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ON THE BOUNDEDNESS OF SOLUTIONS
OF HIGHER ORDER DIFFERENTIAL EQUATIONS

M. VENCKOVA, Bratislava
(Received November 20, 1976)

In the paper the existence and the boundedness of solutions of a 2n-th order
differential equation is proved, by means of a generalization of Gronwall- Bellman
inequality. The results generalize some theorems proved by M. Rab [2].

Lemma 1. Let h, p, geco(I), I =<a, ©0),p >,0h=20,g =0 for all teI and
h be a nondecreasing function on I. If u € co(I), u(t) = 0 and for all t € I '

t tan-1 th+

1)) u(t)gh(t)+j J- _[p(t)_[ j g(to) u(to)dty ... dty,_y,s

then

t tan-1  th+

¥)) u(t)éh(t)expf J J.—’!(—ltjjn...rg(to)dto.‘.dtz,,_l (tel).

a a

Proof: Suppose first that #(¢) > 0 in I. Denote
U(t) = maxu(tr) (tel).
asStst

The function U is nondecreasing continuous function and u(t( < U(¢) for all €1,
hence from (1) it follows that

t tan-1 th+

®  w)sho)+ j j f p(t)j jg(to)v(ro)dto Aty S

S0+ j_uoz,,_,) [

tan-1 I+t

= h(1) + jU(tzn—l) I f r o) G(t,)dt,...dt,, 4,
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where

G(t,) = ]: jr g(to)dty ... dt, _,.

Since (3) is true for all 7 € €0, t), from the monotonicity of /& and nonnegativity of
all functions under the sign of integral we get

WﬂéMﬂ+IUm"of--j 5 6t bt S
< h(t) + v[U(t;....,) J (lt") G(t,)dt, ... dty,_,
and also ’ ’ ‘
@ U(t) = max u(z) < h(t) + U(‘zn—x) H(tz,-,)dty, -,
. asStSt
where :

t2n-1 th+1

H(th—l) = (tu)

With respect to the positivity of the functlon h, we can divide (4) by the right-hand
side and we get

G(t,)dt, ...dty_>.

u(r)
Bt) + § Utznes) Htze- 1) dtaa

<1, (tel).

Let T = a be an arbitrary number. Since A(?) is a nondecreasing function for all
a <t = T, we have that A(t) < h(T) and hence

u(t)
h(T) + f U(t2a-1) H(t24-1) dt35 -4

IIA

Multiplying the last inequality by H(t) and integrating from a to T we get
T T

I __ UOH® dt < _[ H(1) dt
* W(T)+ § U(tzn-1) H(tz0-1) dtzey .

In [h(T) + f U(tsn-1) H(z,,._,)dt,,,_,] —Ink(T) < fr H(1)dr,
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hence
T

T
5) h(T) + J.U(th-l) H(tzp-1)dt2,—y = h(T)exp J'H(‘) de

From the formulae (4), (5) we get
T

u(T) < U(T) < h(T)exp J' H(t)dt.

Since T = ais an arbitrary number, the inequality (2) is proved on the whole interval 7.
If h(t) = O on the interval /, we take the functions A,(t) = h(t) + —;—1- For these

functions Lemma 1 is true and we get

u(t)§[h(t)+—r—1n—]expfhj:‘...T‘p(ltn) j ...rG(to)dto...dtz,_l, (tel).

By a limit process for m — oo (for ¢ fixed) we get (2) again.

