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COMPARISON THEOREMS _
FOR STURM—LIOUVILLE EQUATIONS

E. MULLER-PFEIFFER
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Abstract. Concerning the fferential equations —(P(x) u”) + Q(x) u = 0 and —(p(x) &)’ +
+ g(x) u =0, a = x < b, Sturm-type comparison theorems are proved where the co. ditions
on the coefficients in question are, for instance, p < P and mean value conditions for ¢ and Q
on certain subintervals of [a, b]. The results are closely related to well-known theorems of Levin
and Fink.
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Consider the differential equations

¢)) Llul = —(P(X)u) + @x)u=0, P>0,PeC',QeC, .
—0w<agx=£bh< oo,

and

v)) I[u] = ~(p(x) ) + g(x)u=0, p>0,peC’geC.

In the special case P = p = 1 a well-known comparison theorem of Levin [2]
states the following (see [5]).

Theorem 1 (Levin): Let P = p = 1 be fulfilled and suppose that there exists
a nontrivial solution u of (1) with u(a) = u(b) = u'(c) =0, a<c <b. If the
inequality

3) Ta(x)dx < —| T Q) dx|

holds for all pairs of numbers x,, x, witha < x, < ¢ £ x, < b, then every solution
of (2) has at least one zero on [a, b]. »

Condition (3) implies that all mean values of g(x) on intervals [x,, x;], x; <
< ¢ £ x,, are non-positive. In the following we shall prove a corresponding
comparison theorem where mean values of g(x) can also be positive. We give the
following preparation. :

Let u(x) be a nontrivial solution of the boundary problem

L[u] =0, u(a) =0 = u(b),
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with fixed sign on (a, b); assume that u is positive on (a, b). Choose a positive
function f belonging to C?*[a, b]. Then because of

u' u’
lim — =0, lim— = —oo0,
xla u xtb u
it is easily seen that there exist points ¢,, t, with a < t; < t, < b such that

@ L0 _vw il L v

@) u@y) o0 S a0 GSFEh
f'(x) _ u'(x)
f(x) g—u—(x_)" tz§x<b.

Note that there can exist several points ¢, or t, with the properties (4), respectively.
Set

&) ¢ = ft) u™'(t), i=12,
and define the function
cqulx), a g x <ty

(6) o(x) = {f(x), t; Ex = t,,
cu(x), 1, <x £ b.

It follows from (4) and (5) that »(x) is a continuously differentiable function on
[a, b]. Seting

v(x) = p(x)f(x), a=<x=b,
we have

#:“-1 _ v:v—l __ftf—l
and (4) implies that
peC'la,b]; pwx)20,a<x=<ty;
px) =1, Sx<t; P 0,4, Sx=b

Q)

v will be used as a test function to estimate the quadratic form of equation (2).
Supposing

(8) p(x) £ P(x), a=<xZb,

we have ' ‘

-
_'[,[p(v')2 + qv*]dx = [[(p = P)(v')* + (g — Q)v*]dx + E[P(v’)z + Qv?]dx =

© -4

| ey o

(@ - Q) v?dx + [ [PO) + 0v*]dx.

(7) shows that the function u?(x) is monotone increasing on [a, ;] from u¥a) =0
to p*(t,) = 1 and monotone decreasing on [t,, b] from p%(t;) = 1 to p?(b) = 0.
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Therefore, be a mean value theorem of integral calculus, there exist points 7,,a <
<t £t,and 1,5, t; S 1, £ b, such that

b T2
(10) f(@-Qv’dx=[(q-Q)f*dx, astu <t, H<ST<b

The second integral on the right-hand side of (9) is handlzd by integration by parts
as follows.

b ty 12
(1) [[P@)* + Qv*]dx = ¢} [[P(w)* + Qu*]dx + [ [P(f) Qf*]dx +
, ‘
+ ¢ [[P(u)* + Qu*]dx = ciP(t;) u'(t,) u(ty) + P(ty) f'(t;) f(ty) —

— P(t) £'(ty) fity) + f LIS f dx — c2P(t;) w'(t;) u(t,) =‘f L[f] f dx.
Thus, we obtain

b T2 t2
(12) f[p(")? + qv*]dx < [ (g — Q) f>dx + [L[f] f dx,
a 1 ty
ast St St 1, 8D,
where the numbers ¢, and ¢, are defined by (4).

