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ON A “LIAPUNOV LIKE” FUNCTION
FOR AN EQUATION :=f(t,2)
WITH A COMPLEX—VALUED FUNCTION f

JOSEF KALAS, Brno
(Received September 15, 1981)

1. Introduction

In earlier papers [2], [3], [4], [5] and [6], the author studied the asymptotic
behaviour of the solutions of an equation

(1) z = G(t, 2) [M() + g, 2],

where G is a real-valued function and h, g are complex-valued functions of a real
variable ¢ and a complex variable z. The function 4 is supposed to be holomorphic
in a simply connected region 2 containing zero and the right hand side of (1) is
assumed to be ‘“close” to h(z). It is shown that the asymptotic properties of the
solutions of (1) are similar to those of

V) = h(z).

The technique of the proofs of the majority of these results is based on the Liapunov
function method. On the assumption A’(0) # 0 and A(z) = 0 <> z = 0, a suitable
Liapunov function W(z) is defined in the following manner:

W) =|z| lexp[ s (%) dz*]|,

where
zh'(0) — h(z) whenever zeQ, z # 0,
) zh(z)
Z)= ” ’ '
__Ko whenever z = 0.
2h'(0)

The purpose of the present paper is to give the definition and to describe some
basic properties of a “Liapunov-like” function W(z) which is convenient for the
investigation of the asymptotic behaviour of the solutions of (1) in the case
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h(z) = 0<>z =0, 0) # 0, #20) =0 for j=1,...,n — 1, where n = 2 is
an integer. Notice that W(z) does not satisfy all the conditions usually required for
Liapunov functions. Namely, W(z) is defined only for ze Q — {0} and there is
no continuous extension of W(z) to Q.

Some results dealing with the asymptotic behaviour of the solutions of (1) will
be published in next author’s papers.

Throughout the paper we use the following notation:

C — Set of all complex numbers

b — Conjugate of a complex number b

Reb — Real part of a complex number b

Imbd - Imaginary part of a complex number b

Arg z — Principial value of the multivalued function arg z

BdI' — Boundaryofasetl’ = C

CII' — Closureofasetl’ = C

Int ' - Interior of a Jordan curve z = z(¢), te[a, f] whose pomts z form
aset I' = C; I will be called the geometric image of the Jordan curve

z = 2(1), te [a, B]

Q — Simply connected region in C such that 0.e Q
X () — Class of all complex-valued functions defined and holomorphic in the
region Q

Ind;(0) — Index of the point z = 0 with respect to the equation z = f(2).

' 2. Definitions and properties of W(z) and K(1)

Let n 2 2 be an integer. Suppose h(z) € #(Q), h(z) = 0 <>z = 0, K9)(0) = 0
forj=1,...,n — 1 and A™(0) # 0. Define
al = 1

n' -1 h(n+l J)(o)

“ TH™0) £ Gimr i 1=23,..,n+1,
©=1+(a,|*—1)sgn]a,l,
k = [K™(0) + (@, — "™ (0)) sgn | a, |]/@n!),
2"h™0) — n! h(z) ¥ a2’
r(z)= j=1 fOlﬂZGQ,z:@-O’
. n! h(z) z"
—pq » for z =0.

Lemma 1. The function r(z) is holomorphic in Q.
Proof. r(z) is holomorphic in 2 — {0}. Using repeatedly L’Hospital’s rule,
we obtain : .
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2Z"h™(0) — n' h(z) ¥ a;z2' "
ji=1

lim

z=0 . .nlh(z) 2"
- (2n)! (2n—j+1)
! R A,
i ”',-;“J an—j+ T " | ©) _
z=0 (2m)! h"')(O)

_ —h"©O(n)!a,.,
(2n)! K™(0)

Ap+q -

Thus the singularity, at the point z = 0, is removable and r(z) is holomorpﬁic
in Q.

Put

w(z) = zl1*e™! exp[—k""nz%_:1 —~———aj——-j—] exp [k* } r(z*)dz*],
= (n=jz! 0

where k* = nlk, and define

W) = | wz) | for ze,z #0.

