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Abstract There are studied extremal properties of the singular quadratic functionals J(y) =
= j(p(t) ¥'? — q(t) y?) dt. Using transformations of these functionals it is denvcd the so called

smgularxty condition and it is also shown that the main results of [2] and [3] are valid only for
regular functionals.
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1. INTRODUCTION

The rise of this paper was motiVated by [2] and [3] where the unified approach
to study of extremal properties of singular quadratic functionals

b
J(y) = g [p(®) y'*(1) — q(2) y*(1)] dt

was introduced. Here p(f), q(f) € C°(0, b], p(f) > 0 and y(f) are A-admissible
functions on [0, b] (see § 2 below). This approach to study of quadratic functionals
is based on the principal result of the Boruivka’s transformations theory [1] consist-
ing in the fact that each linear differential equation of the second order on its
whole definition interval can be globally transformed into the equation y* + y = 0
on a suitable interval.

The idea to use Boriivka’s theory in order to investigate quadratic functionals
was used for the first time by Krbila [4, 5] for regular functionals, i.e. for the case
when p(?), q(f) € C°[0, b] and extremal properties are studied for functions y(f)
having the property: y(f) € C'[0, b], y(0) = 0 = y(b).

[
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The theory of singular quadratic functionals was initiated by. Leighton and
Morse [6] and developed in [7, 8]. In this case the functions p(?), g(t) are supposed
continuous only on the half-open interval (0, b] and also the class of admissible
functions is larger than in the regular case. The classical sufficient conditions of the
variational theory were found lacking for the singular problem and a condition,
termed the “singularity condition™ was discovered which together with the classical
conditions yields necessary and sufficient condmon for singular functional to be
nonnegative.

In the present paper we shall derive Leighton’s singularity condition by other

- method than in [6] and [8], namely by transformation of investigated functionals,
and we shall show that results of [2] and [3] hold only for regular functionals.

2. STATEMENT OF THE PROBLEM

Consider the functional

b R
J) L= [[p@®)y* - q(t)y*]dt, O<e<hb,

where p, g € C°(0, b], p(f) > 0 on (0, b]. Following Morse and Leighton [6] we
call the function y(f) A-admissible on [0, b] if:

(i) »() € C°[0, b], ¥(0) = 0 = y(b) |

(ii) y(7) is absolutely continuous and y’2(¢) is Lebesque integrable on each closed
subinterval of (0, b].

We shall seek conditions under which

) - liminf ][p(t) Y2 —q(t)y*]dt =0

i : e-O,

for each A-admissible function y(f). Note that the Euler equation of (1) is of the
form

(p, 9 ' (p()y) +4q()y=0
and ¢ = 0 may be the singular point of this equation.

A SOIutlon Yol of (p, q) is said to be principal at = 0 if lim y 'z(t)) = Ofor every
t—0
solutxon v(t) of (p, @) which is linearly independent on yo(#). The principal solution

~ y,(?) at ¢t = b is defined analogously. If there exists a principal solution y,(?) of (p, q)
at 7 = 0 the right conjugate points of z = 0 are defined as positive zeros of yo().
If (p, q). possesses no principal solution at ¢ = 0, i.e. every solution of (p, @) has

- infinitely many zeros on (0, b], we say that ¢ = 0 is its own conjugate point.

Finally, we. say that. (p, q) is dxsconjugate on [0, b] if there exists no conjugate
point of # = 0 on [0, b). ‘
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3. TRANSFORMATION OF FUNCTIONALS
Consider a pair of functionals and associated Euler equations

b
fe®y? —q®)yHd,  (@)y) +q(®)y=0, te(a,b)

and \

B
AI(pn(T) i — q(T)u®)dT, _ (p((T) %) + q;(T)u=0, Te(4,B)
The transformation
(2) ¥(t) = h(H) w(T), T = x(1),

- where h(?), x(f) € C*(0, b), h(f) # 0, x(a) = A, x(b) = B, transforms equation (p, q)
. on (a, b) into (p,, q,) on (4, B), i.e. :

pi(T) = pli) 2(0) X' ()

P am =S OGN0 + 0RO =X,

. The following lemma describes the transformation (2) 2pplied for corresponding
functionals.