Theorem 1. Let t, be a real number, j = (ty, ©), @ €j, Xg, X}» -, X2n—y be real
numbers. Let p(t) > 0, g(t) = 0 be continuous functions on j and let f(t, x) be continuous
on j x (—o0,00) and | f(t,x)| < g(t).| x|, for each point (t, x)€j x (=00, 00).
Then every solution of the initialvalue problem
(©) [p() x®1™ = £(1,%)

63) x(a) = x5, ¥(@) = x, ..., p(@) X"(@) = x¥, .., [p(t) X" (O]~ (@) = x}_,

exists on the whole interval j and for t > a the following estimation is true

[x(t)| = h(t)expj j JT(ItT)I jg(to)dto...dtzn-l,
where
n—2 n-—1
D) W)= |31+ KT = a) + o+ [P zl%ﬂxu-ll (2 “)1), +
+|x |J‘ -[ J. P(t,.) .. dty,_ 1+‘xn+1‘J‘ J‘ I P(t,.) wdtyy g +
| ENa '"”(r,—a)""‘
+ ... +T'1—:—117T J. det”...dtz,_,.
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Proof. The initial value problem (6), (62) is equivalent to the integral equation

(t _ a)n-—2 " (t __.a)n—l
(P RN (S

J-[ IP(ln) e Q- 1+x"“f j J-(t (t,.a) dty .. dign_y +

t tain-1  th+1

* - n—1
+ ..+ Jﬁﬁ:l—f J J‘(t—"—-f‘)—dt,,...dtz,,_1 +

@) () =%+ xit—a) + .. + Xpop +

(n - l)' : p(ln)

ttin~-1 th+1

_,_J' f fp(tn)f jf[to,x(to)]dto .dt, ... dty,_ .

a

Let us suppose now that a solution x() of (6), (6a) exists on the interval {a, T) and
that this is the greatest interval of existence of that solution. Then on this interval
| x(¢) | satisfies the inequality

ttain-1 th+t

| x(1) | éh(t)+J J J;:Zyj{'...Ig(to)lx(to)ldto...dtz,,_i.

Since all the assumptions of Lemma 1 are fulfilled, we have

t fan-1  th+1

1x(1)] éh(t)efo J. y _[ p(t) J‘ jg(’o)dto dtz.. 1-

This function is bounded on every finite interval, hence | x(¢) | £ K on the interval
{a, T).

Let us further estimate | x'(t) |, | x"(t) |, ..., | p(t) x™(t) |, ..., | [p(t) x™()]"~V].
From (8) we get the following system of equations:

t2n-2 In+y

xX'() = xT + ... :’;’: 1‘)1 I f f (t, ;(ta;” : dt, ... dty,_5 +

tt2n-2 In+1

+_[ f j p(,")J. J'f[to,x(to)]dto Cdtyyss
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ttan-3 th+y

* -1
x"(t)=x.§+... +——xﬁ:—l—J‘ f J‘J—dt dth—3+

(v =) ) )
I'J J- p(t)f ff[*”x(‘o)]d‘o  dtze-3,

(n)(t) = ——(t—)*[x:'i- X:H(l - a) + .o+ xgn_l% +

+f f...jf[to,x(to)]dto...dt,,_1],

P (I e a i A R
p(t)x (l)=xn+"‘+x2n 1 (n 1)' f[tO"x(tO)]dtO“'dt.u—ly

[p() X0 = x¥_, + f Tton x(10)] dr.

Thus we come to the inequality

tt2n-2 tn+

|x’(t)lélll(t)+f J . mej fg(to) | x(to) | dto ... Aty .

hy() = |xT| + [x3].(t—a) + ... +

where

t tan-2 th+t 1
I xZn 1 l (t - a)"
DI B C I

Since | x(t) | £ K, we deduce the existence of a K, > O such, that | x'(t) | < K,
for all te€<a, T). In the same way we can show that|x"(t)|, ..., | x*"V()],
| p(t) xX(@) |, ..., | [p(t) x™(#)]"~ V| are bounded. Hence from the corollary of
Theorem 1.1.1 (see (1) page 14) the interval {a, T) cannot be the greatest interval
of existence of the solution of the given initial value problem.