Theorem 2: Let u be a nontrivial solution of equation (1) with ﬁxéd sign on (a, b)
and u(a) = 0 = u(b) and let f be a positive function belonging to C*[a, b]. If (8)
is fulfilled and the inequality

(13) }z(q — Q) fidx + ‘sz[f] fdx <0

holds for all pairs of numbers x,, x, with a < x; St; and t; £ x, S b where
t, and t, are defined by

f') _v'@t)

f(t) u(ty) ’

a<x=st,

i=1,2.t1§t29

£, ¥

f(x) = u(x)’

(14)

' W)
fx) = u()”

then every solution v of equation (2) has a zero in (a, b) or v has the properties
i) v is a constant multiple of u on [a, t,],
ii) v is a constant multiple of f on [ty, t;],
iii) v is a constant multiple of u on [t,, b].
Proof: In view of (13) it follows from (12) that

t, £x<b,

1s) [ [p)? + qo?]dx <0,
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where v is the test function (6). v belongs to the domain of the closure of the form

b
o, ¥) = [(po'®’ + qoP)dx, ¢, YeCF(a, b),

of equation (2). Because of (15) two cases are possible,

inf Il(g,9)<0 or inf (g, 0) =0,
9eCP, lloll =1 ¢<C%, llell=1
where || ¢ || denotes the norm of ¢ in the Hilbert space L,(a, b). In the first case
equation (2) has a nontrivial solution with at least two zeros in (a, b) (cp. [3]).
Then by Sturm’s comparison theorem every solution of (2) has a zero in (a, b).
In the second case the infimum of the form is realized by the (normalized) function v.
Consequently, this function v is an eigenfunction of the Friedrichs extension 4
of the operator A4,,
Aop =1[0], ¢@eCg(a,b),

in the Hilbert space L,(a, b). The corresponding eigenvalue is zero. Now it is
easily seen that v belongs to C?[a, b]. v is a classical solution of (2). This proves

Theorem 2.

Corollary 1: Let u be a nontrivial solution of (1) with fixed sign on (a, b) and
u(@) = 0 = u(b) and let f be a positive function belonging to C*[a, b]. Assume that
there exists a point ¢, a < ¢ < b, such that

fO _w© S wE)
fle)  ue) ’ f(x) T u(x)’
If (8) is fulfilled and the inequality

£ o W)
oy =t

a<x=c¢

c<x<hb.

[af?dx < [Of?dx
X1 X1

holds for all pairs x,,x, with a < x;, £ ¢ £ x, £ b, then every solution v of
equation (2) has a zero in (a, b), or v is a constant multiple of u.
Proof: Set t; = t, = c¢ in Theorem 2.

Corollary 2: Let P = p = 1 and assume that u is a nontrivial solution of equation(1)
with fixed sign on (a, b) and u(a) = 0 = u(b). If the inequality
(16) f ax—x)*dxs | Q(x —xo)dx
[*1,%2] ° [x1, %21\ [t1,12]

holds for a point x, ¢ [a, b] and all pairs x,,x, witha S x, £t; £t, <x, b
where t, and t, are defined by

an 1 d(@1y

= > i=12,
t — Xo u(t;)
1 u'(x) 1 u'(x)
S. ’ S s ’ S ’
X=X = u(x) a<xst x——xo“z‘u(x) 2E£x<b
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then every solution v of equation (2) has a zero in (a, b), or v has the following pro-
perties:
i) v is a constant multiple of u on [a, t,],
ii) v is a constant multiple of x — xo on [, t,],
iii) v is a constant multiple of u on [t,, b].
Proof: By choosing f(x) = x — x, in Theorem 2 it follows that

FLITf dx = fOx — xo)?dx.