Lemma 1. Let the transformation (2) be given.‘ Then

b B
(4 fip@y? - q(t) yHde = 5(p1(T) # — qs(T)u?)dT +

+ p(t) ’;:((:)) y’(t)

where p,(T), q,(T) are given by (3).

.. . b : b
Proof. Routine computation gives [(p(0)y'*(f) — q()y*() dt = | {p(1)

[12(0) uP(x(8)) + 2h°() (1) u(x(2)) v’ (x(¥)) ;'(f) + B30 ¥ (x(s)) x3(n)] - ‘I(:) hz(‘)
u*(x(1))} dt. Integrating the relation [p(f) h(r) h'(?) w2(x(N] = p(0) h'z(t) w2 (x() +

+ (P KD k() u(x(1)) + 2p(?) (1) b'(6) u(x()) u’'(x(1)) *'(£), we have j' [pte) h’z(t)
2(X(t)) + 21)(‘) h(2) h'(2) “(x(f)) w'(x(1) x’(t)] dr = p(r) PO k) uz(x(f)) Ia - f h(o)

GO0 w0 d, thusj[p(t)y"u) g(t) Y1) dt = Py ). (“) »O L + 5[,,(;)'

h2(1) w(x(t)) — -—(— (h(e) () K'Y + 4(0) K1) w?(O)] x'(p) dt. Substxtutmg
b9

= x( t) in the last integral we have the conclusion.
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Corollary 1. Let a(?) be a first phase function of (p, q) (see [1]). Then
a”(t)
2d'(t)

Proof. The statement follows immediately from Lemma 1 choosing x(f) — a(f),
h() = (| &'(r) P™Y2,

Now, using Lemma 1 we shall derive principal result of [6] and [8].

b a(b) )
) @ y*® — a@® y*(®)]dr = ! )[ﬁz(T) — u*(T)]dT ~ (t)

Theorem 1. In order that (1) holds it is necessary and sufficient:

i) (p, q) is disconjugate on [0, b).

ii) singularity condition is satisfied, i.e. for each A-admissible function y(t) such
that lim inf J(y) |2 < oo it holds

e+0,
L yo(t)
‘lir;l*mf< YA plt) b(t)) 0,

where y,(?) is a principal solution of (p, q) at t = b.

Proof. Let (p, q) be disconjugate on [0, b) and y,(¢) be a principal solution at
t = b. Then y,(f) # 0.on (0, b), y,(b) =0, y;(b) # 0 and the transformation (2)
with k() = yy(1), x(1) = ¢ gives p,(t) = p(1) y;(1), :()) = yu(1) [(P(D) yi(1))' +
+ q(1) ys()] = 0. According to Lemma 1 it holds

b b
(6) J[p(®) y2(t) — q(®) y* ()] dt = [ p,() u'*(t) dt +

+ p(1) y,,g; 2(1) b, 0O<e<b.

Using the ’'Hospital rule we get hm Y2(Olyy() = hm 2y(2) y'(®O/y,() = 0 for each
A-admissible function y(f) and thus hm (D) yu( t) yz(t)/y,,(t) = 0. Then it follows

from (6) llmmf_[ [p(®) y2() — q(2) yz(t)] dt > llmmfjp,(t) Wi dt +

e~+0,; e e—+04+ e

+ lim inf [ —p(#) y3(9) Y2(OIys(1)], from which the sufficiency of the singularity

e=04+
condition follows.
The proof of the necessity of the singularity condition is similar to that of
Leighton [6] Suppose that there exists a 4-admissible function y(f) for which
lim inf J(y) |> < oo and lim inf [ —p(#) y,'(2) y*(D)/ys()] = —k* < O. Let e (0, b)

e~04 t—=04

and _deﬁne

y(,) for te(0, ¢),
ye(t) < yb(t) fOl' te [e’ b)’
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where y,(9) 1s the principal solution of (p, q at t=b for whxch yi(e) = y(e).
Then lim inf I (py.? — qy2) dt = lim mfj (py'* — qy?) dt + j' oyt — qd) dt =

x~‘0+ x x+04 X
= lim inf j y'? - gy?) dr + y(0 yy(1) p(?) L - I [@ys) + ays)] »p dt =
x—-04 X
— lim inf f (py'* — qv) dt — p(e) y,(e) y¥(e)ly,(e). As lim inf J(y) |5 is finite and
x=04+ x 2 X0+
lim inf | —p(x) y5(*) = yi(x )) —k2, there exists e € (0, b] sufficiently close to
x-04 v (t)kz '(e) 5
¢ = 0 such that J() [5 < —— and —222% p(e) y*(e) < —+ k%, hence J(v) [$ <
. 3 yu(e) 3 .
1 2
< - Tk < 0.

