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1. INTRODUCTION

The object under consideration is the nth order nonhomogeneous linear differential
equation of the form

(LD {4240 . [AT'O YT ..} = A0 y + F(Q).

As the asymptotic properties of solution of equation (1,1) for F(t) = 0 were studied
in [5], the form of the particular solution of equation (1,1) and of its certain derivatives
will be constructed and their asymptotic properties studied under a convenient
combination of conditions.

In the course of study it was found advantageous to use the so called Peano—
Baker method, for it allowed to express the particular solution y,(¢) of equation (1,1)
in the form of infinite series converging on the interval I. The advantage of this
method lies especially in the fact that when we express the solution in an approximate
manner, it is possible to obtain a simple estimation of the-error.

Let us make the following agreements:

t
1° If a is a real number, then the symbol | 4,(v) dv denotes:
ay

a) Rieman’s integral for a; = a

t
b) lim | Ay(v) dv for a; = o0.

T+00 T

2° Throughout this paper it will be assumed that:
AeCy), i=12,...,n, A(t)>0 fori=12...,n-1,
S | _
Ai (l) = —m)—, F(t)ECo(I), I= (to, 00).. A
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. t . . .
3° Provided no misunderstanding occurs, only f A;, F will be used instead of
ay .

f'A ,(v) dv, F(?), etc.

2. DEFINITIONS AND NOTATIONS

Definition 2.1. Denote D = T;L and deﬁne the linear differential operators
(¢A)) L,=A'DAD.. DAl D, fors=12..n-1
2.2) n=DL,_;.

The identical operator is denoted by the symbol L.

Definition 2.2. Suppose that the function h(t) € Co(I). Let the symbol Q;, j =
=1, 2, ..., n denote the integral operator which maps the set of functions of C, into
itself '

23) Q,h = f A (v) h(v) dv,
and let Q(h) be defined by I
249 o(h) = iF(v) h(v) dv.

Forj # k,j,k = 1,2,..., n define the operator ;0\
2,5) _ Q,Q,(h) = j, A,(v):{ A (u) h(u) du dv
and the operator Q,;Q by
(2,6 Q,0(h) = } A,(o):jop(u) h(u) du do.

The construction of further operators that occur in this paper will, sxmllarly as
above, be written in the form of products, such as DQOyh) = A;h.

Definition 2.3. Let a € I be q real number and let a;, i = 1, 2, ces denote either a
or +00, h(t) e Co(I). Define the integral operators €;,Jj = 1, 2, ..., n by relation

2,7 A _«1(") = QJQJ+1 QllQu+1 ver Quﬂ—l(h)»
where Q,.; = Q;. )
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Furthermore, let us put
38 € =h EMmW=%€"'h, r=12..

Definition 2.4. Let j, k be natural numbers 1 < j, k < n, h(t) € Co(I). Define the
tntegral operators

-

X; () = h,
2,9 XiiW) = Q041 ... Ou_y(h),  forj<k,
X;u(h) =0, forj>k.

Definition 2.5. Let j be a natural number 1 < j < n — 1. Define the functions

2,10 Pt) = QiQjsy ... Cn-1Q(1).
Furthermore, let us put
,11) (1) = QD).

Definition 2.6. Let h(t) € Co(I). The symbols q;, j = 1,2, ..., n and q denote the
operator

2,12) q,(h) = [|Av)| h(v)dv, - q(h) = || F(v)| h(v)do.

By the product of operators q,q, and q;q, we understand the operator

q,quh) = 1 A 0) | || Au) | h(u) du do,
(2,13) e o
q,q(h) = [ 1 A ()| || F(u)| h(u)dudo.

Definition 2.7. Let j be a natural number 1 < j < n. Define the functions
2,19 YAD = 1 9dyu1 - Qdnsr - Gnsj-1(D |,
while putting q,.; = 4;.

Definition 2.8. Let j be a natural number 1 £ j S n — 1. Define the functions
2,15 @A) = 19541 ga-1g(D .

