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ON VARIETIES OF NON-INDEXED ALGEBRAS

LIBOR POLAK, Brno
(Received December 27, 1976)

In many algebraical considerations we are interested in all polynomials of
-a given algebra rather than in basic operations of it. Therefore the notion of non-
indexed algebra is a fruitfull one. Morphisms of non-indexed algebras are weak
homomorphisms. There is the great collection of papers devoted to the theory of
non-indexed algebras (see e.g. [ 1]). The most of them deal with the characterization
of weak isomorphisms. The categorical point is studied in [2].

The purpose of this paper is to give definitions of non-indexed variety and of
weak equivalence of varieties and to study some basic properties of them. This
notion of non-indexed variety is another than that given in [3].

Preliminaries

The reader is assumed to be familiar with the basic notions of universal algebra.
We shall use the following notation:

N is the set of all non-negative integers,
0"4 is the set of all n-ary operations on the set 4, and
04 is the set of all finitary operations on the set A4.

By a type we mean a system 4 = (n;);c; of non-negative integers. An algebra of
type 4 is an ordered pair & = (4, (fi)ies), Where f; € O"A4 for any i € I.

Homomorphisms between algebras of type 4 are sometimes called A4-homo-
morphisms, and if ¥ is a class of such algebras, & € ¥~, we speak about ¥ -algebra
& or about A-algebra <.

For F = OA we put F" = Fn O"A.
F = OA is called a clone on the set 4 if

(i) for any ne N\ {0}, ie {1, ..., n} the trivial operation p; belongs to F", and
(ii) for any m,ne N, fe F", f, ..., fu€ F" the composition f(f;, ..., fs) belongs
to F".

(For any ay, ...,a,€ 4, p/(ay, ..., a,) = a;, and

(f(.fl’ ""fm)) (a19 ""an) =f(f1(a1, ...,a,,), ""fm(al? veey a,,)).)
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The intersection of any family of clones on a set A4 is a clone on A again. There--
fore, for any @ = OA there exists the smallest clone on A including &; we shall
denote it by [¢],.

A non-indexed algebra is an ordered pair A = (A4, F), where F is any clone on the
set A. If o = (A4, (fi)ie;) is an algebra of type 4 = (n;)ic;, We write & =
= (4, [{fi| ieI}],). Finally, for a class ¥~ of A-algebras we use the notation
VvV ={d| ALV}

Let « : A — B be any mapping. For ne N, fe 0"4, g € O"B we write (f,g) € R,
if for all a,,...,a,€ 4, af(ay, ..., a,) = g(aa,, ..., aa,) holds.

Let A = (4, F)and B = (B, G) be non-indexed algebras. A mappinga : 4 - B
is called a weak homomorphism of A into B if

(i) for any ne N, fe F" there exists g € G" such that (f, g) € R,, and
(ii) for any ne N, g € G" there exists fe F" such that (f; g) € R,.

If a: A — B is a surjective weak homomorphism apd f e F", then there exists
exactly one g € G" such that (f, g) € R,; we shall write g = a*f.

Any bijective weak homomorphism is called a weak isomorphism.

Let ¥~ be a class of algebras of fixed type 4. Let the operators E, S, H have the
following meaning: E¥"(S¥", H¥") is the class of all 4-algebras which are powers
(subalgebras, homomorphic images, respectively) of ¥ -algebras.

For any variety ¥ we have ¥~ = HSEFy-, where Fy  is a free algebra in ¥~
with a countable infinite set of free generators.

Varities of non-indexed algebras

Let M be the class of all non-indexed algebras. For 8 < M we define:
EB = {(4, F)'| (4, F)e B, I is a set}, where (4, F) = (4!, FI), FI = {fT|feF},
an(_i_f'((au)ien cons @ni)ien) = (f(@yis ..., @ni))icq for all a;; € A.

SB = {B e N| there exists A € B such that B is a subalgebra of A},

HS = {B € R | there exists A e B such that B is a weak homomorphic image:
of A},

I8 = {BeN| there exists A € B such that A and B are weakly isomorphic}.

Lemma 1. Let ¥~ be a cluss of A-algebras. Then

(i) E¥ = EY, (i) S¥ =S¥, and (iii) HY" = HY".

