X̃ : J̃2

xY1 → J̃2
xY2 of an element X ∈ J̃2

xF(Y1, Y2) is of the form

(31)

{
zai = ∂ϕa

∂yp y
p
i + ϕai , za0i = ∂ϕa

∂yp y
p
0i + ϕa0i ,

zaij = ϕaij + ∂ϕai
∂yp

yp0j +
∂ϕa0j
∂yp

ypi + ∂2ϕa

∂yp∂yq
ypi y

q
0j + ∂ϕa

∂yq
yqij

where ϕa(y) is the target of X and ϕai (y), ϕa0i(y), ϕaij(y) are arbitrary functions
on Y1x.

The local coordinates of an element X ∈ J̃2
M (Y1, Y2) are xi, yp, za, zap , zai , za0p,

za0i, z
a
pq , z

a
ip, z

a
pi, z

a
ij and D(X) is determined by zap , za0p, z

a
pq . The induced map

µX : J̃2
Y1
Y1 → J̃2

Y2
Y2, which is defined by the composition of non-holonomic 2-jets,

is of the form

(32)
{
zai = zapy

p
i + zai , za0i = za0py

p
0i + za0i ,

zaij = zapy
p
ij + zapqy

p
i y
q
0j + zaipy

p
0j + zapjy

p
i + zaij .

Hence every section S : Y1x → J̃2
M (Y1, Y2) over ϕ : Y1x → Y2x satisfying D ◦

S = j2ϕ : Y1x → J2(Y1x, Y2x) is determined by arbitrary functions ϕa(y), ϕai (y),
ϕa0i(y), ϕaip(y), ϕapi(y), ϕaij(y) on Y1x. To obtain (31), the following compatibility
conditions

(33)
∂ϕai
∂yp

= ϕaip ,
∂ϕa0i
∂yp

= ϕapi

are to be satisfied. We have found a global geometrical interpretation of these
conditions in terms of the representation of non-holonomic 2-jets by means of the
induced maps between second iterated tangent bundles by Pradines, [17]. This is
a straightforward procedure, but it is too long to be discussed here. Thus, we can
summarized by

Proposition 7. Let S : Y1x → J̃2
M (Y1, Y2) be a section over ϕ : Y1x → Y2x

satisfying D ◦ S = j2ϕ and the compatibility conditions (33). Then there is a
unique element X ∈ J̃2

xF(Y1, Y2) such that X̃(y) = µS(y) for all y ∈ Y1x.

We have two jet projections

β1, β2 : J̃2F(Y1, Y2)→ J1F(Y1, Y2)

defined analogously to Section 1. On the other hand, we clarified in [2] that the
vertical tangent bundle V F(Y1, Y2) of F(Y1, Y2) coincides with F(Y1, V Y2). Since
T ∗M →M is a finite dimensional vector bundle, the tensor product V F(Y1, Y2)⊗⊗2

T ∗M is defined fiberwise by means of the linear maps from the vector bundle
dual to

⊗2
T ∗M . Every X ∈ V F(Y1, Y2) ⊗

⊗2
T ∗M over ϕ is characterized by

the associated map

X̃ : VxY1 ⊗
2⊗
T ∗xM → VxY2 ⊗

2⊗
T ∗xM .
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If Y pij or Zaij are the induced coordinates on the first or the second bundle, respec-

tively, then the coordinate form of X̃ is

(34) Zaij =
∂ϕa(y)
∂yp

Y pij + ξaij(y) .

Let U, V ∈ J̃2F(Y1, Y2) over the same ϕ satisfy β1U = β1V , β2U = β2V . For
an element B ∈ VyY1 ⊗

⊗2 T ∗xM we take A,A ∈ J̃2
yY1 satisfying β1A = β1A,

β2A = β2A and B = A−̇A. By (31), Ũ (A) and Ṽ (A) satisfy the same conditions
with respect to β1 and β2, so that we have defined

(35) Ũ (A)−̇Ṽ (A) ∈ Vϕ(y)Y2 ⊗
2⊗
T ∗xM .

If bpij are the coordinates of B and µaij(y) or νaij(y) are the second order coordinate
functions of U or V , respectively, then the coordinate form of (35) is

(36)
∂ϕa(y)
∂yp

bpij + µaij(y) − νaij(y) .

In this way U and V define an element U−̇V ∈ V F(Y1, Y2) ⊗
⊗2

T ∗M .