There still remains to show the existence of the solution of the problem (6) on the
interval (2o, a). '

If o <t < a, then the substitution ¢ = 2a — 7 transforms the differential equation

[p(@) ¥ (@] = f[r, x(v)]
239



into the differential equation

6 , [py(®) x, (] = fi[1, x,(1)],
where
@  pi(t) =pQa — 1) = p(), fi[t, x,(1)] = f[2a — 1, x,(1)] = Sz, x(1)]
and
x,(t) = x(2a — t) = x(z).
The initial conditions (6a) are transformed into the form
(6a) xy(@) = x5, x7@) = —x}. ..., p1(@) x{P(@) = (—1)"x%, ...,

OO @ = (-1 A
Since the problem (6), (6a’) is essentially the same as the problem (6), (6a) and any
solution of the latter problem exists on every finite interval, the same is true for the
solution of the problem (6’), (6a’), too. From the transformation (9) we get any
solution of (6), (6a) exists on (¢y, a) . Q.E.D.

Theorem 2. Let p(t) > 0, q(t) be continuous functions on I = {a, ). Let A(t)
be determined by (12) where the function a(t), i = 0, ..., 2n — 2, are defined by (11).
Let f(t, x) be continuous on I x (—o0, 00) and such that | f(t, x) | £ F(t,| x |), where
FE(1, u) is continuous, nonnegative and nondecreasing in variable u on I x (—o0, o)
and such that the maximal solution ®(t) of the equation

B(t)=co + ic f A"~ (s) F[s, A(s) B(s)] ds

exists on I for all values cy, ¢ > 0. Then any solution of the problem

(10) [p(t) xM]® + q(t) x = f(t, x)
(6a) x(a) = xg, x'(a) = x}, ..., p(@) xX"(@) = x7, ..., [p(t) X ()] V(@) = x3,,
exists in I.

Proof. By the method of variation of parameters we get the solution of the
differential equation (10) on the interval of existence {a, T) in the form

SORFORY RACRITREITS

where y(t) = c,u (1) + cuy(t) + ... + Coptizg(t), and uy (1), uy(t), ..., u(t) is a
fundamental system of solutions of the differential equation

[p(®) y™]1® + q(t) ¥ =0
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in I, ¢y, ..., ¢5, are real numbers,

uy(s) “Uy(s)
ui(s) )
WE =1 ps)u (s) 2(s) u(”)(s)
[p(s) &a">(s)]‘"'“ [p(s) w2
and
uy(s) . u3,(5)
ORI X0
W(ts)=| p(s) u‘"’(S) e p(3) “""(S) , asss,
tel.
[PEUPOI™ .. [ uIT
u(t) u,,(1)
Let co=max{lc;|,lesl,...1 c2nl},
(11) ao(t) = 1) | + oo + | up®)],
ay(t) = 1wy ()] + ... + | ()],
aft) = | PO uPO) | + ... + 1 o) uP D),
3n-2(t) = | [PO 4POI* P | + ... + | [pt) ()] |, te ]
12) A(t) = max {ay(t), a;(£), ..r Ggu_o(t)}, tel

W(s) is a constant function different from zero and we put | W(s) | = c¢. Then
¢
(3015 1501+ 4 [ 1069 1 13 105 5
oo
S cod(t) + - fAZ"-'(s) L A(t). F[s, | x(s) ] ds =

— A(1) [co PR f APY(s). F[s, | x(s) 1] ds], teda, T).
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Denote

B(t) = ¢, + %I AC"Y(s) . F[s, | x(s)|]ds, tela, T).

Then

| x(1)] < A(1) . B(t) < A(1). {co + % IAZ"_‘(S) F[s, A(s) . B(s)] ds} ,

tela, T).

On the basis of the lemma from paper (3) we get B(t) < &(¢)if t € Iand hence | x(¢) | <
< A(t). o(t)forall t € {a, T). Similarly we get that | x'(t) | £ A(t). &(t),t€<a, T), ...,
| XM@Y | < A@). D(t), tela, T), ..., [p(t) x(@)]"" D < At). &), tela, T). If
T < », then the function A(¢) . &(¢) is bounded in {a, T) and we come to the contra-
diction, similarly as in Theorem 1. Hence T = oo and the theorem is proved.
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