Furthermore, we put

@.(t) = gD |.
Definition 2.9. Let j, k be natural numbers. Define the functions
% (1) =1
%) = 19941 @ (D], Sforj<k
) %60 = 199541 - G o Guen-1 (D],  Sforj>k
while putting qu+; = 4;-

Y
121



3. LEMMAS AND RELATIONS BETWEEN OPERATORS -

Lemma 3.1. Let the operators €; and the functions ®; be deﬁné'd by the formulae
(2,8), (2,10), and (2,11). Then it holds

(€R)) €(P)=0Q%+(®;4y), forj=12..,n-1Lr=0,1,..
32 @) =0€i@.y), forj=nr=12..
while putting €, = €1, Pu+1 = ;.

The proofs for existence of these relations will be given by using the method of
complete induction. Both being analogous, only the proof of (3,1) will be given.

For r = 1 with regard to (2,7) and (2,10),

%}(¢j) = Qij+1 QnQn+l Qu+j-1(‘pj) =
= Qij+1 QnQn+1 Qn+j-1Qj(¢j+1) = Qj(g,w 1(¢j+1),

which is the relation (3,1) for r = 1.

And now suppose that (3,1) holds; then according to (2,8), (2,7) and (3,1),

%"]+1(¢j) = %j(g;'(¢j) = Qij+1 oo @nQuy - Qn+j—lQn+jg:+1(¢j+l) =
= Qj%)_ﬁ 1(€;~+1(¢j+ 1) = Qj%;11(¢j+ 1)-

The proof is completed.

Lemma 3.2. It holds
L(®P) = Diyy, fori=1,2,...,n~1,
Ln(‘pl) = F,
L,%.(h) = A,h.

These statements follow immediately from definitions 2.1, 2.3, and 2.5.

4. ASYMPTOTIC PROPERTIES OF SOLUTION
OF DIFFERENTIAL EQUATION (1,1)

In this Section we shall deal with formal construction of the particular solution
»1(t) of differential equation (1,1) and its derivation having the form L,y, . Using the
notation as indicated above, the equation under consideration may be written as

1) ' Ly = A4,y + F.

Theorem 4.1. Suppose that 2° holds; then the particular solution y(t) of differential
equation (4,1) can be expressed in a formal way as

) 70 = 3 6(@).
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The proof will be given by veriﬁca_t:ion. According to (2,7), (2,8), and Lemma 3.2
we obtain

Ly, =L,y €(®,) = L,€3(®,) + LY, €1(®)) =
r=0 r=1
=L(®) + Y L% (d)=F+ Y A6 '(®) =
r=1 r=1
o0 L
=F+ A, Y67 (®)=F + 4,1 €(®)=F + Ay,.
r=1 r=0

Hence L,y, = F + A,y;; thus the proof is complete.
Theorem 4.2. Suppose that 2° holds; then

(4’3) Lsyl(’) = 2 @;+1(¢s+ 1)’ for s = 05 la IPR L
r=0

‘The proof will be given by the method of complete induction. According to (2,1),
(3,1), and (4,2) and for s = 1,

Liyy = A;'Dys = A7'D L €3(2) = A;'D T, 0,65(P2) = X, €%(%,),

and thus (4,3) holds for s = 1.
Now suppose that (4,3) holds for s = j — 2. Then

Ljyys= A;—11DL,~—2.V1 ='A;—‘1D 20?3—1("1—1)-
If j # n, we obtain according to (3,1)
Li-yy, = Aj_—IID’;OQj—I(g,’l((pj) =2__:0@;-(¢;)-
If j = n, we obtain according to (3,2)
Lo-1y1 = AD Y €0-1(@a-) = 4,550 % Qa1 6(:) = 1 €8,
r= r= r=

The proof is completed since (4,3) holds also for s = j — 1.

Note 4.3. From the previous relation we can easily verify that ¥4(¢) is a formal
solution to (4,1). Indeed, according to (3,2),

DL,-1y1 = Ly = DY, €(@,) = D[@, + ¥ €4(®,)] =

123




= D[o, + Z 0.%.:1(®.. )] = D[®, + 0, 2 € (@re))] =
=D[®, + Q. ;oﬁ(dn)] =F+Ay,.

Note 4.4. In the subsequent Section we shall study uniform convergence of the
series (4,3). We shall prove that y,(¢) is a solution of (4,1) on an interval I, eI if the
series (4,3) are uniformly convergenton I, fors =0,1,...,n — 1.