5. 2-connections on F(Y1, Y2)

In [2] we introduced a connection Γ on F(Y1, Y2) as a section Γ : F(Y1, Y2) →
J1F(Y1, Y2) that is smooth in the Frölicher sense. Such connection is said to be
of order r ≥ 1 if the condition jryϕ = jryψ, ϕ, ψ ∈ C∞(Y1x, Y2x), y ∈ Y1x, implies

Γ̃(ϕ)|J1
yY1 = Γ̃(ψ)|J1

yY1 .

To distinguish the order in this operator sense from the order of the jet prolon-
gation of F(Y1, Y2) in question, we shall say that Γ is a 1-connection of order r.
Using Section 4, we can reformulate the concept of the associated map G of Γ, [2].
This is a C∞-map of

FJr(Y1, Y2) =
⋃
x∈M

Jr(Y1x, Y2x)

into J1
M (Y1, Y2) over the identity of Y1 ×M Y2 such that the following diagram

commutes

(37)

FJr(Y1, Y2) G

β1
r

J1
M (Y1, Y2)

D

FJ1(Y1, Y2)
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where β1
r is the jet projection. Conversely, every map G such that (37) commutes

determines a 1-connection Γ on F(Y1, Y2) by

Γ̃(ϕ) =
⋃

x∈Y1x

G(jryϕ) , ϕ ∈ C∞(Y1x, Y2x) .

Definition 12. A non-holonomic 2-connection on F(Y1, Y2) is a smooth section
∆ : F(Y1, Y2)→ J̃2F(Y1, Y2).

Clearly, ∆ determines two 1-connections ∆1 and ∆2 by means of the two jet
projections β1, β2 : J̃2F(Y1, Y2)→ J1F(Y1, Y2) analogously to Section 1.

Every ∆(ϕ), ϕ ∈ C∞(Y1x, Y2x) defines the associated map

(38) ∆̃(ϕ) : J̃2
xY1 → J̃2

xY2 .

Definition 13. A 2-connection ∆ on F(Y1, Y2) is said to be of order r ≥ 2, if the
condition jryϕ = jryψ, ϕ, ψ ∈ C∞(Y1x, Y2x), y ∈ Y1x, implies

(39) ∆̃(ϕ)|J̃2
yY1 = ∆̃(ψ)|J̃2

yY1 .

By Section 4, (39) is identified with an element of J̃2
M (Y1, Y2). Hence ∆ defines

a map
D : FJr(Y1, Y2)→ J̃2

M (Y1, Y2) ,

which is called the associated map of ∆. Analogously to [2] we deduce that D is
a C∞-map. By Section 4, the following diagram commutes

(40)

FJr(Y1Y2) D

β2
r

J̃2
M (Y1, Y2)

D

FJ2(Y1, Y2) F J̃2(Y1, Y2)

where β2
r is the jet projection. Moreover, for every ϕ ∈ C∞(Y1x, Y2x) the com-

patibility conditions (33) hold. Thus, in the coordinate expression of D we can
prescribe zai = Φai , za0i = Φa0i, z

a
ij = Φaij arbitrarily and we have

(41) zaip = DpΦai , zppi = DpΦa0i ,

where Dp is the formal derivative from [2], whose coordinate form is

Dp =
∂

∂yp
+

∂

∂za
zap + · · ·+ ∂

∂zaα
zaα+p .

Since Dp increases by one the order of the jet prolongation, (41) implies that Φai
and Φa0i are projectable to FJr−1(Y1, Y2). By Proposition 7, we obtain immedi-
ately
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Proposition 8. For r ≥ 2, let D : FJ r(Y1, Y2)→ J̃2
M (Y1, Y2) be a C∞-map over

the identity of Y1×M Y2 such that (40) commutes and the compatibility conditions
(41) are satisfied. Then there is a unique 2-connection of order r on F(Y1, Y2) such
that D is its associated map.

Clearly, ∆ is defined by

∆̃(ϕ) =
⋃

y∈Y1x

D(jryϕ) , ϕ ∈ C∞(Y1x, Y2x) .

We shall use the following explicit coordinate expression of D

(42)
{
zai = zapy

p
i + Φpi , za0i = zqpy

p
0i + Φp0i ,

zaij = zapy
p
ij + zapqy

p
i y
q
0j +DpΦai y

p
0j + DpΦa0jy

p
i + Φpij

where locally Φai and Φa0i are arbitrary functions on FJr−1(Y1, Y2) and Φaij are
arbitrary functions on FJr(Y1, Y2).