Proof. The statements (i), (ii), and H¥" < H¥" are obvious. If % e HY", there
exist o € ¥ and a surjective weak homomorphism « : o — . Designating the

operations in U as it is determined by a*, we get a 4-algebra # s_ggl} that # = A
and o : o — A& is a surjective 4-homomorphism. Therefore A € HY".
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Lemma 2. Let ¥~ be a variety of A-algebras. Then ¥~ = HSEFy.

Proof. Following Lemma 1 we have ¥° = HSEF, = HSEF, = HSEFy =
= HSEF,.

A class of non-indexed algebras of the form ¥~, where ¥ is a variety of algebras.
of some type, is called a non-indexed variety.

Proposition 3. The following conditions are equivalent for arbitrary class B of
non-indexed algebras:

(i) B is a non-indexed variety,
(ii) is closed under H, S, E and posseses some single generator W € B,
(iii) there exists W e B such that B = HSEA.

Proof. The equivalence of (ii) and (iii) follows from the following statements:
HH = H, SS =S, IEE = IE, and
SH <HS, EHZ<HE, ES<SE
(Here X £ Y means that for any I = N, XW < YW is satisfied.) The proofs are

the same as in the case of algebras and therefore they are omitted.
The implication “(i) = (iii)” follows from Lemma 2.

“(iii) = (i)”: Let 8 = HSEU and A = (4, F). Let 4 be the type, where n-ary
operations are indexed by elements of F". Then U may be treated as a A4-algebra.
If we define ¥ = HSEY, we have ¥~ = %8.

The class of all non-indexed varieties ordered by inclusion will be denoted
by A.

Proposition 4. The family (8,);c; of non-indexed varieties has an infimum in A if”

N B, is a non-indexed variety.
el '

We omit the proof of this easy statement.

Example 5. (i) Let (¥";);c; be a family of varieties of abelian groups. Then [\ V" , =
— . iel
= N ¥"; is an infimum of the family (¥"));c1 of non-indexed varieties in A.
iel )
Proof. The only weak homomorphisms of abelian group are their homo-
morphisms (see [1]), and therefore for arbitrary variety ¥~ of abelian groups the
functor ~: ¥~ —» RN is a full embedding. '

(ii) Let ¥ and W be varieties of 2-unary algebras with operations fand g. Let ¥~
be defined by the identity f*x = fx, and let W be defined by f>x = x. Then the
non-indexed varieties ¥ and W~ have not an infimum in A.

The proof will be given after proposition 10.
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Proposition 6. Let ¥~ be a variety of algebras of type A and let M be a non-indexed

Proof. There exists A € ¥ such that 98 = HSE (Proposition 3). There exists
&/ € ¥ for which of = 2. It we define %" = HSEQI, we have % = W (Lemma 1).

Let us denote: O = {(9,{8})},

Bo = L{{*} {pi[n = 1,2,..} v {*}},

o =T{{*} {pi|n = 1,2,..)} U {D}, where * is some element, and A, =
={BeA|F, B}, A, = {BeA|F, = B}.

Then {D}and &oare the only minimal elements of A, and &, is the only element
in A which covers O in A.

Proposition 6 has an immediately corollary:

Proposition 7. The ordered classes Ay and Ay are atomic. Moreover their atoms
are of the form ¥", where ¥ is an atom in the lattice of all varieties of some type.

Weak equivalence of varieties

Let A = (4, F) and B = (B, G) be non-indexed algebras. A mapping &: F - G
s called a clone homomorphism of 2 into B if

(i) fe F" implies than {(f e G",
(i) foranyne N — {0}, ie{l,...,n} &} = pi, and
(iii) forany m,ne N, fe F", f,, ..., fn€ F"

é(f(.fl? ’fm)) = (éf) (Cfla ey éfm)

Proposition 8. For arbitrary varieties ¥~ and W the inclusion W <V ho'ds if
there exists surjective clone homomorphism of F, into F,,.

Proof. Let A = (4, F) be a non-indexed algebra, I a set, B = (B, G) a sub-
algebra of A, and a: A —» € a surjective weak homomorphism. Then f+> f,
S+ f| B, and a* are surjective clone homomorphisms of A into A, B, and €,
respectively. ,

The necessity follows from the fact that #° < ¥ implies F,, € HSEF,.