Thus, (16) implies (13), and Corollary 2 follows from Theorem 2. The geometrical
meaning of (17) is that there exist tangents y,(x) = A;(x — x,), i = 1, 2, touching
the curve of u at t;, respectively.

The special case f = 1 leads to the following corollaries.

Corollary 3: Let u be a nontrivial solution of (1) with fixed sign on (a, b) and
u(a) = 0 = u(b) and assume that

wWit)=0=u'{ty), a<t, £ty <b; Wx)z0, azx=t; ux)=£0,

k

t, £x <0
If (8) is fulfilled and the inequality
(18) f gdxs | Qdx

[x1,x2] [x1,x2] \ [t1,12]

holds for all pairs of numbers x,, x, witha < x; £ t,
a zero in (a, b) or v has the following properties:

i) v is a constant multiple of u on [a, t,],

ii) v = const on [1y, t,],

iii) v is a constant multiple of u on [t,, b].

Proof: Set f = 1 in Theorem 2. .

A special case of Corollary 3 is thecase t; = ¢, = ¢, a < ¢ < b. Then inequality
(18) has the form

IA

t, £ x3 £ b, then v has

X2 X2
fgdx<[Qdx, a=Z<x;Sc<x,=h
X1

x1

In this special case Corollary 3 is closely related to a result of Fink [1] concerning
the smallest positive eigenvalues 1; and 4, of the problems

(p(x)u') + 4,q;(x)u =0, u(a) =0 = u(d),
and
(P(X)u') + Ag,(x)u =0,  u(a) =0 = u(d).

Concerning the importance of the quantity of these eigenvalues for oscillation
or disconjugacy of the corresponding equations compare [4, p. 53].
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In the following the restriction x, ¢ [, b] supposed in Corollary 2 is to be
omitted. Assume that there exist points x, € (a, b) and ¢t with x, < ¢ < b such
that ‘

1 u'(t) and 1 S U (x)

t— xo u(t) X —=xo — u(x)’

t<x<b,

where u is the solution of equation (1) from above. Then, the function

0,a £ x < xq,
(19) v(X) = (X — Xo, Xg S XS,
' (t=xu '(Nux),t £ x < b,

belongs to the Sobolev space W1(a, b)!) which is identical with the domain of the
closure of the form of equation (2). By using this function v the estimate (12)
gets the form

b T t
20)  f[p(v) + q(x)v*]dx £ [ (g — Q) (x — xo)*dx + J Q(x — x0)" dx,
a<xg<tst=Zh

Of course, an analogous estimate holds when the point ¢ is situated to the left
of x,. Finally, the point x, can be identical with one of the endpoints of the
interval (a, b). The following corollary corresponds to the case @ < xo < t < b.

Corollary 4: Let P = p = 1 and assume that u is a nontrivial solution of equa-
tion (1) with fixed sign on (a, b) and u(a) = 0 = u(b). Let further xy, a < xo < b,
and t, x, < t < b, be points with the properties

1w 1 u'(x) <
T_—;;— _u—(tT and x_xogu(x), t-___x<b.
If the inequality '
. ¢ ]
@Qn §a(x — x0)*dx < [ Q(x — xo)* dx
X0 t

holds for all points & witht < & < b, then every solution v of equation (2) has a zero
on [x,, b).
Proof: It follows from (20) and (21) that
b
JIp()* + qv®]dx 20,
where v is defined by (19). In the case
1) Wi(a, b) is the completion of CP(a, b) by using the norm

b
el =(fdeP+]1gHdat
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b
inf fle’1* + glol*)dx <0,
@eC3 (x0,b), llol =1 xo
there exists a nontrivial solution of (2) on [x,, b] with at least two zeros in (xo, b)
and, consequently, every solution of (2) has a zero in (x,, ) (compare the proof
of Theorem 2). Assuming the case

b
inf fle'1* +4qle|)dx=0
@eCP (x0,b), lloll =1 xo
the (normalized) function v(x), xo < x < b, of (19) realizes the infimum. Hence v
is a nontrivial solution of (2) on [x,, b] which has the zero x,. This proves Corol-
lary 4.
In the case x, = a we obtain the following resulit.