Example 1. In [3] we pointed out that two connections Γ1 : Y1 → J1Y1 and Γ2 :
Y2 → J1Y2 determine, in a simple way, a 1-connection (Γ1,Γ2) on F(Y1, Y2) with
interesting properties. We are going to demonstrate that a similar construction
can be performed in the second order as well. Consider a second order connection
∆ : Y1 → J̃2Y1 with the coordinate expression (1) and a second order connection
Λ : Y2 → J̃2Y2 of the coordinate form

(43) zai = Aai (x, z) , za0i = Bai (x, z) , zaij = Caij(x, z) .

By Section 3, we have ∆−1(x) : J̃2
xY1 → J̃2

x(M,Y1x) and Λ(x) : J̃2
x(M,Y2x)→ J̃2

xY2

for every x ∈M . Every map ϕ : Y1x → Y2x induces

ϕ2 : J̃2(M,Y1x)→ J̃2(M,Y2x)

by the composition of non-holonomic jets

ϕ2(X) = (j2yϕ) ◦X , X ∈ J̃2(M,Y1x)y .

Then we construct the composition

(44) Λ(x) ◦ ϕ2 ◦∆−1(x) : J̃2
xY1 → J̃2

xY2 .

We are going to deduce that there is a unique 2-connection (∆,Λ) on F(Y1, Y2)

of second order such that (44) is the associated map ˜(∆,Λ)(ϕ). The simpliest
proof consists in evaluating (44) and comparing with (42). Let Zai , Za0i, Z

a
ij be the

jet coordinates on J̃2
x(M,Y2x). By (27), the coordinate form of ϕ2 is

Zai =
∂ϕa

∂yp
Y pi , Za0i =

∂ϕa

∂yp
Y p0i ,

Zaij =
∂ϕa

∂yp
Y pij +

∂2ϕa

∂yp∂yq
Y pi Y

q
0j .

(45)
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Evaluating (44), we obtain a map of FJ 2(Y1, Y2) into⋃
x∈M

C∞(J̃2
1x, J̃

2
2x)

with the following coordinate expression

zai = zapy
p
i + (Aai − zapF

p
i ) , za0i = zapy

p
0i + (Bai − zapG

p
i ) ,

zaij = zapy
p
ij + zapqy

p
i y
q
0j +Dp(Aai − zaqF

q
i )yp0j + Dp(Baj − zaqG

q
j)y

p
i +

Caij − zap
(
∂F ai
∂yq

Gqj + Hp
ij

)
− ∂Aai
∂zb

zbpG
p
j −

∂Baj
∂zb

zbpF
p
i + zapqF

p
i G

q
j .

This is of the form (42).
A smooth section B : F(Y1, Y2) → V F(Y1, Y2) ⊗

⊗2 T ∗M is called a tensor
field of type V F(Y1, Y2)⊗

⊗2
T ∗M . Such a tensor field will be said to be of order

s ≥ 1, if the condition jsyϕ = jsyψ, ϕ, ψ ∈ C∞(Y1x, Y2x), y ∈ Y1x, implies

B̃(ϕ)|VyY ⊗
2⊗
T ∗xM = B̃(ψ)|V Y ⊗

2⊗
T ∗xM .

By [2], its associated map B is of the form

(46) Zaij = zapY
p
ij + Bpij ,

where Bpij are locally arbitrary functions on FJs(Y1, Y2).
From now on we assume that all 1-connections, 2-connections and tensor fields

on F(Y1, Y2) are of finite order, which is the most interesting case. Let Γ be an
r-th order 1-connection with the associated map

(47) zai = zapy
p
i + Φai ,

where Φai are locally some functions on FJr(Y1, Y2), and Γ be an k-th order
connection with the associated map

(48) zai = zapy
p
i + Ψa

i ,

where Ψai are locally some functions on FJk(Y1, Y2). In a standard way, see [2],
one defines the first jet prolongation