Lemma 2. W(z) is a first integral for an equation
® 2 = ikh™(0) h(2)
on the set Q — {0}. Moreover,

awe@) P [ow() T
[.aRez] +[almz] +0 o
for ze Q — {0}. '
- Proof. For ze Q@ — {0} we obtain
Fi y 712 " 2 Co '
] [gme] - o
=W 2)|la, 1’07 'z7" + k*[nfa,z""-* +r@]1 =
i=1
= W@ | k1> | KO0 * | hz) |2

Hence

[6W(Z)]2+[‘3W(Z)]24=0 " for zeQ — {_0}- a

dRez dImz

Further, if z(¢) is any differentiable function, then

WD) = S W) W] = 2 Re [w (@) WD 2] =
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= 2W?%(z) Re {k*[ Z a;z2 """ + 1(2)] £} = 2W¥(z) Re {kh™(0) h'(2) 2}
ji=1

for all ¢t for which z = z(tf) e @ — {0}. Therefore, if z(¢) is any solution of (3),

then
W(z(1)) = W(z(t)) Re {kh™(0) h™'(2) 2(1)} =

= W) | k> | K0)|*Rei =0
for all ¢ such that z(f) # 0. The proof is complete.

Lemma 3. 1° ¢, is a characteristic direction for (3) if and only if ¢, =
= (n — 1)"! [un — Arg (ik)], where u is an integer.
2° There are positive numbers 9, 6, n (n < 2, 8 < 2 arcsin (/2)) such that if u is

- any integer and if a solution z(t) of (3) satisfies
.

_ eiw

z(tl)eQ,,={zeQ:0< |z <4, l%

then
() z)eQ, fort S tyort2t,,and

d d .
Elz(t)l>0 or —dl—lz(t)l<0,

respectively;
(ii) for the continuous determination @(t) of Arg z(t) there hold the inequalities:

d . .
(sgn ‘;ft)l)(p(') >0 whenever ¢, + 9 <o) <o, + 2arcsin —g~ ,

(sgn .‘%‘)_') o(t) <0 whenever ¢, — 2 arcsin % <o) <o,— 9.

Proof. Denote f(z) = ikh™(0) h(z), o(f) = | z(t)|. Then z(t) = g(f) e'™. 1t

follows from the equation (3) that the functions ¢(?), @(?) are solutions of
0e'® + ige'* ¢ = f(oe™).

Consider the corresponding system of two real equations

@ = Re [e~"*f(ge)],
09 = Im [e™"*f(ge™)].
Taking into account that f(0) = ... = f®»~D(©0) = 0, f™(0) # 0, we can write
the system (4) in the form
¢ = 47 Re [£™(0) €*~V°] + o(¢),

n—1

Qn' Im [£®(0) ®~ V7] + o(g"Y).

OF

)

Q=
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Furthermore, we have

)@= DO+ o(1)] + oo,

n—1

¢ = Q,,! [(n = D(=D*1f0) | (@ — @) + ol ¢ — @, )] + 0@ ")
Since Im [f(n)(o) ei(n— l)(p] =0 if" and only if Q= ¢, = (’1 _ 1)-1 [”n _ Argf('"(O)],

both the parts of Lemma 3 can be easily derived from the relations (5), (5').

Now, we are prepared to prove the following

Lemma 4. Let I' be any simply connected region such that I' < Q, 0 e I'. For
M > 0 put :
(6) Iy={zel: inf |z —-z*|< M }u{zel:|z| > M}.

z*eBd T
Denote
A, = liminf W(2).
M- wzelm

If0 < A < A%, then the set {zeT': W(z) = A} is the union of a certain nonempty
system £* of geometric images of curves with the following properties:

1°if K*e &%, then K = K* U {0} is the geometric image of a Jordan curve and

@) IntKc {zel: W(z) < 1};

2°ifRK*e %, K= KR* U {0} and 0 < Ay < A, then the set {zeInt K: W(z) =
= A1} U {0} is the geometric image of a Jordan curve;

3°if K¥*e L*, A < A, < A%, then there is a Jordan curve with the geometric
image K, such that K* < Int K, and W(z2) = A, for ze K, — {0}.

Proof. Because of Lemma 2 the function W(z) is a first integral for (3) on
Q — {0}. We shall show that there is no closed trajectory of (3) lying in I'. If this
is not true, there exists a trajectory of (3) which is a Jordan curve lying in I'. TIts
interior must contain the point z = 0 with the index equal to 1. However, using
Theorem 1 of [9], we have Ind, (0) = n > 1, a contradiction. Hence there is no
closed trajectory of (3) lying in I'.

The function w(z) is holomorphic in I' — {0}. Since a, # 0, the function w(z)
has an essential singularity at z = 0. Choose 4, 0 < 1 < A%. In view of Picard’s
theorem, there is a z; e I' — {0} such that W(z,) = A.