Now let ¢ be a surjective clone homomorphism of F, into F,,.. Let ¥" be of
type 4 = (N )yers Fy = (4, (fi)ier) and let B be the support of Fy,.. The algebra
(B, (&f)eT) belongs to HSEF,.. (Itis of type 4 and it satisfies all identities holding
in Fy.) We have F, = (B, ({f));er) € HSEF, = ¥". Therefore #° = HSEF,, <
c 7.

The well-known notion of equivalence of varieties may be defined in several
ways. For our purposes the following definition will be convenient: The varieties
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<" and ¥ are called equivalent if the non-indexed algebras F, and F,- are weakly
isomorphic.
The varieties ¥ and %" are called weakly equivalent if ¥~ = W'.

Proposition 9. The varieties ¥ and W are weakly equivalent if there exist
N
surjective clone homomorphisms Fy <5 F,,.
n

The proof is a direct consequence of Proposition 8.

Proposition 10. If the varieties ¥ and W~ are equivalent, then they are also weakly
equivalent.

Proof. If a is a weak isomorphism, then a* is a bijective clone homomorphism.

The proof of example 5 (ii). The variety ¥~ n #  is defined by fx = x.
Let o = ({a, b, ¢}, (fiy, 84)) be determined by fya = f,b = gab = b,gq4a =
=fyc=gq4¢=c Then & e€¥ and Z¢W . That is Le¥ — (‘Vﬁ"”)
Let# = ({a, b}, (fa, ga)) and B’ = ({a, b}, (fa, &4')) be defined by fza = fgb =
=840 = b,8ab = a, and gga = gab = fga = b,fab = a. ThenB eV, B' e W,
RB=R,andBEV AW Thatis@ e (¥ n W)\V AW Therefore ¥" N W
sV AW V.

Let us suppose that #° n #” is a non-indexed variety. Following Prop. 6 there
exist varieties ¥y and ¥”, with the properties:

Vys¥V, sV, V,=VoW, ~72=1an.

g
Let F1,,,“,,f(__l°'1‘,2 be surjective clone homomorphisms from Prop. 9 and let

F,f,,,,, = (4, F) and F,,2 = (B, G). The realizations of ihe operational symbols f, g
in algebras Fy - and F,., will be denoted by fr, gr and f;, &g, respectively. Then
[{¢gr}]s = G and therefore there exist k, / € N such that fg = (¢gz)* and gy =
= n(&gr)’. Now g2 = n(f2) = n(fs)' = gk, which is possible only for k = 0.
Therefore ¥, satisfies fx = x. The operational symbol g in ¥”, cannot satisfy
any non-trivial identity because the same identity would be valid in ¥" n %",
We have ¥ n W = v,.

Since ¥" covers ¥ n # in the lattice of all varieties of 2-unary algebras,
V=% or ¥, =7 nW# and each of these possibilities gives a contradiction.

Wy =V =V AW =Fad ¥V, =V W=V W =%nW.)

Example 11. Let ¥ be a variety of unary algebras with operations @1, @3, ...
defined by identities

6)) 01X = 01y, Q3x = @3y, @3x = @3y, ..

173



and let W be a variety of unary algebras with operations Y, Y., ... defined by
identities

(2) UiX = Yy, Yox = ¥y, Yix = W%y,
Then the varieties ¥ and W are weakly equivalent, but not equivalent.

Proof. The corespondences ¢,+ ,, n = 1,2,... and ¥, + @y, ¥, @,_1».
n = 2,3, ... define surjective clone homomorphisms between F, and F,.. There-
fore by Proposition 9 we have ¥ = #". ‘

Now we assume .that ¥~ and #” are equivalent. Then there exists a weak".
[{®1, @2, ...}]a = Fimplies that [{a*¢,, a*@,, ...} ]z = G. The only fe F' which
have not the property:

there exist no f',f" e F',  f'.f" # p} such that  f = f'f"
are ¢,, ¢,, ..., and the only g e G' which have not the property:

"

there exist no g,8"€G', g.,g #pi such that g =g'g

are Y, ¥,,...

According to (1) and (2) we have a*¢@, = Y3, a*p; = Y,, ... Let x, be arbitrary
free generator of F,.. If fx; = y,x, for some fe F' then f = {, and therefore:
[G\ {¥1}]s # G. Analogously [G\ {¥,}]s # G. Therefore for arbitrary a*¢,
we have [{a*¢,, a*@,,...}]s = [{2*0,, Y3, ¥4, ...}]s # G, which is a contra-
diction.
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