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CLOSURE CONDITIONS OF COMMUTATIVITY

V. J. Havier, J. KLoupa

ABSTRACT. There are investigated some closure conditions of Thomsen type in 3-
webs which gurantee that at least one of coordinatizing quasigroups of a given 3-web
is commutative.

We will pose the following question: Which is a necessary and sufficient condi-
tion (in form of a conditional identity with constants) for a given quasigroup Q to
be isotopic with a commutative quasigroup? We shall show that such a condition
is the fulfilling of a closure condition of Thomsen type (with constants) in the

3-web over Q).

§1 THOMSEN CLOSURE CONDITION
WITH RESPECT TO TWO CONSTANT LINES

Let @ = (Q, -) be a quasigroup of order > 1 and Wy the 3-web over Q. The set of
all points is ) x @ and the three line pencils are {{(a, y)|y € @}|a € Q} (horizontal
lines), {{(z,b)|x € Q}|b € Q} (vertical lines) and {{(z,y)|z -y = c}|c € Q} (skew
lines). We designate these lines briefly by I, ,{, , . , respectively. Let in @ the
commutativity @ - ¢ = ¢ - « for all z,q € @ be valid. This quasigroup identity can
be expressed geometrically by special labelings of both pencils of vertical lines and
horizontal lines: for every « € @), the points [; Tl ,l; Tl must lie on the
same skew line. We use the symbol M for denotation of the intersection point of
two lines from different pencils.
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Further denotations: AB for the line containing distinct points A, B (if it exists),
Ai for the line containing the point A and belonging to the ¢-th pencil.

1. Choose a constant element ¢ € ). Thus [, , [, are constant lines and the
validity of z - y = y - @ for all z, y € @) implies the validity of the following closure
condition in Wg (cf. Fig. 2)

X2=V2= ((X3|‘|lq )2|‘|Y1)3: ((Y3|‘|lq )2|-|X1).

~

X Y

Fig. 2
2. Let in a 3-web W = (P, L;L ,L ,L ) there hold the closure condition
X2=Y2=> ((X3I_Iv)2 |_|Y2)3 = ((Y3|_|h)2|_|X1)3
with constant lines v € £, h € £ ( the Thomsen condition with respect to

constant lines v, h ; denotation: 7, ;). We assert that, consequently, there is a
commutative coordinatizing quasigroup of W.
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Single coordinatizing quasigroups of W are determined if we choose three bi-
jections m; 1 L; — @, 1 € {1,2,3}, where @ is a set such that @Q is the order of
W. Then the corresponding quasigroup operation is derived from the concurrency
of lines as follows: -y = z << 7~ (#), 7 (y), 7 (z) go through the same point.
Put @ = h (recall that hisapoint set), 7 : L — Q,{—I(Nh,7 =L —Q,l—

(INMwv)3 M h whereas & rests arbitrary. Thus z-y =z < 7 (2) = (J;l M(y3N 0)2)3.
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We assert that -y = y - z holds for all z,y € @: in fact, if we put in the
closure condition X = #, Y = y, then we construct the points V = (Y3Mv)2M X1,
W = (X3Mv)2M0Y1 so that, as the conclusion of the closure condition, V3 = W3
and consequently -y =7~ (W3) = y - x. Thus we obtained

Theorem 1. Among coordinatizing quasigroups of a given 3-web W there exists
a commutative quasigroup, if and only if there is a prominent vertical line v and a
prominent horizontal line h such that, in W, the Thomsen closure condition T, p,
is valid.

Remark 1 (on universal Thomsen closure condition, ¢f. [3], pp. 199-200). Let in a
3-web W the universal Thomsen closure condition 7 hold (i.e., the above Thomsen
closure condition 7,  for all vertical lines v and all horizontal lines h). Choose 7 |
7, ® such that the corresponding coordinatizing quasigroup will be a loop, with
neutral element 1. Then (c¢f. Fig. 6) 1l - w=w -y, l - v=u-2, - w =y v so that
z-(u-y) =y-(u-z). Putting v = 1 we obtain # - y = y - . Thus the equality
z-(u-y)=y-(u-x) can be rewritten as (y-u) -2 =y - (u-x) and the loop under
consideration is a commutative group.

(1,w) b
l Lo
(1,0) (y,v)
! by
I
| ly
(1, u) (z,u) b (y,u)

Fig. 6

Now let one of coordinatizing loops of a given 3-web W be a commutative
group. Write the assumptions of the universal Thomsen closure condition 7 as

-y =z cy,x -y =y -y (cf. Fig. 7).
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From this it follows that z -y =2 -(¢7 -2 -y )=(2" -2 ) (v -y )=
(z7 -2 )-(y &)= -y ,lie. the conclusion of 7.