5. UNIFORM CONVERGENCES OF FUNCTION SERIES

‘Theorem 5.1. Suppose that 2° holds and a; = o for all i =0, 1, ..., n. Assume
(5,1) 75+1(2) < 0, @y44(t) < 0, fors=0,1,...,n— 1.
AIf so, the series (4,3) converge uniformly on the interval I.

Proof. The uniform convergence of series (4,3) is proved by constructing their

convergent majorants. Applying complete induction we can prove that

6D €@l S 0O ors=01,n -1,
Indeed, forr =1,

| (fs‘+ l(¢s+l) l = | Qi+1Qs42 .- Qn+sQn+s+l Qn+u—1Q(l)l =
S | Gyt19s42 - GnssOntst1 -+ Inan—19(D | <
§ Y:+1(‘) ‘Ps+l(t)’

which is the inequality of (5,2) for r = 1.
Suppose that (5,2) holds. Then

|(£:I{(¢s+1)| = f@u 1@:+1(¢s+1)' =
=|Qu+1Q5+2 -+ Qn+a[(£;+ 1@ D] S 145419542 - qn+s(| Cort(Pyi 1) |)l s

< 0s(0) 5&::!@_|Am(¢)|q,+,...q,,h(1) -
- r+1
= @s1(t) .’. YSH(I) = 7+1(7) dTI‘ ?y+1(t) (r,:—‘(g! .

. Hence the inequality of (5,2) is proved.
For every tel

Zo‘ €1 Por) | S @,44(1) ZOJJ;__‘EQ. < @,.4(to) Zo Y +;'( 0) )
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The series »
[ r
N (;
Per1(to) Y, l__+_1_'£_o_)_
oo !
is the convcrgent majorant to series (4,3). The statement of Theorem 5.1 is proved.

Theorem 5 2. Suppose that 2° holds. Be a‘ wforalli=0,1,...,n. lf
4.3 ‘HA‘(s)dsi < oo, j | F(s)ds| < o0, fori=1,2,...,nm,
to to

then all series of (4,3) converge uniformly on the interval I.
The proof of this Theorem being analogous to that of the foregoing one, may be
omitted.

Theorem 5.3. If the conditions given for Theorem 5.1 are fulfilled, then for te I
the following estimate holds:

n ’ nt+1
G4 L = £ 00 i@02 )1 S 001i) D exp (1111 0):

Proof. Let us denote
Ry y(t) = -»z+ IW:+1(¢;+ 1)

Then according to (5,2)

© nt 1 n+2
IReei®15 010i) 3 B0 g o 224 BG ]

_ Yari(t) 0] Yara(t)
= ¢a+1(t)( -y [1 + n’: R s 2‘;‘(" 5t ] <

n+1
(]
< (P.ﬁr-l(t) (? :(1;' €xp {Y,+1(t)},
which was to be proved.

Theorem 5.4. Suppose that 2° holds. Let a; = a for all i =0, 1, ..., n. Then the
series of (4,3) converge uniformly on the interval I, = (t,, b>, where b > t, is an
arbitrary number. _

The proof of this Theorem is analogous to that of 5.1. Since

(5.5) |€01(@,0 )1 S @y (B 2080
Ys+1(b)
)

a0 ) N
the series Y @, (b is a convergent majorant to the series (4,3), so that
r=0

(4,3) converges uniformly on the interval 7, .
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Theorem 5.5. If the assumptions of Theorem 5.4 are fulfilled, then for t € I, it holds
- o ' ex1(?)
(5,6) | Ly, —'Z:ogn+ 1P ) | S @,44(0) TniIl_)'_ exp {75+1(D}.
The pi'oof of this Tﬁeorem, being analogous to that of 5.3, méy be binitted.
Lemma 5.6. Provided, y(t) < oo, ¢At) < o0, then it holds