Let z, be any point with the mentioned property. There is a unique trajectory
of (3) passing through z,. This trajectory corresponds with a solution z(¢) of the
initial value problem (3), z(0) = z,. Clearly, W(z(¢t)) = A for all ¢ for which z(¢)
is defined. There exists an M > 0 such that the considered trajectory is contained
in the compact set I' — I'),. Suppose that the set of w-limit points or the set of
a-limit points of the solution z(#) does not contain the point z = 0. Then, owing
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to the Poincaré — Bendixson theorem, the set of w-limit points or the set of a-limit
points of the solution z(¢) is the set of points z on a periodic solution z = z,(f)
of (3). The trajectory corresponding to this solution is a closed curve lying in I',
and we get a contradiction. Thus the set of w-limit points and the set of a-limit
points of the solution z(z) must contain the point z = 0.

We claim that

® lim z(¢t) = lim z(t) = 0.

| Sudes] t—+— o0
If it is not the case, then the set of w-limit points or that of x-limit points of the
solution z(t) of (3) consists of the point z = 0 and of the points of a certain
nonempty system of trajectories {z :z = zy(f), t€(—o0, )} such that the
corresponding solutions z4(t) satisfy

lim zy(f) = lim z4(t) = 0.

t— o t— — o
([1, Theorem VII.4.2]). From the continuity it follows that W(zy(t)) = 4 for
t € (— o0, 00), which, in view of Lemma 2, contradicts the implicit function theorem.
This proves (8).

In the following, K’z(,, and ¢,,(t) will denote the trajectory corresponding to z(7)
and the continuous determination of Arg z(¢), respectively. It is clear that K, ,, U
U {0} is the geometric image of a Jordan curve. By virtue of [1, Theorem VIII.2.1]
and Lemma 3 we have

lim (pz(t)(t) =@y :lim (Pz(t)(t) =Quys
t— o - —w
where ¢, , ¢,, are characteristic directions for (3) such that ¢,, # ¢,, (mod 2r).

We shall prove that ¢,,, ¢,, are consecutive characteristic directions, i.e. that
| @, — @4, | = n(n — 1)7". Suppose for the sake of argument that this assertion
is false. Then there are solutions z,(¢), z,(¢) with the property z,() e I, z,(1) e I
for te (— o0, ), z (1)~ 0as t > o (j = 1,2),

lim (Pz.(t)(t) = Qus» lim (pzl(t)(t) = Ques

t—> o0 t—= -
lim @,,1) = @y, iim @,,(t) = @,
t—o o — oo

Kzz(t) < Int [kzx(f) Y {0}] and I Pus — (pﬂsl =n(n — l)_l’

where ®,,» ¢, are not consecutive characteristic directions. Let # be the set of
all solutions u(t) of (3) such that u() = 0 as t - + oo,

hm (pu(t)(t) = (pu;;(mOd_ 277:)’ ]lm (Pu(t)(t) = (p,,,(mod 215)
B -] .

1= —a
and

‘ K., < Int [Rury v {0}].

For each u(t) € # there is a z* € K, for which | z* | = max {| u(#)| : t € (— o0, 0)}.
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Denote by & the set of all such points z*. Put v = inf {| z* | : z* € 4}. Obviously,
v > 0 and there exists a convergent sequence {z}},zf€ ¥ (i = 1,2,...) such that
limz} = z,, where |z,| ="V

jow®
Because of Lemma 3 and the continuous dependence on initial values, every solu-
tion u(f) of (3) for which u(0) i$ close enough to z,, satisfies u(f) - 0 as ¢ - + o0,
lim @) = @, lim @,(1) = @y,
t— . 19— ’
which contradicts the definition of v.
We claim that

) W(z) </  for zelnt[K,, v {0}].

If this is not true, there exists a z, € Int [K.,, U {0}] such that A £ W(z,) =
= A* < /. The solution zy(¢) of an initial value problem (3), z(0) = z, satisfies
zo(t) > 0 as t - 4+ o0,

hm q)zo(l)(t) = (0;‘,, hm (pzo(t)(t) = (puz'

t— t— — o
Let 8, # be as in Lemma 3. There are unambiguously determined points z,, z; € Q,,
and z;,z,€Q,, such that z,,z3e K,y n{z:|z| =8/2}, z;,z4€ Ky DO
n{z:|z| = 6/2}. Let K* denote the set consisting of the points of the part
of K., lying between the points z,, z;, of the points of the part of K, lying

— —
between the points z,, z, and of the points of two disjoint arcs z,z,, z;z, of the
circle | z | = §/2. Clearly, K* is the geometric image of a Jordan curve.