Remark 2 (on preserving of the commutativity by all loop isotopies):

All loop 1sotopies of a given commutative loop I preserve commutativity if 1L is
a commutative group (so that, consequently, every loop isotopic to a commutative
group is also a commutative group).

Examples of commutative loops distinct to groups: central nilpotent loops of
class 2 (they are found firstly by Geritt Bol in 1937, cf. [6]) or totally symmetric
loops.

Now we start with a given commutative quasigroup Q = (@, -), choose arbitrary
permutations «, 3, v of @ and form the isotopic quasigroup Q' = (@, -) such that
y(z'y) = a(x)-B(y) for all #, y € @. Thus the commutativity of Q', 'y = y-'z, can
be written as v~ (oz(x)ﬁ(y)) =5 (oz(y)ﬁ(x)) or, more simply, 2 -¢(y) = y-p(2)
with ¢ = a~ (. As a, § were arbitrary, also ¢ is arbitrary. Let a be a fixed element
of Q. If we put y = a we get z - p(a) = a-p(x) so that p(x) = L™ R, , (z),
¢ = L7 R,, and ¢ is not arbitrary. It results that in a general case not all
quasigroup isotopies preserve the commutativity (cf. [5], p. 17).

§2 THOMSEN CLOSURE CONDITION
WITH RESPECT TO FOUR CONSTANT LINES

Here we start with a 3-web W in which two vertical lines v , v and two horizon-
tal lines h , h are fixed. By a Thomsen closure condition with respect to constant
linesv , v, h , h (denoted by 7y, v, n,,h,) We shall mean the assertion

((Prakysne)2)n((P2nv)sna)t) e ps
for all points P of W (cf. Fig.8).
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where A= ((P1MA)3Nv )20 ((P2Nv )3Nh )1

Let W be a 3-web satisfying 7y, v, hy,h,- If we choose P = v M A then the
conclusion of 7y, 4, p, n, claims (((Pll_lh )3Mw )QI_I(((PQI_IU )3Nh )1) =v MNh )
ie. (v Mh )3 = (v NMh )3 (assertion (a)). If we take as a new position of P

~

the point P = P3M v then (((;1 Nh)30w )2) n (((;2 Nov)30h )1) =
h T ((]NDQI_IU )30 h )1), so that (]NDQI_IU )3 = ((E3I‘Ih J1nh )3 (assertion (b)).

If we take as a new position of P the point P=P2MNuv , then P3 =
(((: P2 YBMh)IMA )3 (assertion (c¢)).

We see that 7y, v, 0y, = Zui,h, and, by Theorem 1, there exists a commutative
coordinatizing quasigroup of W.

The direct proof that 7, 4, n,,n, implies the existence of a commutative coordi-
natizing quasigroup of W uses the following labeling of lines of W: Let ) be chosen
as (the point set) v . Let @ = v Mh be the label of both v ,h and b=1v Mh
the label of v and A . A vertical line v and a horizontal line h have the same label
z€v ifandonlyif zx € h, 23Tv Ew.

Assertion (a) can be written as a-b = b - a, assertion (b) as x - a = a - » together
with z-b = b-x for all # € Q) (so that a, b lie in the centre C of (@, -)). It is easily seen
that the label of the skew line through (((Pl MNh)3Nw )2) n (((PQ Mv )3Mh )l

is ((b . y)/b) . (a\(x . a)) (cf. Fig. 9). As a, b € C, this label is equal to y - 2 and the
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commutativity of the quasigroup operation is verified.

(b-y)/b

a\(z - a) ((b-y)/b) - (a\(z - a)

Fig. 9

Let there be given a commutative quasigroup @ = (@, ) of order > 1. Choose
(mutually distinct) elements a,b € Q. In the 3-web W over () investigate the lines
{2z, y)le = a}, {(z,y)|lz = b}, {(x,y)ly = a}, {(z,y)ly = b} and denote them by
v,v h h.

For every z,y € @ start with the point P = (z,y) and construct the points
(w,a), (a;a\(@ - a)), (b,y), ((b-v)/b,b), ((b-y)/b,a\(x - a)). As a\(z - a) = =,
(b~y)/b =y, the final point is (y, #). Both points (x, y), (y, ) must lie on the same
skew lines because of commutativity of the quasigroup operation. Thus 7y, v, 1y ,hs
holds in W. We shall express the result in the following theorem.

Theorem 2. There exists a commutative coordinatizing quasigroup of a given
3-web W if and only if there are (mutually distinct) vertical lines v ;v and (mu-
tually distinct) horizontal lines h | h such that W satisfies the closure condition
7—01,1}2,h1,h2'
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