J1Γ : J1F(Y1, Y2)→ J̃2F(Y1, Y2)

and deduces that Γ∗Γ := J1Γ◦Γ is a 2-connection of order r+k, whose associated
map is given by Φa

i , Φa0i = Ψa
i and

(49)
∂Φai
∂xj

+
∂Φai
∂zb

Ψb
j +

∂Φai
∂zbp

DpΨb
j + · · ·+ ∂Φai

∂zbα
DαΨb

j ,
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where α is a multiindex satisfying |α| = r.
If ∆ is an r-th order 2-connection, then the underlying 1-connections ∆1, ∆2

are of order r − 1 and ∆1 ∗ ∆2 is another 2-connection of order 2r − 2. Since
the underlying 1-connections of ∆1 ∗ ∆2 are ∆1 and ∆2, the strong difference
∆−̇∆1 ∗∆2 =: Σ defines a tensor field of type V F(Y1, Y2) of order 2r − 2. The
coordinate form of the essential component of the associated map S of Σ is the
difference Φaij – (49), where Φaij is the second order component of the associated
map of ∆. Conversely, let Γ and Γ be finite order 1-connections and Σ a finite
order tensor field of type V F(Y1, Y2)⊗

⊗2
T ∗M . Then Γ ∗ ΓuΣ is a finite order

2-connection, for the compatibility conditions (41) are fulfilled by construction.
Thus, we have proved

Proposition 9. The formula

(50) ∆ = Γ ∗ Γ uΣ

establishes a bijection between the finite order 2-connections on F(Y1, Y2) and the
triples of two finite order 1-connections on F(Y1, Y2) and a finite order tensor field
of type V F(Y1, Y2)⊗

⊗2
T ∗M .

6. The absolute differentiation on F(Y1, Y2)

We are going to study the second order absolute differentiation of a section s
of F(Y1, Y2) with respect to a finite order 2-connection ∆ on F(Y1, Y2). We start
with the case of a k-th order 1-connection Γ with the associated map (48) and we
summarize the results of [2] from our present viewpoint.

We define

(51) J1
fibF(Y1, Y2) =

⋃
x∈M

J1(M,C∞(Y1x, Y2x)) .

This is a smooth space in the sense of Frölicher. By [3], an element X ∈ J1(M,
C∞(Y1x, Y2x)) is characterized by the associated map

X̃ : Y1x → J1(M,Y2x) .

Hence we have

(52) J1
fibF(Y1, Y2) = F(Y1, J

1
fibY2) .

Consider a section s : M → F(Y1, Y2), whose associated base-preserving mor-
phism s̃ : Y1 → Y2 has the coordinate form

(53) za = sa(x, y) .

Write Sa0i(x, y) = Ψa
i (jks), where jks : Y → FJr(Y1, Y2) is the k-th jet pro-

longation of s constructed fiberwise. By [2], the coordinate form of ∇Γs is (53)
and

(54) Za0i =
∂sa(x, y)
∂xi

− Sa0i(x, y) .



364 A. CABRAS, I. KOLÁŘ

The connection Γ1 on J1
fibY of Section 3 was constructed by means of the ex-

change map. By [12], this idea works in the infinite dimension as well. Let Γ be an
r-th order 1-connection on F(Y1, Y2) with the associated map (47). Let Γ1 be the
connection induced on J1

fibF(Y1, Y2) by the procedure of Section 3. This construc-
tion is analogous to the case of the vertical prolongation VΓ : V F(Y1, Y2) →
J1V F(Y1, Y2) from [3]. This implies that Γ1 is an r-th order connection on
J1

fibF(Y1, Y2). Let uip, . . . , u
i
α, Z

a
0ip, . . . , Z

a
0iα, |α| = r, be the induced coordinates

on FJr(Y1, J
1
fibY2). By [3], the associated map of Γ1 is given by (47), uij = 0 and

(55)
∂Ψa

i

∂zb
Zb0j +

∂Φai
∂zbp

Zb0jp + · · ·+ ∂Φai
∂zbα

Zb0jα .

In particular, the coordinate form of the iterated absolute differential ∇Γ1(∇Γs)
of a section of F(Y1, Y2) is (53), (54),

Zai =
∂sa(x, y)
∂xi

−Φai (jrs) ,(56)

Zaij =
∂2sa

∂xi∂xj
− ∂Sai
∂xj

− ∂Φai
∂zb

(jrs)Sbj−(57)

− ∂Φai
∂zbp

(jrs)∂pS
b
j − · · · −

∂Φai
∂zbα

(jrs)∂αS
b
j ,

where ∂p, . . . , ∂α denote the partial derivatives with respect to y′s.
In the case of an arbitrary 2-connection ∆ on F(Y1, Y2), we use the decompo-

sition ∆ = ∆1 ∗∆2 u Σ. Taking into account Propositions 4 and 6, we define

(58) ∇∆s = ∇∆1
1
(∇∆2s) uΣ(s)

for every section s of F(Y1, Y2). This operation has several properties analogous
to Section 3.
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