Imz

Argz : pu, (mod2n)

Aoy

Rez
121 =d/2 w-d

Fig. 1.
In view of Lemma 3 and the maximum modulus theorem, all the points
z* € Cl Int K* with the property W(z*) = max {W(z) : ze Cl Int K*} or W(z*) =

= min {W(2) : z € Cl Int K*} must lie on K, ) or K;,(,- Since W (z) is not constant,
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we have 1 < W(z) < A* for zelInt K* Let & be the set of all solutions u(r)
of (3) such that u(t)e I' for t € (— o0, ), u(t) » 0 as t > + 0,

lim @,(1) = @y, lim @,(1) = ¢,,
t= —o

t—=
and

K. = Int[R,, v {0}].

By virtue of Lemma 3 and the continuous dependence on initial values we infer
that & # 0. If u(t) e #, then W(u(t)) < A for te (— oo, o) and there exists an
M > 0 such that K,,, = I' — Iy, for any u(f) e #. Moreover, there is a z* € K,
for which | z* | = max {| u(¢)| : t € (— 00, v)}. Denote by % the set of all such
points z*. Put v =sup {|z*|:z*e %}. Obviously, v >0 and there exists
a convergent sequence {z}}, z; €% (j = 1,2,...) such that
lim z;‘ = z3, where | zg| = v.
jo o
Further, 0 < W(z§) = lim,,, W(z]) £ A < 2% Because of Lemma 3 and the con-
tinuous dependence on initial values, every solution u(f) of (3) for which u(0) is
close enough to zj satisfies u(t) - 0 as 1 > + o,
rlim q’u(t)(t) =@y, 'lim ‘Pu(r)(t) = Qs
- - =0
which contradicts the definition of v. Therefore W (z) < 4 for z e Int [K,(,, v {0}].

Now, we want to prove that to any 1,, A < 4, < A%, there is a solution z*(¢)
of (3) such that W(z*(t)) = 4, for te(—o, o) and K, < Int [K,., v {0}].
Suppose not. Denoting by & the system of all solutions u(f) of (3) such that
W(u(t)) < A5 for te(—o0, ) and K, < Int[K,, U {0}], we observe that
F # 0 and thereis an M > O such that K,,, = I' — I'y for any u(7) € #. Proceed-
ing analogously as before and using Lemma 3 and the continuous dependence on
initial values, we obtain a contradiction which proves the existence of the solu-
tion z*(¢) with the properties W(z*(f)) = 4, for te(—o0, o) and Kz(,) <
< Int [K..,, U {0}].

Finally, we shall prove that to any 4,, 0 < 1; < A4 there is a solution z*(¢)
of (3) such that K., < Int[K,,, v {0}] and W(z*(t)) = 4, for te(— o0, ).
It is sufficient to show that there exists a z* € Int [Kz(,, U {0}] with the property
W(z*) £ 4,. Putting 0* = (¢,, + ¢,,)/2, we obtain

exp| —k* -
p [ (n - 1) sn—lel(n—l):p*]

lim W(se'®") = lim | w(se®") | = lim

s=0+ s—=0+ s—+0+
- lim exp[—k* 1 QAT ~ s+ w21 || _
50+ (n—1s"!
= lim exp[sik*lwi—f——]l,
50+ (n - 1) s"t
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where ¢ = —1 or ¢ = +1. In view of (9), the second case is impossible, whence

lim W(se*®*) =

s=0+
Thus the existence of z* € Int [k,(,, v {0}] with the property | W(z*)| S Ay is
proved. The proof is complete.

Quite analogously we can prove the following

Lemma 5. Let I' be any simply connected region such that I' = Q, 0e I'. For
M > 0 put
Iy={zel: inf |z—z*|<M '} u{zel:|z| > M}.
z*eBd T’
Denote

AL = lim sup W(z2).
M- zelp
If A" > A < oo, than the set {ze T : W(z) = A} is the union of a certain nonempty
system £~ of geometric images of curves with the following properties:
1°if K*e &7, then K = K* U {0} is the geometric image of a Jordan curve and

IntKec {zel: W) > A};

2°ifR*e L™, R =K*U{0}and A < A; < o, then the set {zeInt K : W(z) =
= Ay} v {0} is the geometric image of a Jordan curve;

3°if K¥e %™, AL < Ay, < A, then there is a Jordan curve with the geometric
image K, such that K* c Int K, and W.(z) = 1, for ze K, — {0}.