4. REMARK TO RESULTS OF [2] AND [3]

The main theorem of [2] is:

Theorem A. Let y(t) be any A-admissible function on [0, b] and q(t) € C°(0, b].
Then

@) lim inf f(y'z(t) —q(®) y*(t))dt = 0

e=0;: e

if and only if the associated Euler equation ¥" + q(t) y = 0 is disconjugate on [0, b).
We shall show that this statement is valid, in general, only if ¢(f) € C[o, b].
Counter-example. Consider the functional

8 7 e LI 1
(8) .—;f(y —Zt—zy)dt, O<e<.
The associated Euler equation
9) v+ ~1~y =0

‘ 41?

possesses the linearly independent solutions J ? and JVtint, so (9) is disconjugate
on (0, ). Nevertheless an easy computation shows that along the curve y =
= J/21(\/2t ~ 1) which is surely 4-admissible on [0, 1/2]

1Y
1/2

limJy)| = -+,
e=+0,4 e 2
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Note that the singularity condition is not satisfied. The principal solution of (9)
at 7 = 1/2 is y,(f) = \/t In 2¢ and by routine computation we get

lim [~ y2(t) yi(0)/y(0)] = —hm 2t(\/2t - 1)? ( + ——1——-> = —1.

t=04 t In2t

The proof of Theorem A is based on the transformation of functionals described
in Corollary 1, where a = 0 and a(?) is a phase function y” + ¢(f) y = 0 for which
lim a() = 0. If the Euler equation y” + ¢(f) y = 0 is disconjugate on [0, b) then

=04
«(b)

‘ j' [4¥(T) — v*(T)] AT = O for every A-admissible function on [0, ()] but the

second term on the right-side hand of (5) equals O (as it is stated in [2]) only if g(¢)
is continuous also for # = 0. Indeed, when ¢ = 0 is the singular point it can happen

. . . . . 1
that this term is negative, particularly in our counter-example a(f) = arctg o7

and lim —~ (1)

2
Yy =
10, 20(t )
Now, we shall state the correct version of Theorem A in terminology of phase
functions.

Theorem 2. In order that (7) holds it is necessary and sufficient:
i) the equation

(10) Y +4q()y=0

is disconjugate on [0, b)
ii) it holds

(11 ' lim sup( ”( ) + a'(t) cotg a(t)) Y1) £0
-0, 22'(t)

for some phbse Sunction a(?) of (10) for which a(b) = kn and for each A-admissible
functions y(t) on [0, b] such that

b
liminf (y'2 — q(t) y*) dt < .
e-04 e

Proof. Let a(f) be an‘ arbitrary phase function of (10) such that a(b) =
Then

o yo(0) = (J&'(2) )™/ sin a(r)
is the principal solution of (10) at t = b and

S OIS 40 2
11:1:::111< () (t)) lngn:::p( ™ ()+ a(t)cotga(t)) ).

‘The conclusion now follows from Theorem 1.
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Remark. Let k be a fixed integer. There exist infinitely many phase functions a(7)
of (10) for which a(b) = kn (see [1]) whereby all these functions are given by the
relation

yu(t)
(12) tga(t) = OB
where y,(?) is a principal solution of (10) at # = b and v(?) is any solution of (10)
linearly independent on y,(f). We shall show that (11) does not depend on the
choise of a(f). Differentiating (12) we get a'(?) = w(yz(f) + v*())~?, =
= —2w(,() yi(t) + v(1) V') (5 () + v*(1)) 72, where w = y;(f) v(9) — y»(t) v'(?)
is the wronskian of solutions y,(), v(f). Hence

- ;‘"((‘)) + /() cotg a(t) =
_ () yi(t) + (1) v'(F) + o(t) et (1) — ye() v (1)) _ yu(®)
3 () + v*(1) ROICACERAO) I 1O
which was to be proved.
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