(5.7 |€(®)| = sup @ (s) . (SUJD 7,9

The proof will be given by using complete induction. For r = 1 it is

| g}(¢j) | =1 Qij-n Qn+j—1(¢j) [ =1 99i+1 --- qn+j—1(l d)j DI =
Ssup@i(s) 199541 - Gn+j-1(1) | < sup @(s) sup y,(s),
seJ selJ

seJ

which is the inequality of (5,7) for r = 1.
Now suppose that (5,7) holds. Then according to (2,8)

|@;+1(¢j)| = |(gﬂg;(d’j)| = "Ij‘Ij+1 qn+j—l('(g;'(¢j) l)l =
< sup ?(s) (surJ) YO 199541 - Guaj-1 (D] £
<'sup @;(s) (sup 7,(s))" sup y,(s) =
selJ selJ selJ
= su;; @,(s) (su;J) O 1
The proof is thus completed.

Theorem 5.7. Suppose that 2° holds. Let us assume that for some 5,0 < s <n — 1,
a,. = oo, and that there exists at least one i,0 < i < n so that a; = a. Suppose that
it holds

(5!8) y:+l(t) < o, (ps+1(t) < 0.

If @ 2 1y is such that vy, ,(a) < 1, then the series (4,3) converges uniformly on the
interval {a, ).

Proof. If the assumptions of (5,8) are fulfilled, the functions y,, ,(¢) and @, ()
are finite, continuous, and decreasing. Hence there exists a number a > ¢, such that

Ps+1(t) £ 7541(a@) < 1

for t € {(a, ). According to Lemma 5.6.; for t > a it is
(5»9) [@;+ 1P+ 1) | £ @,41(a) 54 4(a).

’ [}
Since 7,+1(@) < 1, the geometric series Y ¢, (@) . ¥;+4(a) is a convergent majorant
r=0 Co
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to the series (4,3); therefore (4,3) converges umformly on the interval (0. w). -
The proof is completed. ' :

Theorem 5.8. .If the assumptions of Theorem 5.7.are: fulfilled, then for t & {a, )
the following estimate holds:

e L

(5,10) | Ly, ~ Z“’m("’s“)‘ < i@ (p';lf‘:za)

Proof. Denote

n+l(t)_ 2 (f;+1(¢.+1)

r=n+1

According to (5,9)
| Rys s (D] £ @544(a) _Z '17;+‘L(‘a)'=

= @y 1@ [T Na) + Viiia) + Vi@ + i@ + ] =
= (PS.}.I(G)}’:I;(G) [1 + ‘ys+1(a) + YS+ l(a) + "‘] =

O (P.,+1(a) .
PHOTS @

The proof is completed.

Theorem 5.9. Suppose that 2° holds. Let a,, , = a and there exists i,0 < i £ n so
that a; = . Let a, be the first number in the cycIe of a,+ 1> @gt2s-eey Quyg Such that
a, = . Suppose that

,11) y(t) < oo, ¢,(t):< 00, "

hold and there exists a number a > t, such that y(a) < 1. Then the series (4,3) con-
verges uniformly on the interval {a,b>, where b is an arbitrary number such that
b>a.

Proof. If the conditions of (5,11) are satisfied, the functions y,(¢) and ¢,(¢) are
continuous, finite, and decreasing. Accordingly, there exists a number a 2 ¢, such
that y,(t) < y/(a) < 1for all ¢t > a. Taking into account the statement of Lemma 5.6,
we can easily prove that

1.if s + 1 £ [, then for t € {qa, b) it holds

5,12) [ €54 1(Ps1 ) | S %4 1,(b)Y] (a) @(a), r=0,1,..
2.if s + 1 > I, then for t € {a, b) it holds’
(5,13) |61 @ee )| S %00, (B)Y @) @i@), T =1,2,...

On the assumption that y,(a) < 1, there exists in either above case a convergent
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geomcmc series to the series (4,3), which is its majorant; thus the series (4,3) con-
verges uniformly on the interval {a, b).

" Théorem 5.10. Stq:pose the conditions of (5,9) are satisfied. “Then for teda,b)
it holds

(5,14) | Ly, - Z €10 )| S 241,40 %7 (@) %(;,2«)
Jors+ 151,
¢ia)

(5,15 | Ly — D1y — Z €or1(Pes) | = 2000 /0)71(@) T — - @
Jors +1>1.
Since the proof of this Theorem is analogous to that of 5.8, it may be omitted.
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