Corollary 5: Let the suppositions of Corollary 4 be fulfilled for x, = a. Then
every solution v of equation (2) has a zero in (a, b), or v has the following properties:

i) v is a constant multiple of x — a on [a, t],

ii) v is a constant multiple of u on [t, b].

t=a:lf
1 u'(x) .
>
(22) =7 2w a<x<b,
and the inequality
g ¢
(23) fa(x —a)?*dx < [ Q(x — a)*dx

holds for all &, a < & < b, then every solution v of (2) has a zero in (a, b) or v is
a constant multiple of u.
The proof of Corollary 5 is analogous to the proof of Corollary 4.

Example: Every solution of the equation

(24) —u'+q()u=0, g%-1, -TSxs7,
has a zero in (—-—7;—, —g—) if there exists a point ¢, —g— f£c< —g— , ¢ * 0, such that °
(25) max J@+1)(x —c—cotc)*dx 0
-l smScsms;
or if
. . 1 x2
(26 su (—~—— dx) < -1
) , P P ,,Iq

n n
- < —
2§xn<0 x2S 3

Proof: Compare equation (24) with the equation
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- Iloo=u(X
—u u=20, u( 2) 0 u(z),

and take u = cos x. In the case where | ¢ | < —12t— , ¢ *+ 0, apply Corollary 2. Condi-
tion (17) is fulfilled for ¢t, = t, = ¢ and x, = ¢ + cotc. Then (25) corresponds
to (16) with Q = —1. In the case where ¢ = ——72t— apply Corollary 5 under the
supposition ¢ = a. In this case the condition (25) has the form

£ 2
omax g+ 1)<x + %) dx 0.

An analogous condition is valid in the case ¢ = — . Inequality (26) corresponds

to (18) of Corollary 3.

[ 8]

Corollary 6: Let P = p = 1 and consider the solution u of equation (1) determined
by the initial values u(c) = a >0, u'(c) = >0, a < ¢ < b. If the inequalities

2 :zQ(x —c+ap M) dx
@7) - <
(b—a fx—c+ap™t) dx

IIA
=

hold for all numbers x,, x, with
max (a,c —af ) < x, <c<x, £b,

then the solution u does not vanish in at least one of the intervals (a,.c) or (c, b).
In the case where u(c) = a > 0, u'(c) = 0, the same conclusion is true when
2

m 1
(28 - g dx<0
) (b—a)? - X% x'[ ¢
forall x;,x, witha £ x, <c<x,=b
Proof: Assume that ¥ has a zero a’ in (a, ¢) and a zero &’ in (c, b). We may

. assume that u is positive on (a’, b"). Now apply the Corollarxes 2—5. First let
u'(c) > 0. It follows from

1 _u'(e) _g_

c—x, ulc) «

that x, = ¢ — af~!. Thus, replacing a by a’ and b by &', Corollary 2 can be
applied when ¢ — af~! < a’. The points ¢, and ¢, can be determined such that (17)

is fulfilled with a = a’ and b = b'. Now it follows from (27) that (16) is fulfilled
~ by setting

7,52

q(x) = “"(b—_;‘);-
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:_ :) of equation (2), however, does not vanish on

[a’, b'] contradictory to the conclusion of Corollary 2. Assumenowa’ < ¢ — aff~!
and apply Corollary 4 with a = a’ and b = b’. The point ¢, ¢ £ t < b’, can be
determined and (27) implies (21) with

The solution v = sin (n

7[2

q(x) = —m-

. . . x—a . . .
Thus, considering the solution v = sin (n )of equation (2) we again obtain

b—a
a contradiction. Finally, in the case a’ = ¢ — aff~! apply Corollary 5 with a = a’
and b = b’. Analogously, the assertion of Corollary 6 under the supposition § = 0
follows from Corollary 3. This completes the proof of Corollary 6.

The case u(c) = a > 0, u'(c) = B < 0 can be handled analogously.
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