Let = be the system of all simply connected regions I' = Q such that OeI.
For any I' e = put
AL = lim inf W(2), AL = lim sup W(z),

M- zel'm M-w zel'm

where Iy, is defined by (6). Denote

Ay =supAl, A_=inf AL,
ek ez

Obviously, 0 < 4, < 00,0 £ A_ < 00. Moreover, in view of the implicit function
theorem, Lemma 2, Lemma 4 and Lemma 5, the inequality 1, < A_ must hold.
For0 < A < A, and A_ < 4 < oo, respectively, we define o' (1) = {ze :W(2) =
= A}, where I" is any element from = such that A >tand = (A) = {zel:W(z)=

= A}, where I' is any element from = such that A= < A. It follows from Lemma 4
and Lemma 5 that % *(1), # ~(4) are well-defined. Indeed, if e.g. # *(4) is not
well-defined, then there exist I',, I', € £ satisfying A%' > A, AR > A and X} =
=XFA)# X T = ;fz(l). Suppose for definiteness that there is a z* exX N
so that z* ¢ &7 . Owing to Lemma 4 we conclude that there exists a set K which
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is the geometric image of a Jordan curve such that z*e K = ¥ * U {0}. Let 0@
be a neighbourhood of the origin with the property © = I') n I',. Clearly, W(z) <
< Aforze O nInt K. Ifz§ € 0 ~ Int Kand W(z}) = A,, then, in view of Lemma 4,
there is a K; < I', which is the geometric image of a Jordan curve such that z§ € K,
and W(z) = A, for 0 # ze K,. Using Lemma 4, we observe that there is a Jordan
curve such that, for its geometric image K,, conditions K, = »#; u {0} and
K, — {0} < Int K, are fulfilled. Considering K, — {0} = Int K, we have K, —
~ {0} = K or K — {0} = K,, which is a contradiction, because of Int K
c{zeQ: W) < i and IntK, c {ze Q: W(z) < }.

Let 7+ and 7 ~ be the system of all geometric images of Jordan curves which are
contained in #*(A) u {0}, 0 <A< i,, and A~ (H) U {0}, A_ <1 < oo,
respectively. Consider the relation ¢ defined on 4 * and 9 ~ in the following
way:

KoK, [K, —{0}cIntkK, or K,-{0}cIntk, or K, =Kk,]

It can be easily verified by means of Lemma 4 and Lemma 5 that ¢ is an equivalence
relation. For decompositions J /¢ and 7 /¢ we obtain the following two
statements:

Theorem 1. If Y € T * @, then & = {K(A) : 0 < A < 1.}, where

1° K(2) is the geometric image of a Jordan curve for any A, 0 < A < A,;

2° R(A) = o *(4) v {0};

3° K(A) — {0} c Int R(A) for 0 < Ay < A, < A,

Theorem 2. If ¥ €T ", then ¥ = {K(A) : A < A < 0}, where

1° K(2) is the geometric image of a Jordan curve for any A, A_ < A < 0;

2° K() « A~ (A) v {0};

3° R(2;) — {0} c« Int K(A,) for A_ < A, < A, < oo.

Remark. It can be easily seen that the trajectories of (2) cut the curves K(4)
with the constant angle ¥ such that

| Re [ikh™(0)] ] -

_ | Im [ikh™(0)] |
Lkl [B™0)]

Lk| | h™(0)]

cosy =

, sin Y

3. Examples
In this section we shall illustrate the results of Section 2 by the following two
examples.

Example 1. Let Q = {ze C:a < Re[bz] < B}, where beC, b # 0 and
—00 £ a4 <0< f £ . Put h(z) = bz%. Then h'(z) = 2bz, h"(z) = 2b, h"(z) = 0.
Further we obtain a;, = 1,a, = a3 = 0,0 = 1, k = b, r(z) = 0, w(z) =
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= exp [—2bz7'], W(z) = exp {Re [-2bz7']}. Moreover, 0 < 1, =
=exp[—-2|b1?B']S1<Sexp[-2|b|*a™"'] = A_ < 0. The sets K(4) u {0},
where 0 <2 <A, or A_ < i < oo, are circles with centres [—RebIn™! 4,

Im b In~'2] and radii [ In A|"* | b].

'

lm\[b,:'):o

~Relbz]=0

RN, 0<heN

Fig. 2.

Example 2. Let Q = C, h(z) = b(z — a)z?, aeC, beC, a # 0 # b. Then
H(z) = b3z — 2a) z, k'(z) = 2b(3z — a), h"(z) = 6b, K¥(z) = 0. Furthermore we
have a; = 1,a, =a™',a;, =a™%,0 =|a| %k = a2, r(2) = [ala - 2)]7},
w(z) = az(a — 2) ' exp[—az™'], W) = la| |z| |z — a| ' exp{Re[—az"']},
A, = A_ =|a]|. The sets K(1), where 0 < 1 < A, or A_ < A < oo, are sketched

in Fig. 3.

Imz

R\), N<\<oo

/ KO\, 0< A<\,
W(z)=lal

Fig. 3.
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